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SOME RESULTS ON SUM AND PRODUCT OF RELATIVE

GROWTH FACTORS OF COMPOSITE ENTIRE FUNCTIONS

SANJIB KUMAR DATTA ∗ , BANANI DUTTA AND NITYAGOPAL BISWAS

Abstract. In this paper we study about the sum and product of relative (p,q,t)L -th type and
relative (p,q,t)L -th lower type of an entire function with respect to another entire function in
the light of a special type of non-decreasing, unbounded function Ψ .

1. Introduction, definitions and notations

We assume that reader is familiar with the fundamental results and the standard
notations of the Nevanlinna’s theory of meromorphic functions ([7]). Let C be the set
of finite complex numbers and f be an entire function defined on C . To characterize the
growth of an entire function a special growth scale called maximum modulus function
on |z| = r is introduced as

M(r, f ) = max
|z|=r

| f (z)|.

Some times the symbol M(r, f ) can also be written as Mf (r). It plays an important role
in the theory of entire functions. If f is a non-constant entire function, the its maximum
modulus M(r, f ) increases as r increases and is continuous therefore there exists its
inverse function M−1

f : (| f (0)| ,∞) → (0,∞) with lim
r→∞

M−1
f (r) = ∞ . Again the sum of

proximity function and counting function is denoted by T (r, f ) , known as Nevanlinna’s
characteristic function. Further a non-constant entire function f is said to have the
Property (A) if for any σ > 1 and for all sufficiently large r,

[
Mf (r)

]2 � Mf (rσ )
holds (see [2]) .

Many authors like Datta et al. (c f . [1], [6], [5] and [11]) investigated about the
growth of entire functions. This investigation can be made using slowly changing func-
tion also. A positive continuous function L(r) is said to be slowly changing function if

L(ar) ∼ L(r) as r → ∞ , i.e. limr→∞
L(ar)
L(r) = 1. Somasundaram and Tamizharasi [13]

introduced the notion of L -order and L -lower order.
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DEFINITION 1. Let f be an entire function. The order ρ f and lower order λ f of
an entire function f is defined as

ρ f = limsup
r→∞

log[2] M(r, f )
logr

and λ f = liminf
r→∞

log[2] M(r, f )
logr

,

where log[k] x = log(log[k−1] x) , for k = 1,2,3, ... and log[0] x = x.

Juneja, Kapoor and Bajpai [8, 9] introduced the idea of (p,q)th -order

ρ f (p,q) = limsup
r→∞

log[p] M(r, f )
log[q] r

,

where p,q are positive integers and p � q . Clearly, when p = 2,q = 1 it reduces to
order ρ f .

When the growth of an entire function is defined with respect to another entire
function, this is known as relative growth. Ruiz et al. [10], introduced the concept
of relative (p,q)th -order and relative (p,q)th -lower order of an entire function with
respect to another entire function in the light of index pair.

Recently, Biswas [3] introduced the idea of relative (p,q, t)th−L order and relative
(p,q, t)th −L lower order of an entire function as follows:

DEFINITION 2. Let f , g be two entire functions. Then the relative (p,q,t)Lth -
order and relative (p,q,t)Lth -lower order of f with respect to the function g is defined
as

ρ (p,q,t)L
g ( f ) = limsup

r→∞

log[p] M−1
g M(r, f )

log[q] r+ exp[t] L(r)
and

λ (p,q,t)L
g ( f ) = liminf

r→∞

log[p] M−1
g M(r, f )

log[q] r+ exp[t] L(r)
,

where, p,q ∈ N, t ∈ N ∪{−1,0}.
Chyzhykov et al. [4], introduced the definition of Ψ-order of a meromorphic function
on single variable in the unit disc. For details about Ψ-order, one may see [4] and [12].

REMARK 1. ([12]) Throughout this paper, we assume that Ψ : [0,∞) → (0,∞) is
a non-decreasing unbounded function and always satisfies the following two conditions:

(i)

lim
r→∞

log[p] r

log[q] Ψ(r)
= 0

and
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(ii)

lim
r→∞

log[q] Ψ(αr)
log[q] Ψ(r)

= 1, for some α > 1.

