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MEANS OF INFINITE SETS 1

ATTILA LOSONCZI

Abstract. We open a new field on how one can define means on infinite sets. We investigate
many different ways on how such means can be constructed. One method is based on sequences
of ideals, other deals with accumulation points, one uses isolated points, other deals with average
using integral, other with limit of average on surroundings and one deals with evenly distributed
samples. We study various properties of such means and their relations to each other.

1. Introduction

As well known one can calculate the (weighted) arithmetic mean of finitely many
numbers, some infinite series (see [7] Chapter V.), certain measurable functions (see [7]
Chapter VI., [2] Chapter VI.1.), and there is a straightforward generalization for sets
with finite positive Lebesgue measure (see Def 1.1).

In this paper we are going to study the ways of how can one generalize the arith-
metic mean for an infinite bounded subset of R i.e. roughly speaking we are going to
study the means of sets.

In this paper our aim is to find reasonably good and natural means for infinite
bounded sets. Then study their properties and relations among them. We are going to
present many methods where in some of them we deal with countable sets only.

Most of the methods described here can be easily generalized to quasi-arithmetic
means as well or to more general means, however we are not going to deal such gener-
alizations now. In this paper we focus on arithmetic type means only.

We are planning a second paper on this topic (see [8]). While this current paper
mainly deals with constructing means and investigate their properties, the second paper
is going to focus mainly on building and analysing concepts of this new field.

1.1. Basic notions and notations

Throughout this paper function <7 () will denote the arithmetic mean of any num-
ber of variables.

DEFINITION 1.1. If H C R is bounded, Lebesgue measurable, A(H) > 0 then

set
JxdA

Avg(H) = H?L(H) .
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For KCR, yeR set K~ = KN (—o0,y], KT = KNy, +oo).

If HC R, € >0 we use the notation S(H,€) = ey S(x,€) where S(x,&) = {y:
|x—y| <e}.Clearly S(H,e)={y:Ix € H |x—y| < e}.

Let T; denote the reflection to point s € R thatis Ty(x) =2s—x (x e R). HCR
is called symmetric if there is s € R such that T3(H) = H .

If HCRxeR thenset H+x={h+x:heH}. Similarly oH = {ah:h €
H} (e €R).

cl(H),H' will denote the closure and accumulation points of H C R respectively.
Let limH = infH’, limH = sup H' for infinite bounded H .

DEFINITION 1.2. A generalized mean is a function % : C — R where C C P(R)
consists of some (finite or infinite) bounded subsets of R and infH < ¢ (H) < supH
holds for all H € C. We call J# an ordinary mean if C consists of finite sets only.

We will verify that Avg is a generalized mean. Another simple example on all
bounded sets is

. o/ (H) if H is finite
lis
M (H) = limH+limH .
=————  otherwise.

In the definition the required condition is an obvious generalization of internality
on finite sets. Hence we will refer to this condition (H € Dom(.#") = infH < # (H) <
sup H ) as internality too.

In this paper when we use the term “mean” we always refer to a generalized mean.
Usually 7, .# will denote means and Dom(.#") denotes the domain of % .

2. Basic attributes of generalized means

2.1. Basic properties

Throughout these subsections .7~ will denote a generalized mean.

Usually we expect Dom(.#") to be closed under finite union and intersection.
Moreover closed under translation, reflection and contraction/dilation.

Some of our means will be the extension of .o/ that is for finite sets it gives the
arithmetic mean of the elements. Nevertheless we also consider means having domain
consists of infinite sets only.

DEFINITION 2.1.
e % is strong internal if for all infinite H € Dom(%")

limH < % (H) <limH.

e % ismonotoneif sup H, < infH, implies that " (Hy) < % (H\ UHy) < # (Ha).
J is strong monotone if 7 is strong internal and lim A} < lim H, implies that
A (Hy) < A (H UHy) < X (Hy).
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The mean is translation invariant if x € R, H € Dom (%) then H+x € Dom (%),
H(H+x)=#(H)+x.

 is point-symmetric if H € Dom(.#") is bounded and symmetric and 7;(H) =
H holds then % (H) =s.

e % ishomogeneousif H € Dom(.%") then oH € Dom( %), # (cH) = o % (H).

s finite-independent if H € Dom(.%") is infinite, V' is finite then HUV,H —
VeDom(x) and # (H)=#(HUV)= % (H-V).

