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ON SOME GENERALIZATIONS OF ENESTROM-KAKEYA THEOREM

NISAR A. RATHER

Abstract. In this paper, we obtain some generalizations of a well-known result of Enestrom-
Kakeya concerning the bounds for the moduli of the zeros of polynomials with complex coeffi-
cients which improve some known results.

1. Introduction
If P(z) =¥ _ga 7/ is a polynomial of degree n with real coefficients satisfying
an>an—l 2"'2‘11 >a0>0

then according to a well-known result of Enestrom-Kakeya (see [21,22,23]) all the
zeros of P(z) liein |z] < 1.
We may apply this result to P(¢z) to obtain following more general result.

THEOREM A. [If P(z) = o a;z’/ is a polynomial of degree n with real coeffi-
cients satisfying
Pan 21" 'ay = 21a; > a9 >0,

for some t > 0. Then all the zeros of P(z) lie in |z] <

In literature [1,2,3,4,5,6,7,8,9,10,11,12,13,14,16,17,18,19,20,21,22,23,24,25]
there exits several extensions of Enestrom-Kakeya theorem. An exhaustive survey on
the Enestrom-Kakeya theorem and some of its generalizations is given in [15] by Gard-
ner and Govil. For the polynomials with complex coefficients, A. Aziz and Q. G. Mo-
hammad [5] used matrix method and proved among others, the following generalization
of Theorem A.

THEOREM B. If P(z)
coefficients such that for k =

0d jzf is a polynomial of degree n with complex
1 2 ,n and for some t > 0,

0,
t"|an| <" Mapo1| <o < Flag] =5 ag | = = tan] > aol,

then P(z) has all its zeros in the circle
2t%|a| }aj ‘“JH
<t 1
K {tn| 2 a1 )

A. Aziz and Q. G. Mohammad [5] also proved the following result.
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THEOREM C. Let P(z) =Y _ya 2/ be a polynomial of degree n with complex
coefficients. If Reaj = oj and Ima; = Bj for j =0,1,2,---,n. If t > 0 can be found
such that

1

"0 <t oy < < oy <oy, oy >

Op_1 = - 2>101 = 0
and
"By <" Byt <o <" Bt KBy "B =" By = = 1By = Po,

0<km<n, a1 =a,+1 =0, o, >0, then all the zero of P(z) lie in circle

{(thkJrl +ﬂmtm+l} _ M )

lz] <
|an|

|t

In this paper, we first present the following result which among other things pro-
vides a refinement of Theorem B for 0 <k <n—1.

THEOREM 1. Let P(z) = ¥ ya 2/ be a polynomial of degree n with complex
coefficients. If t > 0 can be found such that

t"an| <" MNap—1 | < < Magg | <Flag], a0 a | = > tar] > aol,
0 <k <n—1, then all the zero of P(z) lie in

a,y—
7+ = 1—t‘<
a

265 |y | o i lav —lavl|  lan—1]+|an-1 = lan—1]| +t|an — |ax|
1" ap| v—0 m=v-la,| |an| .

3)

Proof. Consider the polynomial

F(z) =(t—2)P(2) = (t —2) (an?" + an12" '+ + a1z +ap)
n—1

=—a, 2"+ (tay —a,_ )" + 2 (tay —ay—1)z" (a_1 =0).

v=0
Let |z| > ¢, then
—1
an—1 "tay —ay_q 1
F(2)| >lan|lz|"| |2+ — —t| —
FQ) Slanlaf | e+ 2t - 5, [ |Zn_v]

>|an||z" | |2+

)

a lan| J= "V

an—1 _t‘ 1 eay _av—1|‘|
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Now,

—1

2 ‘lav av71| Z MaV‘ ‘av IH +"2‘ t|av_‘av||+’avfl_‘avfl‘|

[ th=v v=0 v
tlay| —lay—i| L ltay] —lay—1]
-3 }vtnfvvu v }thf}
v=0 v=k+1
"L tlay = lay| |+ lay—1 — |ay_1]|
+Z’o — ln_‘:/ .
2|ak| ) |av ‘avH
tn i \;0 1 (|an—1\+|an—1—\an_1\|+t|an—\an||>.
Using this in (4), we have
FQ|> lanl o+ | o4 2t | - 2l 2 v —lav]|
)| = |Un||< g an tn—k—l‘an‘ tn vV— 1‘Ll|