Now we give the following classical definitions of growth indicators of f with the
help of the function Ψ :

DEFINITION 3. Let f , g be two entire functions. Then the relative Ψ-(p,q)th -
order and relative Ψ-(p,q)th -lower order of f with respect to the function g is defined
as

ρ (p,q)
g,Ψ ( f ) = limsup

r→∞

log[p] M−1
g M(r, f )

log[q] Ψ(r)
and λ (p,q)

g,Ψ ( f ) = liminf
r→∞

log[p] M−1
g M(r, f )

log[q] Ψ(r)
,

where p,q are positive integers with p � q .

Using the functions Ψ and L(r) , we introduce the relative (p,q, t)th −L order of
an entire function.

DEFINITION 4. Let f , g be two entire functions. Then the relative (p,q,t)Lth -
order and relative (p,q,t)Lth -lower order of f with respect to the function g is defined
as

ρ (p,q,t)L
g,Ψ ( f ) = limsup

r→∞

log[p] M−1
g M(r, f )

log[q] Ψ(r)+ exp[t] L(r)
and

λ (p,q,t)L
g,Ψ ( f ) = liminf

r→∞

log[p] M−1
g M(r, f )

log[q] Ψ(r)+ exp[t] L(r)
,

where, p,q ∈ N , t ∈ N ∪{−1,0}.

DEFINITION 5. Let f , g be two entire functions. Then the relative (p,q,t)Lth -
type and relative (p,q,t)Lth -lower type of f with respect to the function g is defined
as

σ (p,q,t)L
g,Ψ ( f ) = limsup

r→∞

log[p−1] M−1
g M(r, f )

[log[q−1] Ψ(r).exp[t+1] L(r)]ρ
(p,q,t)L
g,Ψ ( f )

and

σ (p,q,t)L
g,Ψ ( f ) = liminf

r→∞

log[p−1] M−1
g M(r, f )

[log[q−1] Ψ(r).exp[t+1] L(r)]ρ
(p,q,t)L
g,Ψ ( f )

,

where, p,q ∈ N , t ∈ N ∪{−1,0}.
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DEFINITION 6. Let f , g be two entire functions. Then the relative (p,q,t)Lth -
weak type and relative (p,q,t)Lth -growth indicator of f with respect to the function g
is defined as

τ(p,q,t)L
g,Ψ ( f ) = liminf

r→∞

log[p−1] M−1
g M(r, f )

[log[q−1] Ψ(r).exp[t+1] L(r)]λ
(p,q,t)L
g,Ψ ( f )

and

τ(p,q,t)L
g,Ψ ( f ) = limsup

r→∞

log[p−1] M−1
g M(r, f )

[log[q−1] Ψ(r).exp[t+1] L(r)]λ
(p,q,t)L
g,Ψ ( f )

,

where, p,q ∈ N , t ∈ N ∪{−1,0}.
In this paper we will discuss about some property of sum and product of different

growth factors of an entire function with respect to another entire function such as
relative (p,q, t)-Lth type, relative (p,q,t)-Lth lower type, relative (p,q,t)-Lth weak
type etc.

2. Lemmas

Now we state some lemmas which will be needed in the proof of the theorems.

LEMMA 1. [2] Suppose f be an entire function and α,β be such that α > 1 and
0 < β < α . Then

Mf (αr) > βMf (r) .

LEMMA 2. [2] Let f be an entire function satisfying the Property (A). Then for
any positive integer n and for all sufficiently large r

[
Mf (r)

]n � Mf

(
rδ

)
holds, where δ > 1.

LEMMA 3. ([7], p. 18) Let f be an entire function. Then for all sufficiently large
values of r

Tf (r) � logMf (r) � 3Tf (2r) .

3. Main results

Next we will establish some results using sum and product of type and lower type
of entire functions.