PROPOSITION 2.2. If ¢ is strong internal and H' = {h} then ¥ (H) = h.
Proof. h=1limH < % (H) <limH =h. O
PROPOSITION 2.3. If JZ is finite-independent then ¢ is strongly internal.

Proof. Let HC R, € >0. Then ¢ (H) = ¢ (HN(—o0,limH +¢]) < limH + ¢
because we left out finitely many points. Since & was arbitrary we get that ' (H) <
lim A . Similar argument can be applied to lim. [

2.2. Some other properties

DEFINITION 2.4.

e % is convex if [ is a closed interval and % (H) € I, L C I,H UL € Dom(.%")
then # (HUL) € 1.

o % is called closed if H,cl(H) € Dom(%") then J# (cl(H)) = % (H).
e ¢ is called accumulated if H,H' € Dom(¢") then ¢ (H') = ¢ (H).

Obviously property “accumulated” is equivalent with that J# (H) = ¢ (H') =
H(H") =2 (H") =... if all sets are in Dom(%").

We will often use the following simple fact.

LEMMA 2.5. & is convex.

Proof. Let I be a closed interval, H,L are finite and </ (H) € I, L C1I. Itis
known that if A, B are disjoint finite sets with cardinality |A| = a,|B| =b

asf (A)+ b/ (B) a b
o/ (AUB) = = o (A)+ ——
(AUB) a+b a+b ( )+a+b

< (B)

that is the convex combination of ./ (A) and 7 (B) hence it is between ./ (A) and
</ (B).

Now apply this to H and L — H. For both </ (H), <7 (L— H) € I hence so is
o (HUL). O
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We now present two negative results on means being continuous according to the
Hausdorff pseudo-metric. Let us recall the definition of Hausdorff pseudo-metric. If
X,Y CR then dy(X,Y)=inf{le >0: X C S(Y,¢),Y CS(X,¢)}.

PROPOSITION 2.6. If JZ is strongly internal then it fails to be a continuous func-
tion according to the Hausdorff pseudo-metric.

Proof. Let H=1{0,1:ne N}U{1,1+!:neN}. By strong-internality % (H) €
[0,1]. Let Ly = {2 :n<k}U{l, 1+ L :neN} Loy = {0, L cneN}U{1+ L i n<i}.
Then clearly Ly — H in the Hausdorff metric and by strong-internality 2 (L) =
1,%(L2k+1)=0 forall ke N. [

PROPOSITION 2.7. & is not a continuous function according to the Hausdorff
metric.

Proof. Let C={0,1}, C, = {11+ 114+ L}, Clearly C, — C in the Hausdorff

ne

metric but <7 (C,) — 3, &/ (C)=14. O

3. Simple generalized means

3.1. Mean by isolated points

If the isolated points determine the set in the sense that ¢/(H —H') = H then a
mean can be defined by them using that for V6 >0 H — S(H’, §) is finite.

DEFINITION 3.1. If ¢c/(H — H') = H then let

%is()(H) — akg}rOQ{(H—S(H/,(S))

if it exists.

LEMMA 3.2. Let (H,),(L,) be two infinite sequences of finite sets such that all
sets are uniformly bounded, ¥'n H,NL, =0 and </ (H,) — a. Moreover lim,,_,.. ||I€I’:,|‘ =

0. Then </ (H,UL,)— a.

Proof. Clearly

h i hjeL & |Hy| |Ly|

/€Hy €Ly H I

o (H,UL,) = ! ! = "o/ (H,)+—1— o/ (L,).
( ) |HnULn| ‘H,,UL,,‘ ( ) |HnULn| ( )

o/ (Ly) is bounded, |H|L£|L r—0and H‘[{le - — 1 give the statement.  [J

THEOREM 3.3. .#Z™° is a generalized mean. Moreover it is finite-independent,
strongly internal, monotone, translation invariant, point-symmetric, homogeneous, con-
vex and closed.
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Proof. Clearly .#/"° is internal since H — S(H',8) C [infH,supH].

It is also finite-independent because H — H' is infinite and removing (or adding)
finitely many new points would not change the limit. In order to prove that let H, =
H—S(H',6), L, = {the new points in H —S(H',8)}. Then apply 3.2.

Strong internality then follows from 2.3.

Let us show monotonicity. If supH; < infH, then

H\UH, —S((HiUH,)',8) = (Hy — S(H{,8)) U (Hy — S(Hj, 6))

which gives that o7 (H, — S(H],8)) < «/ (Hi UH, — S((Hi UH,)',8)). When taking
the limit we end up with .#°(Hy) < .#/"°(H, U H,). The other inequality is similar.