+ ‘anfl"'_}anfl_|an71‘|+t}an_|an‘| >0’
||

2| a| 2 |ay — |av\| |an—1|+ |an—1—|an—1||+t]an— |an\|
= k— l|an| tn vV— l|a ‘ |a}’1|

Therefore, it follows that all the zeros of F(z) whose modulus is greater than ¢ lie in
circle

2| a| +2Z|av \av|| |an_1|—|—|a,,_1—\an_1||+t|an—|an||.

t" k— l‘an‘ tn v— l‘an| |an‘

&)

We now show that all those zeros of F(z) whose modulus is less than or equal to ¢ also
satisfy (5). Let |z| <1,

t — — t — -1 —
‘Z+an—l i<+ ap—1 _; <t+| |an| — |an 1H+ }an ‘an‘|+|an 1= lan 1‘|
ap ay ‘an| |a71‘
‘an—l‘_t|an| |an_‘an‘|t+}an—l_‘an—l|}
=+
|| |an|
_ 2‘61,,71‘ n ’an71_|an71‘| +t|an_|an‘| . ‘anfl‘. (6)
|an| |an| |an| |an|
Now, by hypothesis
an—1 |ak‘
@ PR for 0<k<n—1. 7
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Using (7) in (6), we obtain for 0 <k <n—1,

2‘le| ’an—1_|an—l‘| t|an_|an|| B \an,1|

|y |t k1 |an| |an| |an|

7+ —t‘<

2|ay] "oay—lay||  lan—1]|+|an—1—|an—1]|+t|an—|an|
\tnikilk‘anr" Z ’ v v| n | n n | | n n |

0! v l‘an| ‘an‘
Thus, we have shown that if |z] <7, thenfor 0 <k<n—1,

ay—
7+ = 1—t'<

2ay| 4 i }av—|av\| | 1|+|an 1= |an- IH"H}an |an‘|

an = 1"V Ha| |an|

This shows that all the zeros of F(z) whose moduli is less than or equal to 7 also lie in
the circle defined by (5). But all the zeros of P(z) are also the zeros of F(z), therefore,
we conclude that all the zeros of P(z) lie in the circle defined by (5). This completes
the proof of Theorem 1. [J

REMARK 1. In general Theorem 1 gives much better result than Theorem B for
0 < k< n—1. To see this, we show that the circle defined by (3) is contained in the
circle defined by (1). Let z be any point belonging to the circle defined by (3), then

ap—1 2ay| lay — |ay]|
. —t <
+t an ’\tn—k—l|an| 2 tn v— 1|an|
_ ‘an—l"i"an—l_‘an—l||+t|an_‘a"H
|an| .
This implies
ap—1 1 n—1 n—1
Iz =|z+ —t+1— <‘ + —t|+|t—
n an dn an
2k\alk\ "‘22 lay — lavH |an_1|—|—|an_1—\an_1||+t|an—|an||
S |an] 01"V a |an]
|\an\t—\an71|} N |an— |anl|t + |an—1 — |an—1||
|an| |an|
2la a a a,_1|+tla,—|a
k\lk\ +2\vlv|\ |an1| + t]an — |an||
tn |an| o!" V-lay| |an|
|an_1| = |anlt  |an—|an||t
+
|an| |an|
2t |ay| 2 & lav—lav| 2H|ar| lav —lav||
< - —_ =1 .
\tn7k|an‘ + |an‘ \go m—v—1 t"\an| |Cln| z m—v— Tn—v—1

This shows that the point z belongs to the circle defined by (1). Hence the circle defined
by (3) is contained in the circle defined by (1).
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For polynomial P(z) = Yipa ;2 with real and positive coefficients, we obtain the
following result. ’

COROLLARY 1. Let P(z) =%, a;z’ be a polynomial of degree n with real and
positive coefficients. If t > 0 can be found such that

ay <t"lag < <My <dFa, Facr el > > 100 > a0,
0 < k< n—1, then all the zero of P(z) lie in

an—1 25 gy _ lp-1

t"ay, a,

—l<

An

=

Next, we present the following result which improves the bound of Theorem C for
O0<km<n—1.