THEOREM 1. (Main) Let f1, f2 , g1 and g2 be entire functions such that

ρ (p,q,t)L
g1,Ψ ( f1) , ρ (p,q,t)L

g1,Ψ ( f2) , ρ (p,q,t)L
g2,Ψ ( f2) and ρ (p,q,t)L

g2,Ψ ( f1) are non zero finite.
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(i) If ρ (p,q,t)L
g1,Ψ ( fi) > ρ (p,q,t)L

g1,Ψ ( f j) , for ( i, j) = (1,2) or (2,1) , then

σ (p,q,t)L
g1,Ψ ( f1 ± f2) = σ (p,q,t)L

g1,Ψ ( fi) and σ (p,q,t)L
g1,Ψ ( f1 ± f2) = σ (p,q,t)L

g1,Ψ ( fi) .

(ii) If ρ (p,q,t)L
gi,Ψ ( f1) < ρ (p,q,t)L

g j ,Ψ ( f1) , for ( i, j) = (1,2) or (2,1) , f1 is of regular rela-
tive growth with respect to g j , then

σ (p,q,t)L
g1±g2,Ψ ( f1) = σ (p,q,t)L

gi,Ψ ( f1) and σ (p,q,t)L
g1±g2,Ψ ( f1) = σ (p,q,t)L

gi,Ψ ( f1) .

(iii) If

(a) ρ (p,q,t)L
gi,Ψ ( f1) < ρ (p,q,t)L

g j ,Ψ ( f1) , f1 is of regular relative growth with respect
to g j ,

(b) ρ (p,q,t)L
gi,Ψ ( f2) < ρ (p,q,t)L

g j ,Ψ ( f2) , f2 is of regular relative growth with respect
to g j ,

(c) ρ (p,q,t)L
g1,Ψ ( fi) > ρ (p,q,t)L

g1,Ψ ( f j) , ρ (p,q,t)L
g2,Ψ ( fi) > ρ (p,q,t)L

g2,Ψ ( f j) holds simultane-
ously,

(d)

ρ (p,q,t)L
gm,Ψ ( fl) = max

⎧⎨
⎩

min
{

ρ (p,q,t)L
g1,Ψ ( f1) ,ρ

(p,q,t)L
g2,Ψ ( f1)

}
,

min
{

ρ (p,q,t)L
g1,Ψ ( f2) ,ρ

(p,q,t)L
g2,Ψ ( f2)

}
⎫⎬
⎭ , l,m = 1,2,

then

σ (p,q,t)L
g1±g2,Ψ ( f1 ± f2) = σ (p,q,t)L

gm,Ψ ( fl) ,

σ (p,q,t)L
g1±g2,Ψ ( f1 ± f2) = σ (p,q,t)L

gm,Ψ ( fl) .

Proof. From the Definition of σ (p,q,t)L
gl ,Ψ ( fk) and σ (p,q,t)L

gl ,Ψ ( fk) we have, for all suf-
ficiently large values of r ,

M(r, fk) � Mgl

⎡
⎢⎣exp[p−1]

⎡
⎢⎣

(
σ (p,q,t)L

gl ,Ψ ( fk)+ ε
)

·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
gl ,Ψ

( fk)

⎤
⎥⎦
⎤
⎥⎦ , (3.1)

M(r, fk) � Mgl

⎡
⎢⎣exp[p−1]

⎡
⎢⎣

(
σ (p,q,t)L

gl ,Ψ ( fk)− ε
)

·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
gl ,Ψ

( fk)

⎤
⎥⎦
⎤
⎥⎦ (3.2)

and for a sequence of values of r tending to infinity

M(r, fk) � Mgl

⎡
⎢⎣exp[p−1]

⎡
⎢⎣

(
σ (p,q,t)L

gl ,Ψ ( fk)− ε
)

·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
gl ,Ψ

( fk)

⎤
⎥⎦
⎤
⎥⎦ , (3.3)
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M(r, fk) � Mgl

⎡
⎢⎣exp[p−1]

⎡
⎢⎣

(
σ (p,q,t)L

gl ,Ψ ( fk)+ ε
)

·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
gl ,Ψ

( fk)