To prove that .#™° is translation invariant, point-symmetric, homogeneous, it is
enough to refer to the fact that H —S(H’,8) and &/ both have the same properties.

To verify convexity let I be a closed interval, .#*°(H) €I, LC I, LLLUH €
Dom #*° . Tt is known that if A, B are disjoint finite sets with cardinality |A| = a, |B| =
b asf (A)+ b/ (B)

a+b

that is the convex combination of &7 (A) and </ (B). If we apply it for As = H —
S(H',8), Bs = (HUL—S((HUL)QS)) —As C L—S(L',8) then o/ (Ag) — p €
I, o/ (Bs) € I hence in limit (6 — 04 0) we get that </ (As UBg) — ¢q € I using
that the limit exists because HUL € Dom 4™

To show that .2 is closed it is enough to mention that H and cI(H) have the
same set of isolated points. [l

o (AUB) =

EXAMPLE 3.4. For H={0,1}U{l:ne N}U{l+ L :neN}, .#*(H)=0.
Proof. Evidently H' = {0,1}.If § = } then
/ 1 1 n
H—S(H,S):{;:n<k}u{l+2—n:2 < k}.

If we apply 3.2 for Hy = {1 :n <k}, Ly = {1+ 5 : 2" < k} then we get the state-
ment.

EXAMPLE 3.5. .#"°(H) does not exist always.

Proof. Define a set in the following way. Let Hy = {1.7}. If H,,...,H,_| are
already defined then let H,, consists of some finitely many points such that

H, C (ﬁ %) if n is even
1+ (4. 1) ifnisodd
and &/ (HiU...UH,) < % when n is even, </ (HiU...UH,) > % when n is odd.
Then let H = UHi.

i=1
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We then ended up with an infinite set H C [0,2] such that H' = {0,1} and <7 (H —
S(H',8)) can be smaller than  or greater than % depending on & hence the limit does
not exists. [

THEOREM 3.6. .#"°(H) is not accumulated.

Proof. Itis easy to constructa set H C [0,1] such that H' = {0} U{% :n €N} and
V8 o ({h€H:h>38})>0.5. For that set we get .#/"°(H) > 0.5, .#"°(H') = 0.

For constructing such set let Hy = {1.5}. If H,...,H,_ are already defined then
let H,, consists of some points such that H, C S({ :k <n},1) Vk<nH,NS(3,1)#0
and o/ (HU...UH,) > 0.5. Obviously it can be done since we can add as many points

around 1 as we want. Thenlet H = |J H;. O
i=1

=

3.2. Mean by accumulation points

Let us recall the classic definition. H® = H, H() = H' where H’' denotes the
accumulation points of H. Then H"+1) = (H™)' (n > 0).

Assume that H is infinite bounded. Then there are two cases. Either there is n € N
such that H"™ =@ or Vn e NH™ # (. We can define a mean in the first case.

DEFINITION 3.7. Let H C R. Let lev(H) =n € NU{0} if H"*) =0 and
H™ 2 0. Otherwise let lev(H) = —oo.

DEFINITION 3.8. Let H C R, lev(H) =n. Set .#/““(H) = o/ (H™).

In this sense we may say that the last level accumulation points determine the
mean and nothing else. Roughly speaking the last accumulation points store the only
“weights” of the set.

LEMMA 3.9. lev(HUK) = max{lev(H),lev(K)}.

Proof. 1t is known that (HUK)' = H'UK’. From that by induction we get that
(HUK)™ = H™UK™ . Which implies that (HUK)") =@ iff H") =0 and K") =0.

Now let m = max{lev(H),lev(K)}. Then (HUK)" # 0 and (HUK)" 1) =0
which gives the statement. []

LEMMA 3.10. If lev(H) < lev(K) then #*““(HUK) = .#““(K).

Proof. By 3.9 lev(HUK) = lev(K). Then (HUK)!(K)) = ger(K))

LEMMA 3.11. lev(HNK) < min{lev(H),lev(K)}.

Proof. 1t is known that if A C B then A’ C B’ and then by induction A" ¢ B
Apply itfor HNK and H and then K. [
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THEOREM 3.12. .#%“ is strongly internal, finite-independent, translation in-
variant, point-symmetric, homogeneous, convex, closed and accumulated generalized
mean.