THEOREM 2. Let P(z) = 3¥/_ga iz be a polynomial of degree n with complex
coefficients. If Reaj = oj and Ima; = Bj for j=0,1,2,---,n. If t > 0 can be found
such that

0<t"0 <t" o <o <o <oy, Fop =t o >zt > 00>0

and

0< tnﬁn gtnilﬁn—l < g tm+lﬁm+l S tmﬁma
tmﬁm > tmilﬁmfl > 2 ZBI > ﬁO > 07

0<km<n—1, a_|=a,y =0, then all the zero of P(z) lie in

ap—1 —1tay

2 m O—1+ Pn—1
S |a ‘t” {akthrl“l‘ﬁmt +1}_Tﬁ~ @)

‘z—i—

An

Proof. Consider the polynomial

F(z) =(t —2)P(z) = (t — z) (an" +ap 1" +aiz+a)
n—1
=—q,7 + (tan—an—1)7"+ Z (tay —ay_1)z" (a_1=0).
v=0

Let |z| >, then

n—1

P 1" | lanz - an 1 — tan = 3, lray —ay-1]

v=0 <l
1 n—1
>[2l"| lanz + an1 —tan] = = 3 [tay —ayi[1"). 9)

v=0
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Now by hypothesis
n—1 n—1 n—1
2|tav—av_l‘tv<2‘tav—av_l|tv+2|tﬁv—ﬂv_1‘tv
v=0 v=0 =

k
:Z‘tav oy 1ft¥ + Z |tory — on—q[t¥ +2|tﬁv Bv-1lt¥
v=0

v=k+1

n—1
+ Z tBy — Bv-1lt"

v=m+1
=200t" !+ 2B, — (01 + B )"
Using this in (9), we obtain

k+1 tm+1

2ﬁm m (anfl +ﬁnl)} > 07

F)| > |z|"+1{ (a2 tn1 — tan]
if

ap—1 —tay

2 Op—1+ Pn—
{Ocktkﬂ—l-ﬁmtmﬂ}— -1+ Pn L

Z+
‘ |t |an|

Ap
Hence all the zeros of F(z) whose modulus is greater than 7 lie in the circle

ap—1 —1tay

‘z—i—

2 Oy 1+ Pp—
< ol {akt"+1+ﬁmzm“}—7” 1|a B (10)
n n

an
Now, if |z] <7, then we have

|anz+an71 _tan| < ‘an|t+ |an71 _tan| <toy +tﬁn+ ((Xn,1 _tan) + (ﬁnfl _tﬁn)

= an—l+ﬁn—la
this gives,
_ O — _
'Z_"_an l—l < n 1+ﬁn 1. (11
ay |an|

By hypothesis for 0 < k,m <n—1,

Yo,y <opr* and "B,y < But™

"
Therefore,
206" oy + 1" Bus1) < 2(ogtk 4 But™).

Equivalently,

[\

0—1 +ﬂn—l < _n((xktk-H +ﬂmtm+1) - (an—l +ﬁn—1)- (12)

~
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Using (12) in (11), we obtain for 0 <k <n—1,

ap—1 —1tay

2 Oy i
o+ {aktk+l +ﬁmlm+1} it P L

h |an|t" |an|

An

This shows that all the zeros of F(z) whose modulus is less than or equal to 7 also
satisfy the inequality (10). Thus we conclude that all the zeros of F(z) and hence that
of P(z) lie in the circle defined by (10). This completes the proof of Theorem 2. [J

REMARK 2. In general Theorem 2 also gives much better result than Theorem B
for 0 < k < n—1. To see this, we show that the circle defined by (8) is contained in the
circle defined by (2). Let z be any point belonging to the circle defined by (8), then

ap—1 —tay 2 { k+1 m+1} O—1+ Br1
Oyt + Pt T ——
‘ an = ap|en k Bn |an|
This implies
o] = Z_}_an_l—tan _ ap—1 —lay < Z+an—1_tan ap—1 —1lay
ay ay h dp An
< 2 {aktk“—i—ﬁ th} - O 1+PBu1 | O 1—t0y +ﬁn_1—fﬁn
~X m
|t |an] |an| |an|
2 10y +
= 7 {aktk+l +ﬁmtm+l} - _( z ﬂn) )
‘an|t |an‘

which shows that the point z belongs to the circle defined by (2). Hence the circle
defined by (8) is contained in the circle defined (2).
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