⎤
⎥⎦
⎤
⎥⎦ , (3.4)

for k, l = 1,2.
Case 1: Let ρ (p,q,t)L

g1,Ψ ( f1) > ρ (p,q,t)L
g1,Ψ ( f2) . For arbitrary ε > 0, and from equation

(3.1) , for sufficiently large values of r ,

Mf1± f2 � Mf1 +Mf2

� Mg1

⎡
⎢⎣exp[p−1]

⎡
⎢⎣

(
σ (p,q,t)L

g1,Ψ ( f1)+ ε
)

·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

⎤
⎥⎦
⎤
⎥⎦

+Mg1

⎡
⎢⎣exp[p−1]

⎡
⎢⎣

(
σ (p,q,t)L

g1,Ψ ( f2)+ ε
)

·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f2)

⎤
⎥⎦
⎤
⎥⎦

= Mg1

⎡
⎢⎣exp[p−1]

⎡
⎢⎣

(
σ (p,q,t)L

g1,Ψ ( f1)+ ε
)

·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

⎤
⎥⎦
⎤
⎥⎦ · [1+ ω ] ,

where

ω =

Mg1

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f2)+ ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f2)

]]

Mg1

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)+ ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]] .

As ρ (p,q,t)L
g1,Ψ ( f1) > ρ (p,q,t)L

g1,Ψ ( f2) and for all large values of r , ω is very small. Let
α = 1+ ω , then α → 1+, i.e.,

Mf1± f2 � Mg1

[
exp[p−1]

[(
σ (p,q,t)L

gl ,Ψ ( f1)+ ε
)

·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]
·α.

Then we get that

limsup
r→∞

log[p−1] M−1
g1 Mf1± f2 (r)(

log[q−1] Ψ(r) · exp[t+1] L(r)
)ρ(p,q,t)L

g1,Ψ ( f1)
� σ (p,q,t)L

gl ,Ψ ( f1) .

Therefore
σ (p,q,t)L

g1 ( f1 ± f2) � σ (p,q,t)L
g1 ( f1) .
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Now let f = f1 ± f2, as ρ (p,q,t)L
g1,Ψ ( f1) > ρ (p,q,t)L

g1,Ψ ( f2) , then

σ (p,q,t)L
g1 ( f ) = σ (p,q,t)L

g1 ( f1 ± f2) � σ (p,q,t)L
g1 ( f1) .

As f1 = f ± f2, then

ρ (p,q,t)L
g1,Ψ ( f ) > ρ (p,q,t)L

g1,Ψ ( f2) ,

then by above result

σ (p,q,t)L
g1 ( f1) � σ (p,q,t)L

g1 ( f ) = σ (p,q,t)L
g1 ( f1 ± f2) .

Hence,

σ (p,q,t)L
g1 ( f ) = σ (p,q,t)L

g1 ( f1) ⇒ σ (p,q,t)L
g1 ( f1) = σ (p,q,t)L

g1 ( f1 ± f2) .

Thus case 1 is established. Similarly the result can be proved when ρ (p,q,t)L
g1,Ψ ( f1) <

ρ (p,q,t)L
g1,Ψ ( f2) .

Case 2: Let ρ (p,q,t)L
g1,Ψ ( f1) > ρ (p,q,t)L

g1,Ψ ( f2) . From equations (3.1) and (3.4) we get
for a sequence of values of r tending to infinity

Mf1± f2 � Mg1

⎡
⎢⎣exp[p−1]

⎡
⎢⎣

(
σ (p,q,t)L

g1,Ψ ( f1)+ ε
)

·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

⎤
⎥⎦

⎤
⎥⎦ · [1+ ω1] ,

where

ω1 =

Mg1

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f2)+ ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f2)

]]

Mg1

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)+ ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]] .

As ρ (p,q,t)L
g1,Ψ ( f1) > ρ (p,q,t)L

g1,Ψ ( f2) and for all large values of r , ω1 is very small. Let
α = 1+ ω1, then α → 1+, i.e.,

Mf1± f2 � Mg1

⎡
⎢⎣exp[p−1]

⎡
⎢⎣

(
σ (p,q,t)L

gl ,Ψ ( f1)+ ε
)

·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

⎤
⎥⎦
⎤
⎥⎦ ·α.

