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ON COEFFICIENT FUNCTIONALS ASSOCIATED
WITH THE ZALCMAN CONJECTURE

SARITA AGRAWAL AND SWADESH KUMAR SAHOO

Abstract. For a function f which is analytic and univalent in the unit disk {z € C : |z| < 1}
having the power series expansion of the normalized form z+ ", a,z", Zalcman conjectured
that |a? —az, 1| < (n—1)>, n=2,3,.... In this article, we obtain the sharp estimate for
the classical Zalcman coefficient functional a% — ap,—1 for the above class of functions with
the restriction that the n-th coefficient, a,, has certain integral representation associated with
probability measure. Moreover, we also study a similar problem for the classes of functions of
the above form whose coefficients satisfy certain inequalities.

1. Introduction

We denote by <7, the class of all analytic functions f in D:={z€ C:|z| < 1} of
the form

f(z)=z+ianz", (D
n=2

and by ., the class of univalent functions in </ . Then \ag —a3] < 1 holds for f €.7,
see [20, Theorem 1.5]. At the end of 1960’s, Zalcman made a conjecture that each
f €7 satisfies the inequality

lan —am—1| < (n—1)%, n=2 2)

with equality for the Koebe function k(z) = z/(1 —z)? and its rotations. One of the
main aims of the Zalcman conjecture was to prove the Bieberbach conjecture: |a,| <
n, for n > 2, when f € .7, using the famous Hayman Regularity Theorem (see [5,
Theorem 5.6, pp. 163]). The Bieberbach conjecture was a challenging open problem
for function theorists for several decades and was finally settled by de Branges [3] in
1985.

There are several approaches made to prove the Zalcman conjecture. One of the
approaches is to prove the conjecture for some subclasses of .. For example, in [4],
Brown and Tsao proved that (2) holds for the class .7 of typically real functions and the
class . of starlike functions. In [17], Ma proved the Zalcman conjecture for the class
J of close-to-convex functions when n > 4. However, this conjecture was remained
open for n = 3 and this has recently been settled in [14]. Readers can refer to, for
instance, [1, 10, 11, 13, 14] and references therein for more information on this topic.
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A generalized version of Zalcman’s inequality, in terms of the so-called generalized
coefficient functional Mlﬁ —as,—1, A >0, has been considered in [1, 4, 6, 13].

In [18], Ma proposed a generalized version of the Zalcman conjecture as follows:
for f €.,

|anam — anym—1| < (n—=1)(m—1) (n,m=2,3,...)

and proved that this holds for starlike functions and univalent functions with real coef-
ficients. Recently, Efraimidis and Vukoti¢ in [6] proved that the Zalcman conjecture is
asymptotically true.

In this paper, we establish sharp estimates of the Zalcman conjecture in the form
proposed by Ma in [ 18] for some classes of analytic functions of the form (1) such that
the n-th coefficient a, has the form

2
an=s(n) [~ e Vdu (o),
0

where s(n) is some non-negative function of n and p(6) is a probability measure on
[0,27]. We denote such class of functions by .% . Note that the class .% no longer
consists exclusively the univalent functions. For example, consider the function

. o
f(Z)Zl Z3=213"+1=z+z4+z7+..., zeD.
o n=0

Here a3, = | whereas a, =0. Hence f € .% . It can easily be seen that f(z) is not
univalentin ID. In addition, we consider the functions of the form (1) such that the n-th
coefficient a,, satisfy the inequality

Y r(n)]an) <1, r(n) >0.
n=2

We denote such class of functions by .7 and obtain the sharp estimate for the Zalcman
coefficient functional for the class .77.

We conclude this section with some basic definitions. A function f € 7 is said
to be starlike of order B (0 < B < 1) if Re{zf"(z)/f(z)} > B and denote the class
of starlike functions of order 8 by .#*(f). Similarly, a function f € ¢/ is said to be
convex of order B (0 < B < 1) if Re{1+zf"(z)/f'(z)} > B and denote the class of
convex functions of order by ¢ (). Clearly, functions in the classes .*(f) and
% (B) are univalent in . Moreover .#*(0) = .* and € (0) = € .