Proof. First of all we remark that the definition of .Z“““(H) makes sense since
H™ is finite when H" 1) =0,

M is strongly internal because limH = minH’, limH = maxH'. This gives
that .Z““ is a generalized mean.

A is finite-independent since H' does not change if remove or add finitely
many points to H .

It is translation invariant, point-symmetric, homogeneous since the accumulation
operator has the same properties.

To verify convexity let  be a closed interval, .#““(H) €I, LCI, L,LUH €
Dom #““. Let lev(H) = n,lev(L) = k. Now we have three cases: n <k, n > k,
n = k. Using 3.10 the first two are obviously implies that .Z“““(HUL) € I. For the
third 2.5 gives the statement.

M is closed because cl(H)' = H'.

A is accumulated since lev(H') =lev(H) — 1 and

H(Zev(H)) _ (H/)(lev(H)fl) _ (H/)(lev(H/))' 0

THEOREM 3.13. If either lev(H) # lev(K) or lev(H) = lev(K) = n and H"™ N
K" =0 then .#*“(HUK) € [.#°(H), #°“(K)).

Proof. The first case is obvious. For the second case apply

ast (A)+b (B)

o (AUB) = —

when ANB=0and a=|A|,b=|B|. O

EXAMPLE 3.14. HNK = 0 does not imply that .Z*“(HUK) €
L (1) (K)).

Proof. To show that it is easy to construct sets such that HNK =0 and H' =
{-2,-1,3}, K’ ={—1,1}. Then .#“°(H) = .#““(K) = 0 while .#/*““(HUK) =
o ({-2,-1,1,3)=1. O

3.3. Means by ideals

We define a generalized mean with respect to ideals for sets which are not in the
ideal in question.

Let us recall the definition of an ideal. .# C P(R) is an ideal if A,B € . implies
that AUB € . and B € .#,A C B implies that A € .7 .
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DEFINITION 3.15. Let .# be an ideal. We call .¢/
translation invariant if H € .4, x € R implies H +x € .7,
symmetric if H € .#,x € R implies {x+y:x—y€H} € .7,
homogeneous if H € .#, o0 € R implies aH € .7 .

Evidently the regularly used ideals (e.g. finite sets, countable sets, category 1 sets,
sets with Lebesgue measure 0) all have these properties.

DEFINITION 3.16. Let .# be an ideal and H C R, H ¢ .# be bounded. Set
Tim” H =inf{x: B € .7}. Similarly lim” H = sup{x: H*~ € .7}

If .% = {0} then Tim”~ = sup,lim” = inf. If . = {finite sets} then lim~ =
lim,lim” = lim. If .# = { countable sets} then lim” Jim” are the minimal/maximal

consendation points of H. If .# = {sets with Lebesgue measure 0} then lim” ,m/
are the inf/sup of Lebesgue density points of H .

PROPOSITION 3.17. If .7 is a G-ideal, H ¢ .7 then Tim” H = min{x : H** €
Y}, lim” H=max{x: H* ¢ .#}. O

PROPOSITION 3.18. If 1 C %5, H & 95 then lim” H < lim”> H <Tim”* H <
—
Iim H. O

DEFINITION 3.19. If . is anideal, H ¢ .# then .#” (H) = w.

THEOREM 3.20. Let .% is an ideal. Then .47 is a monotone, convex general-
ized mean. If .7 is translation invariant, point-symmetric, homogeneous then the mean
A7) has all these properties as well. If { finite sets} C . then it is finite-independent
and strong internal.

Proof. infH < lim” (H) < supH, infH < Tim” (H) < supH gives that .~ is
internal i.e. a mean.

If supHy < infH, then lim” (Hy) <lim” (H; UH,), Tim” (H,) <Tim” (H, UH,)
which yields that .#~ (H,) < .#” (H; UH,). The other part of monotonicity can be
handled similarly.

To verify convexity let I be a closed interval, .#“ (H) €I, LC 1, L,LUH €
Dom .#” . Clearly if x > maxI then H** € .# and because of L C I we get that
(HUL)™ € .# which gives that Tim” (

If .# is translation invariant, point-symmetric, homogeneous then so are lim” ,mﬂ
and then so is .#Z*” .

If {finite sets} C .# then evidently .# 7 is finite-independent hence it is strong
internal by 2.3. [

If .# = {finite sets } then .#") = 4" . 1f .# = {0} then .#/7)(H) = w
that is clearly not strong internal.