In a similar way, we obtain that

liminf
r→∞

log[p−1] M−1
g1

Mf1± f2 (r)(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

� σ (p,q,t)L
gl ,Ψ ( f1) .
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Hence we obtain that
σ (p,q,t)L

g1 ( f1 ± f2) � σ (p,q,t)L
g1 ( f1) .

For the equality part proceeding as case 1, we get that

σ (p,q,t)L
g1 ( f1 ± f2) = σ (p,q,t)L

g1 ( f1) .

So the proof of first part of the theorem is done.

Case 3: Let ρ (p,q,t)L
g1,Ψ ( f1) < ρ (p,q,t)L

g2,Ψ ( f1) and f1 is of regular relative growth with
respect to g2.Let

ω2 =

Mg2

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]

Mg2

[
exp[p−1]

[(
σ (p,q,t)L

g2,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g2,Ψ ( f1)

]] .

Now

Mg1±g2

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]

� Mg1

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]

+Mg2

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]
.

We can make ω2 very small for sufficiently large values of r . we take 1+ω2 = α, then
α → 1+ . Now by using Lemma 3 for a sequence of values of r tending to infinity

Mg1±g2

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]

� α ·Mf1 (r) ,

i.e.,

limsup
r→∞

log[p−1] M−1
g1±g2

Mf1 (r)(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

� σ (p,q,t)L
g1,Ψ ( f1) .

Therefore we obtain
σ (p,q,t)L

g1±g2
,Ψ ( f1) � σ (p,q,t)L

g1,Ψ ( f1) .

For the equality part proceeding as case 1, we get that σ (p,q,t)L
g1±g2,Ψ ( f1) = σ (p,q,t)L

g1,Ψ ( f1) .

Similarly, the result can be proved if we consider ρ (p,q,t)L
g1,Ψ ( f1) > ρ (p,q,t)L

g2,Ψ ( f1) .



RESULTS ON SUM AND PRODUCT OF RELATIVE GROWTH FACTORS 163

Case 4: Let ρ (p,q,t)L
g1,Ψ ( f1) < ρ (p,q,t)L

g2,Ψ ( f1) and f1 is of regular relative growth with
respect to g2. Let

ω3 =

Mg2

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]

Mg2

[
exp[p−1]

[(
σ (p,q,t)L

g2,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g2,Ψ ( f1)

]] .

Now

Mg1±g2

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]

� Mg1

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]

+Mg2

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]
.

We can make ω3 very small, by choosing sufficiently large values of r . We take 1+
ω3 = α, then α → 1+ . Now by using Lemma 2, for all sufficiently large values of r
we have

Mg1±g2

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]

� α ·Mf1 (r) ,

i.e.,

liminf
r→∞

log[p−1] M−1
g1±g2

Mf1 (r)(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

� σ (p,q,t)L
g1,Ψ ( f1) .

Therefore we get

σ (p,q,t)L
g1±g2

,Ψ ( f1) � σ (p,q,t)L
g1,Ψ ( f1) .

For the equality part proceeding as case 1, we get σ (p,q,t)L
g1±g2,Ψ ( f1) = σ (p,q,t)L

g1,Ψ ( f1) . Sim-

ilarly, the result can be proved if we consider ρ (p,q,t)L
g1,Ψ ( f1) > ρ (p,q,t)L

g2,Ψ ( f1) . Thus the
second part of the theorem is proved. We can easily prove the third part by using part
A, part B. So the proof is omitted.

This proves the theorem. �

THEOREM 2. (Main) Let f1, f2 , g1, g2 be entire functions such that ρ (p,q,t)L
g1,Ψ ( f1) ,

ρ (p,q,t)L
g1,Ψ ( f2) ,ρ (p,q,t)L

g2,Ψ ( f2) and ρ (p,q,t)L
g2,Ψ ( f1) are non zero finite. Also, let p,q ∈ N,

t ∈ N ∪{−1,0} .
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(i) If λ (p,q,t)L
g1,Ψ ( fi) > λ (p,q,t)L

g1,Ψ ( f j) and f j is of regular relative growth with respect
to g1 , for ( i, j) = (1,2) or (2,1) , then

τ(p,q,t)L
g1,Ψ ( f1 ± f2) = τ(p,q,t)L

g1,Ψ ( fi) and τ (p,q,t)L
g1,Ψ ( f1 ± f2) = τ(p,q,t)L

g1,Ψ ( fi) .