A function f is said to be uniformly starlike in D if f is starlike and has the
property that for every circular arc y contained in I, with center § € D, the arc f(7y) is
starlike with respect to f(§). We denote by % .7 , the class of all uniformly starlike
functions. Similarly, we say that a convex function f in D is uniformly convex if for
each circular arc y in D with center 77 in D, the image arc f(y) is convex. Denote the
class of all uniformly convex functions by Z €7, see [7, 8]. We call a function f € &/
is v-spiral-like of order 3,0 < B < 1, if there is a real number v (—m/2 < Vv < 7/2)
such that Re[e" {zf"(z)/f(z)}] > Bcosv for z € D. We denote by .,/ (). the class
of v-spiral-like functions of order 3, see [12]. More literature on spiral-like functions
can be found in [2, 16, 19]. Recent investigation on spiral-like functions in connection
with Yamashita conjecture, and integral means may be found from [21].
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2. Main results

This section is devoted to our main results. The following lemma follows from the
work of Ma [18] and other recent results (see also [22, Lemma 1.4]).

LEMMA A. Let U(0) be a probability measure on [0,2x]. Then for A € C,

o 2, 2m .
'/1/ e’(”’l)edu(e)/ e’(’”’l)edu(e)—/ =204 (0| < max{|A — 1], 1}
0 0 0

fornm=2.73,....
Now we state the first main result of this paper.
THEOREM 1. Let f € .%. Thenfor A € C and n,m=2,3,...,
|[Aanam — ayym—1| < max{|As(n)s(m) —s(n+m—1)[,s(n+m—1)}.

The inequality is sharp.

Proof. Using the integral representations of the coefficients a,,a,, and @, ,,—1 in
the expression Adaydy, — anim—1, We rewrite

|Aanam — Ap+m—1 |

2 2,
As(n)s(m) / #0D0qy(0) / AD0,(6)
0 0

2T
—s(n+m— 1)/ e’("+m_2)edu(6)'
0

_ s(n)s(m) o i(n— n i(m—
_s(n+m—1)‘xm/0 ol 1)9du(9)/0 im0 4y(0)

2,
_/ et(n-‘rm—Z)Gd‘u(e)‘ )
0

Now, by applying Lemma A, we have
[Aanam — anym—1| < max{|As(n)s(m) —s(n+m—1),s(n+m—1)}.

The sharpness of the inequality can be verified from the following example:

et Y5 (= hoR), As()sim) — st m—1)] > s(n+m—1),
F(Z) = nl:2 ntm—2 )
ntm—2 ,Zl e % fo(e®z), |As(n)s(m) = s(n+m—1)| < s(n+m—1),
2km .
where ¢y = ———— . The proof of our theorem is complete. [
n+m—2

The case n = m in Theorem 1 gives
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COROLLARY 1. Let f € .%. Thenfor A € C

(a2 — az, | < max{|As(n)? —s(2n— 1)

s2n—1)}, n>=2.

The inequality is sharp and can be verified from the following example:

fo(2), [As(n)> —s(2n—1)| = s(2n— 1),
F(z) =4 %7 0 ¢ (,if 2
Y, mee % fo(€'%z), |As(n)? —s(2n—1)| < s(2n—1).
k=1
2k+1 n—1 n—1 1
Here 0 <my <1, 6, = ﬂ, and ngk = myi—1 = —. Note that my, can
2n— k=1 k=1 2

attain the value 1/(2n—2).

REMARK 1. Theorem 1 and Corollary 1 help us to estimate the generalized Zal-
cman coefficient functional Aa,ay, —ayy,—1 and Aa,% — ap,—1 for several subclasses of
functions in .% . For instance, the results stated below are consequences of Theorem 1
and Corollary 1.

Let us denote by co(-7*(a)), o < 1, the closed convex hull of .”*(a). Then, for
all f in co(.*(a)), the n-th coefficients of the series expansion of f can be written
in the form that

T .

n—2
: H(Z(l—a)+j)/ d0%4u(0), n=2.
j=0

(n—1)!