HUL) < max!. The other inequality is similar.
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DEFINITION 3.21. Let (.#,) be a sequence of ideals such that .%, = { finite sets }
and 9y C # C %, C .... The mean associated to this sequence is definied by

o (H) if H is finite

; A —In
M (H) = I m _H ifHe % — .9,

. s I “—In . -
limy,ee W it H ¢ \Us 7,

REMARK 3.22. (1) Because of Proposition 3.18 the limit in the last defining line
always exists.

(2) The definition works for a finite sequence of ideals as well (simply set .7, = .7
if n > k for a certain k).

(3) We can omit the condition that .#, = { finite sets } . In that case .# (/) remains
undefined for infinite sets H € ..

The next theorem can be proved like 3.20.

THEOREM 3.23. Let (%) be a sequence of ideals such that .9y = {finite sets }
and Sy C 9 C I C .... Then M7 is a monotone generalized mean. If %, is
translation invariant, point-symmetric, homogeneous then the mean #'“") has all
these properties as well. [

4. Properties of generalized Avg
We can generalize Avg in the following way.

DEFINITION 4.1. Let u* denote the s-dimensional Hausdorff measure in R (0 <
s<1). If0< u*(H) < 40 and H is u* measurable (i.e. H is an s-set) then set

Avg(H) = h;,LS(H) .

If for a given s we restrict Avg for s-sets then we will use the notation Avg®.

Clearly Avg = Avg® = o7 for finite sets and we get back the original definition of
Avg! for sets with positive Lebesgue measure (Definition 1.1).

THEOREM 4.2. Avg is translation invariant, point-symmetric, homogeneous.

Proof. All properties are a consequence of the theorem on integral by substitution.
Let us see them one by one.

We show that Avg is translation invariant: Let 2(x) =x+r (r € R), H be an s-set
(0<s<1). Then

J XA [xon(x)du*  [x+rdu*  [xdu* [ rdut
h(H) _H _H _H

w'(h(H))  ws(H)  w(H)  w(H) up(H)

=Avg(H)+r
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where we also used the straightforward fact that u*(H +r) = u*(H).

We prove that Avg is point-symmetric: By translation invariance it is enough to
handle the case when H is symmetric for 0: if H is symmetric for p € R then Avg(H —
p)+p=Avg(H) and H — p is symmetric for 0 and if Avg(H — p) = 0 then it would
give that Avg(H) = p. Let h(x) = —x. Then

/xd,usz / xoh(x)du® = / —xdu’ = — /xd,us

HO— h1 (HO— ) HO+ HO+

which implies that Avg(H) =0.
Now we verify that Avg is homogeneous: Let (x) = ox (a € R). Then

J xdp® J xdp® xoh(x)-adu®  o? [xdu®
h(H) h(H) I{ ) H . 15 H

wh(H) ~ [ 1dp [1oh(x) aduy' o] ldu
h(H) H H

=oaAvg(H). O

We can show now that Avg is a generalized mean. For that we prove that it is
strong-internal in the following stronger sense.

PROPOSITION 4.3. Let H C R be a bounded s-set (0 < s < 1). Then li_m']H <
Avg(H) <Tim” H where 7 = {H C R : u(H) = 0}.

Proof. By being translation invariant we can assume that lim” H = 0. We have
to prove that Avg(H) > 0O that is equivalent with [x du® > 0. Clearly there is n € N
H
such that p*(H1%) > 0. Then 0 < %uS(H%+) < [ xdp* < [xdy®.
H

1
Hnt
The other inequality can be handled similarly. [J

LEMMA 4.4. If H|,H, are s-sets and Hy N Hy = 0 then

W (Hi)Avg(Hy) + U (Ha)Avg(Ha)

Avg(H1 UH2) = ,LLS(Hl) +I~1S(H2)
Proof.
d -Y+ d s
Avg(HUH,) :Hflx 8 I{Zx 3 _ W' (Hy)Avg(Hy) + 1 (Ha)Avg(Ha) 0
we(H) + e (Ho) w () + ' (Hy) '

THEOREM 4.5. Avg is strong monotone for s-sets with s > 0.

Proof. Let H; be an s-set, H, be an sp-set (0 < s1,5p < 1) and p = limH; <
limH, = r. Evidently u* (H™) =0 and u®(H, ) = 0. Hence Avg(H;) < p and
Avg(Hy) > r.
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If 51 < s, then Avg(H,UH,) =Avg(Hy) =r > p > Avg(H).

