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ON k-ANALOGUES OF DIGAMMA AND POLYGAMMA FUNCTIONS

EMRAH YILDIRIM AND INCI EGE

Abstract. In this work, we obtain some integral representations of k-analogue of classical digamma
function w(x). Then by using the concepts of neutrix and neutrix limit, we generalize the k-

digamma function yg(x) and the k-polygamma function l//,Er) (x) for all real values of x, re N
and k > 0. Also further results are given.

1. Introduction

The gamma function, which was introduced by Euler, is defined by

F(x):/ e dr
0

for x > 0 [1]. The logarithmic derivative of gamma function is known as digamma ( or
psi) function and it is given by

V() = log(x) =

and its some integral representations are defined by

L]l et —(141)" i e
=— —dt = ——dt = ———|dt (1
V() y+/0 -1 /o t /o t I—et @)

for positive real values of x, where y denotes Euler-Mascheroni constant such that

1
y= lim <1+...+E—10gn>,

in[1].

Mathematics subject classification (2010): 33B15, 33B99.
Keywords and phrases: Digamma function, polygamma function, k-digamma function, k-polygamma
function, neutrix.

This research is supported by Aydin Adnan Menderes University Scientific Research Projects Coordination Unit
(BAP) with Project No: FEF-17011.

© JPaY, Zagreb 123
Paper JCA-13-08


http://dx.doi.org/10.7153/jca-2018-13-08

124 E. YILDIRIM AND i. EGE

1.1. Neutrix calculus

In [2], van der Corput introduced the concepts of neutrix and neutrix limit as be-
low:

DEFINITION 1. (Neutrix) Let N’ be a nonempty set and let ./ be a commutative,
additive group of functions mapping from N’ into a commutative, additive group N”.
The group .4 is called neutrix if the function which is identically equal to zero is
the only constant function occurring .#". The function which belongs to .4 is called
“negligible function” in ./".

Let N’ be a domain lying in a topological space with a limit point b not belonging
to N' and ./ be a commutative additive group of functions defined on N’ with the
following property:

“fen, lin})f(s) = c (constant) for € € N’ then ¢ =0".
E—
Then this group .4 is a neutrix.

DEFINITION 2. (Neutrix limit) Let f be a real valued function defined on N’ and
suppose that it is possible to find a constant ¢ such that f(x) — ¢ is negligible in 4.
Then c is called the neutrix limit of f(x) as x tends to y and denoted by

N—lim f(x) = c. (2)
x—y
In this study, we let .4 be the neutrix having domain N’ = (0,), range N’ =R
and neglible functions finite linear sums of the functions

e, e (A<0,r=12,..)
and all functions o(g) which converge to zero in the normal sense as € tends to zero.

In [9], authors proved that the digamma function can be defined by

[ -l
y(x) = —y+N-—lim dt (3)
e—0 Je —t
for all real values of x. Also they obtained that
21
y(—n)=—7+ Z n

i=1

forn=0,1,2,....
In [16], Salem and Kiligman showed the following properties:

LEMMA 1. The neutrix limit as € tends to zero of the integral

1
/ 1% n" tds
€
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exists for all real values of o and r € Z+ and

(=1)r!
! , o0 £ 0,
N—lim [ * 'In"tdr = ot 7
e—0 Je 0, =0

By using Lemma 1, author showed the existence of neutrix limit of the integral
part of classical polygamma function for non-positive real values of x and r € Z™.
Then they gave the following definition.

DEFINITION 3. [16] The polygamma function ") (x) can be defined by

1 px—1 1"
w<’>(x):—<N—1im ! 1 n tdt)

e—0 Je —1

forallx€eR and re Z+.

We refer the reader to [4, 5, 6, 7, 14, 17, 18, 19] and references therein for more
applications of neutrix and neutrix limit to the special functions.

1.2. k-Analogue of classical gamma function and its related function

Diaz and Pariguan define k-analogue of gamma function by the following Rie-
mann integral

oo &
T(x) = /0 Fle T dr )

for x € C, Re(x) > 0 in [3]. Also, they obtain several results which are generalizations
of the classical gamma function. Some of them are given by the followings:

), 5)
) (©)

c ()

By using the equation (7), Krasniqi in [10] obtain the following series representa-
tion of k-digamma function

mk—y 1 &  x
¥, (x) = iy 8
() 3 x+i=ziik(x+ik)’ ®

for x > 0. The reader can find more properties on k-gamma and its related functions in
[10, 11, 12, 13, 15, 20].
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2. Some integral representations of k-digamma function

In this section we seek to redefine k-digamma function as integrals for positive
real values of x. At first, we need the following lemma.

LEMMA 2. [8] Assume a, b > 0. Then

o ,— —bx
@ b
/ £ —°¢ dx=In-.
0 X a

THEOREM 1. For x > 0, a k-analogue of digamma function can also be ex-

pressed by
k/ ( (k) i)dt. ©)

Proof. By differentiating the equality (4) with respect to x, we have

bl K 1 bl K
I (x) = /0 e F Inudu = z/o e ® Inufdu,

and then by using Lemma 2, we get

1 re R
—/ ux71e77/ Ldtdu
k Jo 0 t
oo I k oo
l/ 1 e_t/ u"_le_%du—/ e T ay ) dr.
kJo t 0 0

The first integral of the integrand on the right side of the last equation is equal to Ty (x).
k

1
% + t) = % . Then we obtain

Iy(x)

For the second one, let us change variable as uk(

/wu"_le_"k(%ﬂ)du:/m i —e ¥ d
0 0 (1+tk)T (1+tk)%

> & r
(14tk)x Jo (1+tk)*

b

Hence we get

which gives the equation (9). U

By using previous theorem, we get the following results.
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COROLLARY 1. k-Digamma function can also be given by

1 X

ek 7 tk
———dt 10
k/ t(1—1) (10)

for x> 0.
REMARK 1. The equation (9) shows that there is a relation between k-digamma

and classical digamma functions as

Ink

1 X
‘I/k(x)—T‘FzW(E) (11)
for x > 0.

We want to note that the equation (11) can be obtained by taking logarithmic
derivative of the equation (6).