2
a, =
0

1 n—2

mg(Z(l—a)+j)=An(SaY)-

An immediate corollary to Theorem 1 for the class co(.”*(a)) is the following
result.

Hence, for f € W7 s(n) =

COROLLARY 2. [22, Theorem 2.1] If f € co(* (o)) (a < 1), then
Mfanam - an+m—l‘ < maX{|AAnAm _An+m—l‘7An+m—l}-
Equality occur for the functions given by

ka (Z) = Z/(l - Z)z(l_a) =zt Z S(n)zn7 M’AnAm _An+m71| = Anerfla
n=2

F(Z) = 1 n+m—2

kggm(z) = 5 2 eiid)kka(ei(pkz); |AAnAm _An+m—l| <An+m—l-
n+m—2 &=

Here my, 6 and ¢y are the same quantities as defined in Theorem 1 and Corollary 1.

REMARK 2. Here we have pointed out several consequences of Theorem 1 and
Corollary 1 for the classes co(.*(a)) and co(-*).
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The case m = n in Corollary 2 gives
|Aay — agy 1| < max{|2A; — Agnii1|,Azn 1}

for n=2,3,.... Equality occurs for the functions kq(z) and

2n—2

2 My = ezekz) -a)"
Here kq(z) is the function as defined in Corollary 2. This result is also pointed
outin [22, Corollary 2.2].
The case oo = 0 in Corollary 2 gives: if f € co(.#*), then

[Aanam — anim—1] < max{|Anm—n—m+1)|,n+m—1}.

Equality occurs for the functions ko(z) = Yo7 nz" = z/(1 —z)? and its rotations
when |Anm—n—m+ 1)| > n+m—1 and for the function

1 n+m—2 )

Z
K = 2 1 r(n+m—2)+1
0 &= s ,;:1 (1—eiz)? ZO( r(n+m=2)+1)z :

when [Anm—n—m—+1)|<n+m—1. This is proved in [6, Theorem 3.5].

2(n4+m—1

The restrictions on A, === ) < A €R, in Theorem | obtains the result proved

by Ma [18, Theorem 2.2].
If f € co(7*), then for m = n, we have

a2 — ap,— 1| < max{|An® —2n+1|,2n— 1}

for n=2,3,.... Equality occurs for the functions ky(z) and
2n—2 Z
n e —
kg ( Z my, (= elekz)

This result is a consequence of Corollary 2.

Another consequence of Corollary 2 obtains a result of Brown and Tsao [4,
p. 474]. Thatis, If A € R and f € co(.*), then

2(2n—1
w1, o<a<ol

|A‘a%_a2n—l| < 202n—1
xnz_znﬂ,b("iﬂ
n

forn=2,3,....
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Let us denote by co(%'(a)), o < 1, the closed convex hull of € (¢t). Then, for
all f in co(%(a)), the n-th coefficients of the series expansion of f can be written in
the form that

1 n—2 2
a =TT —a)+j)/ dD04u(9), 0> 2.
n!j=0 0
S 12 N Ag
Hence, for f € co(¢'(a)), s(n) = — [](2(1 - @)+ j) = = = By(say).
n! n
Jj=0
The function defined by
1—(1—z)%!
— fi 1/2
lo(2) = o1 res /2

—log(1 —z), fora=1/2,

is often extremal in the class ¢ (). The coefficients a, of ly(z) are B,,.
As a consequence of Theorem 1, we have the following result for the class co(% («t))
which is also proved in [22, Corollary 2.3] and [6, Theorem 3.4].

COROLLARY 3. If f € co(€(a)) (o < 1), then
Mfanam - an+m71‘ < maX{ManBm - Bn+m71‘aBn+m71}~

Equality occurs for the functions ly(z) and its rotations when |AByBy — Byym—1] >
Byim—1 and for the function

1 n+§—2 0 0
@) = s Y e (),
n+m-—2 =

when |ABuBy — Byim—1| < Byim—1. Here @ is the same quantity as defined in Theo-
rem 1.