(ii) If λ (p,q,t)L
gi,Ψ ( f1) < λ (p,q,t)L

g j ,Ψ ( f1) , for ( i, j) = (1,2) or (2,1) , then

τ(p,q,t)L
g1±g2,Ψ ( f1) = τ(p,q,t)L

gi,Ψ ( f1) and τ(p,q,t)L
g1±g2,Ψ ( f1) = τ (p,q,t)L

gi,Ψ ( f1) .

(iii) If

(a) λ (p,q,t)L
g1,Ψ ( fi) > λ (p,q,t)L

g1,Ψ ( f j) , f j is of regular relative growth with respect
to g1 ,

(b) λ (p,q,t)L
g2,Ψ ( fi) > λ (p,q,t)L

g2,Ψ ( f j) , f j is of regular relative growth with respect
to g2 ,

(c) λ (p,q,t)L
gi,Ψ ( f1) < λ (p,q,t)L

g j ,Ψ ( f1) , λ (p,q,t)L
gi,Ψ ( f2) < λ (p,q,t)L

g j ,Ψ ( f2) holds simultane-
ously,

(d)

λ (p,q,t)L
gm,Ψ ( fl) = min{max{ρ (p,q,t)L

g1,Ψ ( f1) ,ρ
(p,q,t)L
g1,Ψ ( f2)},

max{ρ (p,q,t)L
g2,Ψ ( f1) ,ρ

(p,q,t)L
g2,Ψ ( f2)}},

for l,m = 1,2, then

τ(p,q,t)L
g1±g2,Ψ ( f1 ± f2) = τ(p,q,t)L

gm,Ψ ( fl) ,

τ (p,q,t)L
g1±g2,Ψ ( f1 ± f2) = τ (p,q,t)L

gm,Ψ ( fl) .

Proof. We omit the proof as its proof runs parallel to the proof of Theorem 1. �

THEOREM 3. (Main) Let f1, f2, g1 and g2 be entire functions and p,q ∈ N,t ∈
N ∪{−1,0} .

(i) If either σ (p,q,t)L
g1,Ψ ( f1) �= σ (p,q,t)L

g1,Ψ ( f2) or σ (p,q,t)L
g1,Ψ ( f1) �= σ (p,q,t)L

g1,Ψ ( f2) and

ρ (p,q,t)L
g1,Ψ ( f1) = ρ (p,q,t)L

g1,Ψ ( f2) , then

ρ (p,q,t)L
g1,Ψ ( f1 ± f2) = ρ (p,q,t)L

g1,Ψ ( f1) = ρ (p,q,t)L
g1,Ψ ( f2) .

(ii) If either σ (p,q,t)L
g1,Ψ ( f1) �= σ (p,q,t)L

g2,Ψ ( f1) or σ (p,q,t)L
g1,Ψ ( f1) �= σ (p,q,t)L

g2,Ψ ( f1) , f1 is of

regular relative growth with respect to g1 or g2 and ρ (p,q,t)L
g1,Ψ ( f1) = ρ (p,q,t)L

g2,Ψ ( f1) ,
then

ρ (p,q,t)L
g1±g2

,Ψ ( f1) = ρ (p,q,t)L
g1,Ψ ( f1) = ρ (p,q,t)L

g2,Ψ ( f1) .
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Proof. First part: As ρ (p,q,t)L
g1,Ψ ( f1) = ρ (p,q,t)L

g1,Ψ ( f2) . As ρ (p,q,t)L
g1,Ψ ( f1 ± f2) �

max{ρ (p,q,t)L
g1,Ψ ( f1) ,ρ

(p,q,t)L
g1,Ψ ( f2)} , we obtain that

ρ (p,q,t)L
g1,Ψ ( f1 ± f2) � ρ (p,q,t)L

g1,Ψ ( f1) = ρ (p,q,t)L
g1,Ψ ( f2) .