COROLLARY 2. The k-digamma function can also be defined by
Ink 1 [~[e? &
=—+4+- —— dt 12
i) =+ [ (; l_e,> (12)

In this section, we already obtain some integral representations of the k-digamma
function by using some properties of integrals and the definition of k-gamma function.
In the next theorem, we obtain another representation of it by using the series expression

(8).

for x> 0.

THEOREM 2. The k-digamma function is defined by

Ink — gl gl
yelx) = Y/ — (13)

for x> 0.

Proof. By using the equation (8), we get

Ck—y 1 &1 1y mk—y &1 & 1
V) = =% x+§1<ik x—l—ik)_ R )

i=1 Zox +ik
Ink—7y & /1 i1 < /1 ik—1

- di — d

. +i§1 [ Z{) 1 t
_ Ink—y 'S i1 'S ik
=— +/0 Z{z dt—/o Zét dt

_ | e . 1 oo .
_ Ink y+/ flz(t")’dt—/ Y (%) ar

k 0 i—1 0 i=0
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Since ¢ € (0,1) and k > 0, both geometric series are convergent. Taking into account
that the first series starts with #* and the second with 1, we obtain

Ink—y 1, Lo lnk v A
= t dt— | dt =
V() k +/o 11— /0 11— / 1

as desired. [

Using logarithmic derivative of the equation (5) leads us

1
Vilx +k) = —+ () (14)

for x > 0. We want to note that the formula can also be obtained by using its integral
representation (13).

3. Expanding the domain of the k-digamma function

The equation (14) helps us to define k-digamma function as

Vi(x) = yi(x +k) —%

for —k < x < 0. So by mathematical induction we see that k-digamma function can be

defined as
1 1

p— k —
Vie(x) = Yi(x + nk) j2:1x+jk—k

for —nk <x < (—n+1)k,k>0and neZ*.
Now, we will give a definition for y(x) on the real line. For this, we need the
following theorem.

THEOREM 3. The neutrix limit as € tends to zero of the integral
1 tkfl _ txfl
P 1—¢
exists for all real values of x and k > 0.

Proof. We have

—1 k
1gk=1_ ;=1 1t (l—t) L gt
J A S (R e S
€ € e

1—tk 1—t*

Since Ine is negligible function, the proof is completed for x = 0.
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Now let us take —nk < x < (—n+ 1)k. Then we have
1tk71_tx71 1tk71_tx+nk71 1 1— lk n
/ —dt = / —dt —/ l‘x_1 ﬁdl‘
e 11—tk P 1—k e 1—tk
1 tkfl _ternkfl 1 1nfl "
= [ —————dt— / 0y Pt
/e 1—rk £ ZE)
j=
1 k=1 _ pxtnk—1 ~1 1 extik
e 1—1¢ =0 x+jk  x+ jk
Taking neutrix limit on both sides leads us that

1 tk—l _tx—l 1 tk—l _tx+nk—l n—1 1 8x+jk
N-—lim 7kdt:N—lim 7kdt—N—lim —— — .
es0 Je 1—t e-0 Je 1—t e=0 5 x+jk  x+jk

Since the neutrix limit of the integral on the right side of the equation collides with
normal one and the last term on the right side is negligible function, we get desired
result.

For x = —nk and n € Z*, we have

—nk—1 \n+1
1 k=1 _ p—nk—1 1t ((t ) —1)
[ "
€ €

1—rk tk—1
1 n ) n—1 ldt
= —/ NN pkdr ==Y [ kg —
£ =0 i—0/e e 1
n—1 1 e(—n+ik |
=- — — — | +1ne
Za (—n+j)k  (—n+j)k

If we take the neutrix limit on both sides of the equation, we obtain

ltkfl _tfnkfl n—1 1
N—Ilim ——dt = — —_—
e—0 Je 1—k Z{) (—n+j)k
B ( 1 1 1> B i 1
B nk (n—1)k k _jzljk

as desired. [

By Theorem 3 and the fact that for x > 0, the neutrix limit of the integral collides
with ordinary one as € — 0, we can give the following definition:

DEFINITION 4. The k-digamma function is defined by

Ink —
Vi(x) = X !

1 tk—l _tx—l
N-1l —dt 15
- £—>(1)m/e 1—k (15)

for all real values x and k£ > 0.
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EXAMPLE 1. Let x = —nk (n € Z", k > 0) in the equation (15). Then
Ink—y & 1
k)= —L Yy — 16
Vi (—nk) X +j=1jk (16)

Note that all the results on k-digamma function in this paper tend to classical ones
in[9] as k tends to 1.
The rth derivative of the equation (13) leads us to the following definition.

DEFINITION 5. The k-polygamma function is defined by

1 x—1147
Ny t*'In"t
v = [ o (17)

for x,k >0 and r € ZT.

By using similar method on k-digamma function, we can define the k-polygamma
function via neutrix limit as below.

DEFINITION 6. The k-polygamma function can be defined by

1 px—1 1"
v (x) = —N—lim [ =107

e—0 Je 1—1K (18)

for all real values of x and r € Z*.

EXAMPLE 2. The k-polygamma function has values at zero and —nk for n =
1,2,... and k > O as the following:

v (0) =~y k),
y (—nk) =y )+ Y
j=1

r!
(]'k)r+1 :

All this results on k-polygamma function tends to classical ones in [16] as k — 1.
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