If 55 <51 then Avg(H,UH,) =Avg(H,) =p < r < Avg(H,).

If 51 = 5o = s then we can assume that H, H, are disjoint because removing a set
with 0 measure does not change Avg i.e. Avg(H;) = Avg(H; —HP'™") and Avg(H,) =
Avg(H,» —H} ™) . Then by 4.4

1 (Hi)Avg(H) + p* (Hy
WS (Hy) + s (Ho

which implies that Avg(H;) < Avg(H; UH,) < Avg(H,). O

Avg(H,)

Avg(H\UH,) = ;

EXAMPLE 4.6. Avg is not closed and not accumulated either.

Proof. Let H=1[0,1]U([1,2]NQ). Then Avg(H) = Avg!(H) = 0.5 while
Avg(cl(H)) = Avg' (cl(H))=1. O

EXAMPLE 4.7. Symmetry gives Avg(C) = % where C is the Cantor set.

THEOREM 4.8. Avg is convex.

Proof. Let I be a closed interval, Avg(A) € I, C C I, C,CUA € Dom Avg. Let A
be an s-set, C be anr-set (0 < s,7r < 1).

If s <r then AUC isanr-setand Avg(AUC) =Avg"(AUC) = Avg"(C) =Avg(C) €
I.If r < s then AUC is an s-setand Avg(AUC) = Avg*(AUC) = Avg®(A) = Avg(A) €1.

Let now s = r. If u*(C —A) =0 then the statement is obvious. Let us suppose
us(C—A)>0.By 4.4

Avg(AUC) =Avg(AU" (C—A)) =

1 (A) pi(C—A)
A ) Sy (e —A) )+ (C—A) ©

because it is a convex combination of Avg(A) and Avg(C —A) and both arein 7. [

+Avg(C—A)

5. Mean by ¢-neighbourhoods of the set

We are going to approximate the set by €-neighbourhoods and as they have posi-
tive Lebesgue measure, take Avg of those as an approximation of the mean of the set.

DEFINITION 5.1. Let H C R arbitrary. Set
LAvg(H) = lim Avg(S(H,9))
6—040
if the limit exists.

PROPOSITION 5.2. LAvg(H) = LAvg(cl(H)) i.e. LAvg is closed.
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Proof. 1t follows from the fact that S(c/(H),6) = S(H,0). O
This shows that Avg(H) # LAvg(H) in general since Avg is not closed.

THEOREM 5.3. Let H C R be a finite set. Then LAvg(H) = </ (H).
Proof. Let 6 < %min{|x—y| :x,y € Hyx#y}. Then

Zx,- 26)6,‘ Zx,- Xi
AvgS(H,8) = |16L1H\25 = ‘;’ = o (H). O

THEOREM 5.4. LAvg is finite-independent for infinite sets.

Proof. Tt is enough to prove that for a single point p since from that by induction
we can get the statement. If p is an accumulation point then we are done by 5.2. Let
us assume that p is an isolated point and S(p,d)NS(H —{p},8) =0. H is infinite
and bounded hence contains an infinite sequence (h,) C H consisting of distinct points.

It is enough to show that s lign o %((5(([’;‘;)))) = 0 because from that the statement follows
—0+ ?

since
avg(3(01,8)) = 5 S ave(5(p.8)) + XA avgst - (). 9)

whenever 6 < & i.e. when S(p,8)NS(H —{p},8) =0.
For that let K > 0. Find L C H such that |L| = K. Then find §; < & such that
I1,1, € L implies that |I; — ;| < 268;. Let 6 < &; . Then

A(S(p,5)) 26 25 1
A(S(H,8) S ASLd) 20K K

which gives that we required when K — co. [

PROPOSITION 5.5. LAvg is strongly internal.

Proof. By 2.3 and 5.4 it is enough to show that LAvg is internal.
For thatlet m =infH, € > 0. If § < & then Avg(S(H,5)) > m— €. Because it is
true for all € then LAvg(H) > m. The other inequality is similar. [

THEOREM 5.6. LAvg is translation invariant, point-symmetric and homogeneous.

Proof. translation invariance comes from S(H +r,6) = S(H,6) +r and Avg being
translation invariant (4.2).

Symmetry follows from S(—H,8) = —S(H,0) and Avg being point-symmetric
4.2).