COROLLARY 4. [22, Corollary 2.4] If f € co(€(a)), then Corollary 1 gives
|Aa, — az,—1| < max{|AB, — B _1|,Ban1}

for n=23,.... Equality occurs for the functions ly(z) and

2n—2
Ih(2) = Z mke_lekla(ele"z),
k=1

where my. and 6 are defined as in Corollary 1.

It can easily be checked that for o« = —1/2, B, = (n+1)/2. As a consequence of
Corollary 3, we have the following result for the class co(%'(—1/2)). Note thatin [13,
Theorem 3.3], the authors have proved the following result by considering three cases
for n > 3. Here all the three cases are covered in two cases.
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COROLLARY 5. If f € co(€(—1/2), then

8n
n, 0<A< )
. (n+1)2
(n—; ) , elsewhere,

|Aa2 —az,1| <

A—n

for n=2,3,.... The sharpness of the second inequality can be verified by the function
L n(d) inﬂzn z—7%/2
—1/2Z2) = =

A (1-2)7

can be verified by the function

and its rotations; and sharpness of the first inequality

2n—2
1" p(2) = D mke*’ekl_l/z(e’e"z).
k=1
Here my and 6y are the same as defined in Corollary 1.

Moreover, as a consequence of Theorem 1, Corollary 5 can be generalized in the
following way:

COROLLARY 6. If f € co(¢(—1/2), then

n+m 0< i< 4(n+m)
[Aanan —a | < 2 N
ntm n+m—1| X (n_|_1)(m_|_1) n+m
A— , elsewhere,
4 2
for n=2,3,.... The second inequality is sharp for the function l_l/g(z) whereas the

first inequality is sharp for the function

1 n+m—2 ) )
nm — —ifx i
l_l/z(z)—n_i_m_2 ]Zl e "Iy (e z).

Observe that
e For oo =0, Corollary 3 reduces to [6, Theorem 3.3].

e For the case ¢ =0 and A € R, Corollary 4 reduces to the result obtained by Li
etal. in [15, Theorem 1].

For —1/2 < o < 0, Corollary 4 coincides with [15, Theorem 2].

ForO<a<l1, a# %, Corollary 4 coincides with [15, Theorem 3].

For oo = 1/2, Corollary 4 coincides with [15, Theorem 4].
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‘We now consider the functions in the normalized class

Z(B)={f€ o Ref'(z) > B}

where 3 € [0,1). Denote % = %(0).
By the Herglotz representation theorem for functions with positive real part [5,
1.9], there is a unique probability measure y on [0,27] such that

f’ - B n 1—|—e’ez
5=, (o)

l—ele

or, equivalently,
oo oo o
1+ Y na,2 ' =1+(1-B)3 2/ emOdu(6)z
n=2 n=2 0

Comparing the coefficients, we obtain

_ 2T,
a, = W/ D041 (0), n>2.
0

Hence for f € Z(B), B €[0,1), s(n) =2(1 —B)/n.
Now, as consequence of Theorem | we have the following result which is also
pointed out in [22, Theorem 3.1].

COROLLARY 7. If f € Z(B), then
AA(1-B)* 2(1-B)

nm n+m—1

2 l—ﬁ
Mfanam Apntm— 1‘ max{‘ ’nS—m—)l}7

for n=2,3,.... The sharpness of the first inequality can easily be verified by using
the function mg(z) = —2(1 = B)In(1—z) —z(1 —2B) and its rotations whereas the
sharpness of the second inequality can be verified by using the function

n+m—2

Ly — 1 —ify s
mﬁ (Z)—m kg‘l e Mﬁ(e Z).

Here ¢y is the same quantity as defined in Theorem 1.