If possible, let ρ (p,q,t)L
g1,Ψ ( f1 ± f2) < ρ (p,q,t)L

g1,Ψ ( f1) = ρ (p,q,t)L
g1,Ψ ( f2) . Let σ (p,q,t)L

g1,Ψ ( f1) �=
σ (p,q,t)L

g1,Ψ ( f2) , then, by Theorem 1, we get that

σ (p,q,t)L
g1,Ψ ( f1) = σ (p,q,t)L

g1,Ψ ( f1 ± f2∓ f2) = σ (p,q,t)L
g1,Ψ ( f2) ,

which is a contradiction. Then

ρ (p,q,t)L
g1,Ψ ( f1 ± f2) = ρ (p,q,t)L

g1,Ψ ( f1) = ρ (p,q,t)L
g1,Ψ ( f2) .

Similarly, the result can be proved by using the condition σ (p,q,t)L
g1,Ψ ( f1) �= σ (p,q,t)L

g1,Ψ ( f2) .
This proves the first part of the theorem.

Second part: As ρ (p,q,t)L
g1,Ψ ( f1) = ρ (p,q,t)L

g2,Ψ ( f1) and f1 is of regular relative growth

with respect to g1 or g2. As ρ (p,q,t)L
g1±g2,Ψ ( f1) � min{ρ (p,q,t)L

g1,Ψ ( f1) ,ρ
(p,q,t)L
g2,Ψ ( f1)} , we get

that
ρ (p,q,t)L

g1±g2,Ψ ( f1) � ρ (p,q,t)L
g1,Ψ ( f1) = ρ (p,q,t)L

g2,Ψ ( f1) .

If possible, let ρ (p,q,t)L
g1±g2,Ψ ( f1) > ρ (p,q,t)L

g1,Ψ ( f1) = ρ (p,q,t)L
g2,Ψ ( f1) . Let σ (p,q,t)L

g1,Ψ ( f1) �=
σ (p,q,t)L

g2,Ψ ( f1) . Then, by Theorem 1,

σ (p,q,t)L
g1,Ψ ( f1) = σ (p,q,t)L

g1±g2∓g2,Ψ ( f1) = σ (p,q,t)L
g2,Ψ ( f1) ,

which is a contradiction. Then

ρ (p,q,t)L
g1±g2,Ψ ( f1) = ρ (p,q,t)L

g1,Ψ ( f1) = ρ (p,q,t)L
g2,Ψ ( f1) .

Similarly, the result can be proved by using the condition σ (p,q,t)L
g1,Ψ ( f1) �= σ (p,q,t)L

g2,Ψ ( f1) .
This proves the theorem. �

THEOREM 4. (Main) Let f1, f2, g1 and g2 are entire functions and ρ (p,q,t)L
gi,Ψ ( f j)

are all finite and non zero for i, j = 1,2, p,q ∈ N, t ∈ N ∪{−1,0} .

(A) If

(i) ρ (p,q,t)L
g1,Ψ ( fi) > ρ (p,q,t)L

g1,Ψ ( f j) , ( i, j) = (1,2) or (2,1) ,
(ii) g1 satisfies Property (A),

then

σ (p,q,t)L
g1,Ψ ( f1 · f2) = σ (p,q,t)L

g1,Ψ ( fi) ,

σ (p,q,t)L
g1,Ψ ( f1 · f2) = σ (p,q,t)L

g1,Ψ ( fi) .

Similarly, if
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(i) f1
f2

is entire,

(ii) ρ (p,q,t)L
g1,Ψ ( fi) > ρ (p,q,t)L

g1,Ψ ( f j) , (i, j) = (1,2) or (2,1) ,

(iii) g1 satisfies Property (A),

then

σ (p,q,t)L
g1,Ψ

(
f1
f2

)
= σ (p,q,t)L

g1,Ψ ( fi) ,

σ (p,q,t)L
g1,Ψ

(
f1
f2

)
= σ (p,q,t)L

g1,Ψ ( fi) .