For proving that LAvg is homogeneous let & € R. Then

Avg(S(aH,0)) = Avg(aS(H, 55)) = aAvg(S(H, 55)).
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When 6 — 040 then the left hand side tends to LAvg(otH) while the right hand side
tends to ocLAvg(H). O

LEMMA 5.7. Let H C R be compact. Then Ve > 0 30y > 0 such that § < &
implies A(S(H,0)) < A(H) + €.

Proof. For % there are open intervals /; (i € N) such that H C UT [; and X7 A (I;) <
A(H)+ 5. H being compact yields that finitely many covers H as well,e.g. H C U 1.
If we set & = 4 then & < & implies that A (S(H,0)) < XTA(S([;,0)) < A(H)+ 5+
2ng=A(H)+e. O

THEOREM 5.8. Let H C R be bounded, Lebesgue measurable and A(H) > 0.
Then Avg(H) = LAvg(H) iff A(cl(H)—H) =0 or Avg(cl(H) —H) = Avg(H).

Proof. Let us assume first that A(cI(H) —H) =0 i.e. A(cl(H)) = A(H). Then
clearly Avg(H) = Avg(cl(H)) and by 5.2 LAvg(cl(H)) = LAvg(H). Hence it is enough
to prove the statement for compact sets.

Let € > 0 be given. By 5.7 Vey > 0 38y > 0 such that & < 1,6 < & implies
AH) < A(S(H,0)) <A(H)+&.Let K=supH+1. Then

fxdA xdA || fxapn o [xdA+ [ xdA
s 81~ (800100 = e = 35y | = |0y~ A o)
[ xdA
< IZ A 'ulm - IEED) ‘ * | 160D
<xam | sman |t s
< %M(S(H,S))—?L(Hﬂ <e
if g9 < A

Now assume that A(cl(H) — H) # 0,Avg(cl(H) —H) = Avg(H). Then

A(cl(H)—H)Avg(cl(H)—H)+ A(H)Avg(H)
A(cl(H)—H)+ A(H)

Avg(cl(H)) = =Avg(H). (1)

Assume now that Avg(H) = LAvg(H). Then apply the first assertion for c/(H). We get
Avg(cl(H)) = LAvg(cl(H)) = LAvg(H) which yields Avg(cl(H)) = Avg(H). Then (1)
gives the statement. [J]

EXAMPLE 5.9. Let L= {1 :ne N}U{2+ 4 :n e N}. Then LAvg(L) =0.
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Proof. Let Li = {1 :neN},L, = {2+ % :neN}.

Let 6 > 0. Let us estimate where the § surroundings S(x,0) intersect each other
on points of L; and L,. They intersect on points of L; when ﬁ — % <20. Itis
n—1> \/%. They intersect on points of L, when 2,1%1 — 2% <26.1Itis n> —1log,24.

Then

/xd/l<(\/%+25))\/§+26(1+£+...+ Lo

2 n—2
S(Ly,0)

< (\/ﬁ+25))\/§+25(1 —logV/28) < 28(1 —logV25)
if & is small enough.

A(S(L1,8)) = V28 +28+(n—1—1)28 > V28 +28 + V26 —28 =226

1
/ XdA < (28+26)(2+8) + 282+ 57+, + 2+
S(Ly,9)

2n—l) <
< (48)(2+8)+28(2(n—1)+1) < (48)(2+8)+258(1—2log, 28) < 156(1 —log V29)

if & is small enough.

A(S(La,8)) =46+ (n—1)28 > 48 +28(—log, 28 — 1) > 26 + 28 (—log28)

[ xdA+ [ xdA
0< S(Ly.6) S(L,.8) - 176(1 —1logv28) B
A(S(L1,8)) +A(S(L2,6)) ~ 2v/28+28 +28(—log2d)

B 17V/8(1 —log/26)
2v2+42V6 +2v/8(—log26)

using that lim,_,g4oxlogx=0. O

—0if6§ - 0+0

PROPOSITION 5.10. LAvg is not accumulated.

Proof. The example in 5.9 shows that since LAvg(L') =1 by 5.3. [

PROBLEM 1. Prove or disprove the conjecture that LAvg is an extension of .Z .
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6. Mean by evenly distributed sample

Now we define a mean in a way that we take finite sample points from the set and
calculate their arithmetic mean and we consider it as an approximation for the mean. It
is important that the sample has to be evenly distributed.