For § = 0, Corollary 7 reduces to [6, Theorem 3.2]. In particular, when m = n,
Corollary 7 leads to

COROLLARY 8. If f € Z(B), then

4A(1-B)* 2(1-B)| 2(1-B)
(A —ami| < max{ 2 -1 2n—1 J°
for n="2.3,.... The sharpness of the first inequality can easily be verified using the

function m,;( 2) and its rotations. Sharpness of the second inequality can be verified for

the function
2n—2

mg (2) = Z mke_iekmﬁ (eiekz).
k=1

Here my and 6y are the same as defined in Corollary 1.
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2.1. The class 77
Recall that

{fe%f —Z—l-Eanz aner Yan| < (n)>0f0rn>2}.

Here is a partial list of restrictions on r(n) such that J# is a subclass of .. For
example,

o If r(n)=(n—P)/(1—-P), then 7 C 7*(B) C ¥ [23]. In particular, for § =0
we have ¢ = H , the Hurwitz class.

o If r(n)=n(n—pP)/(1—P),then 2 C €(B) C.7 [23].

o If r(n)=3n—2,then ¥ CU%.ST C.7 [9].

o If r(n) =n(2n—1),then € C %€V C .7 [9].

o If r(n)=n/(1—PB),then S C Z(B)C 7.

If r(n) =1+[(n—1)/(1—B)]secv, then 7 C 7} (B) C 7 [12].

In all these classes 3 € [0,1). We now state our main result for the class 77 .

THEOREM 2. (a)Let A € C and n=2,3,.... For f € 7, we have

2 AL 1
[Aa;, —azu—1] < max{r(n)z, =) }

Equality holds if and only if

o 2n—1 r(n)2
IS ey Jor M < -1y
= o, Al r(n)?
Z—'_r(n)z for|A|> r(2n—1)’

where o is a complex number such that |o| = 1.
(b)If f € 2 and A € C then for two distinct values m,n > 2 we have

|Aanam - an+1n—1| < max |A‘ » ! .
4r(n)r(m)’ r(n+m—1)

Equality holds if and only if
4r(n)r(m)

n+m—1 Al <
ot - or|Al< (n+m 1)’

f&) = o
4r(n)r(m)
2r(n)Z T m) " for|Al= r(n+m—1)

where o and 3 are complex numbers such that |ot| = |B] = 1.
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We remark that for the choice r(n) = n, Theorem 2 turns into [6, Theorem 3.1(a)].
We here adopt the proof technique of [6, Theorem 3.1(a)]. To prove the generalized
Zalcman problem for .77, we need the following lemma.

LEMMA 1. [6, Lemma 2.1] Let a,b € C be arbitrary and let C,M > 0. Then
la+ Ab| < max{C,|A|}, forallleC 3)
if and only if
la| + |b|C < MC. “)

Assuming that a,b # 0, equality holds in (3) for some A # 0 if and only if it holds in (4)
and also || = C and arg A = arga — argb (taking the values of the argument function
modulus 21 ).

Proof of Theorem 2. (a) By the definition of the class %, r(n)|a,| < 1 and
r(n)|an|+r(2n — 1)|az,—1| < 1. Therefore,

r(n)?|an|* 4 r(2n — 1)|ag,—1| < r(n)|a,| +r(2n —1)]az,—| < 1.
Substituting the values M = 1/r(n)? and C = r(n)?/r(2n— 1) in Lemma 1, we obtain
the desired result.

(b) From the definition, it is clear that r(n)|a,| 4+ r(m)|a,| < 1. Therefore,
dnmlapanm| < (r(n)|an] + r(m)|am|)* < r(n)lan| +r(m)lan.
Hence,
Ar(n)r(m)|anam|+r(n+m—1)aym—1 <r(n)|an|+r(m)|am|+r(in+m—1)a,1m-1 < 1.

The conclusion now follows by taking M = 1/4r(n)r(m) and C = 4r(n)r(m)/r(n+m—1)
inLemma 1. [

3. Concluding remarks

In the earlier version of this article (arXiv:1604.05494) we had posed the open
problems on the generalized Zalcman conjecture in the form proposed by Ma in [18]
for the classes co(C) and Z(B) when 0 <A <2 and 0<A <nmm/(1—B)(n+m—1)
respectively. These problems are recently settled by Ravichandran and Verma in [22]
(see, [22, Corollary 2.4, Theorem 3.1]).
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