DEFINITION 6.1. Let H CR, a=infH,b =supH. If n € N,0 <i < n then set
H,,J-:Hﬂ[a—kﬁ(b—a),a—k%(b—a)).Let Li={0<i<n:H,; #0}.

We say that the mean of H is k = .#*(H) if Ve >0 3N € N such that n >
N,& € Hy; (i € 1,) implies that | &7 ({§;:i€ 1,}) —k| < €.

THEOREM 6.2. If H C R the following statements are equivalent:
(]) %eds(H) —k
(2) Vn € N we select arbitrary points &, ; € H,; (i € I,) then

lim o ({E,:i€l,}) =k
(3) Vn € N we select arbitrary points &, € la+ L(b—a),a+ 2 (b—a)) (i€ 1,)

then limy e o ({&piii€,}) =k
(4) limy—oo o ({a+i(b—a):i€L,}) =k

Proof. (1)< (2), (3)=-(4) are obvious. Proving (2)<« (4)<(3) at the same time
observe that [A({a+L(b—a):iel,}—A({&:ieL})|<i. O
The following theorem verifies that .2 % is a mean.

THEOREM 6.3. .Z°% is strongly internal.

Proof. Let € > 0. Then HN (—oo,limH — €) is finite. H being infinte implies
that 1im, e |{H,; : Hy; # 0,H,; C (imH — €,+o0)}| = 0. This gives .#*(H) >
limH — & by Lemma 3.2. Since & was arbitrary .#°*(H) > limH . Similar argument
works for lim. [

PROPOSITION 6.4. If H is finite then .#°*(H) = </ (H).

Proof. 1f n is big enough then each interval contains only one point. [

THEOREM 6.5. .#°% is translation-invariant, point-symmetric and
homogeneous.

Proof. translation-invariance follows from that inf,sup and ./ are translation-
invariant.

For symmetry it is enough to show that if 0 <infH then .#Z°¥(—H) = —.#**(H).
For that we can choose corresponding points in the way that &), = —&, ; and then we
can refer to that 7 is point-symmetric. '
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For being homogeneous let f(x) = ox (o € RT). Note that f takes partition of
[a,b] into partition of [cta, ab] and also it takes associated points into associated points
of the other partition. Similarly for f~'. For completing the proof we need also that
o/ is homogeneous. [J

PROPOSITION 6.6. % is monotone and convex.

Proof. Both statement is a straightforward consequence of </ being monotone
and convex. [l

PROPOSITION 6.7. If H= H,U" Hy where A(cl(Hy)) >0 and A(H,) =0,H, is
compact then M °¥(H) = 4% (H,).

Proof. Let I = {0<i<n—1:H,; #0,H,; CH;} (j € {1,2}). Then by 5.7
limy— 112| = 0. While inf{1|I}| : n € N} > 0 which gives the statement using Lemma
32. 0O

The next example shows that we cannot omit compactness.

EXAMPLE 6.8. .*([0,1]U(QN[1,2])) = .#%(]0,2]) = 1 hence Avg # .4 “* .

EXAMPLE 6.9. Let L= {4 :k € N}U{2+ 5 : k € N} Then .Z“**(L) = 0.

Proof. Let a=0,b=2.5,n€N. Let us estimate |{i € I, : L(b—a) <1} i.e. at
least how many points &,; we get that are smaller than 1. We want a lower bound. We
can get that if ﬁ — % > % . For that it is sufficient that k < y/n hence there are at least
\/n such points.

Now let us estimate |{i € I, : (b —a) > 2}| i.e. how many points &, ; we get that

L
n

are greater than 2. We want an upper bound. We can get that if 21%1 — zik = 2%( > }% that
is k<logyn.
Now lim 10\%" =0 completes the proof by Lemma 3.2. [J

n—oo

THEOREM 6.10. .#°*(H) # .#"°(H).

Proof. Let H={% :keN}U{2+2ik;2+2ik+2# k€ N}.
Clearly ./ (H) = &342 = 4.
Let us calculate .#°¥(H). If we divide [infH,supH] into 2" subintervals then

what is required in order to see points 2 + %,2 + 2% + 2% in separate intervals? It is
1

F > % that is k < log, n. Therefore we get n+ 1 points smaller than 1 (converging
to 0) and at most n+ 1 +log, n points greater than 2 (converging to 2). This gives that

M (H)=1byLemma32. [

Similar example could show that .Z“% < .#"° in general.
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PROBLEM 2. Provide example that shows that ./ % # LAvg.
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