(B) If

(i) ρ (p,q,t)L
gi,Ψ ( f1) < ρ (p,q,t)L

g j ,Ψ ( f1) ,(i, j) = (1,2) or (2,1) ,

(ii) gi , g1 and g2 satisfies Property (A),

(iii) f1 is of regular relative growth with respect to g j ,

then

σ (p,q,t)L
g1·g2,Ψ ( f1) = σ (p,q,t)L

gi,Ψ ( f1) ,

σ (p,q,t)L
g1·g2,Ψ ( f1) = σ (p,q,t)L

gi,Ψ ( f1) .

Similarly, if

(i) ρ (p,q,t)L
gi,Ψ ( f1) < ρ (p,q,t)L

g j ,Ψ ( f1) ,(i, j) = (1,2) or (2,1) ,

(ii) gi , g1 and g2 satisfies Property (A),

(iii) f1 is of regular relative growth with respect to g j ,

(iv) g1
g2

is entire function,

then

σ (p,q,t)L
g1
g2

,Ψ
( f1) = σ (p,q,t)L

gi,Ψ ( f1) ,

σ (p,q,t)L
g1
g2

,Ψ
( f1) = σ (p,q,t)L

gi,Ψ ( f1) .

(C) If

(i) g1 ·g2 satisfies Property (A),

(ii) ρ (p,q,t)L
gi,Ψ ( f1) < ρ (p,q,t)L

g j ,Ψ ( f1) , f1 is of regular relative growth with respect to

g j, (i, j) = (1,2) or (2,1) ,

(iii) ρ (p,q,t)L
gi,Ψ ( f2) < ρ (p,q,t)L

g j ,Ψ ( f2) , f2 is of regular relative growth with respect

to g j, (i, j) = (1,2) or (2,1) ,
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(iv) ρ (p,q,t)L
g1,Ψ ( fi) > ρ (p,q,t)L

g1,Ψ ( f j) , ρ (p,q,t)L
g2,Ψ ( fi) > ρ (p,q,t)L

g2,Ψ ( f j) ,

(v)

ρ (p,q,t)L
gm,Ψ ( fl) = max{min{ρ (p,q,t)L

g1,Ψ ( f1) ,ρ
(p,q,t)L
g2,Ψ ( f1)},

min{ρ (p,q,t)L
g1,Ψ ( f2) ,ρ

(p,q,t)L
g2,Ψ ( f2)}},

then

σ (p,q,t)L
g1·g2,Ψ ( f1 · f2) = σ (p,q,t)L

gm,Ψ ( fl) ,

σ (p,q,t)L
g1·g2,Ψ ( f1 · f2) = σ (p,q,t)L

gm,Ψ ( fl) .

Similarly, if

(i) f1
f2

, g1
g2

is entire function,

(ii) g1
g2

having Property (A),

(iii) ρ (p,q,t)L
g1,Ψ ( f1) �= ρ (p,q,t)L

g2,Ψ ( f1) , f1 is of regular relative growth with respect
to g2 ,

(iv) ρ (p,q,t)L
g1,Ψ ( f2) < ρ (p,q,t)L

g2,Ψ ( f2) , f2 is of regular relative growth with respect
to g2 ,

(v) ρ (p,q,t)L
g1,Ψ ( fi) < ρ (p,q,t)L

g1,Ψ ( f j) , ρ (p,q,t)L
g2,Ψ ( fi) < ρ (p,q,t)L

g2,Ψ ( f j) ,

(vi)

ρ (p,q,t)L
gm,Ψ ( fl) = max{min{ρ (p,q,t)L

g1,Ψ ( f1) ,ρ
(p,q,t)L
g2,Ψ ( f1)},

min{ρ (p,q,t)L
g1,Ψ ( f2) ,ρ

(p,q,t)L
g2,Ψ ( f2)}},

then

σ (p,q,t)L
g1
g2

,Ψ

(
f1
f2

)
= σ (p,q,t)L

gm,Ψ ( fl) ,

σ (p,q,t)L
g1
g2

,Ψ

(
f1
f2

)
= σ (p,q,t)L

gm,Ψ ( fl) .

Proof. Case 1: Let ρ (p,q,t)L
g1,Ψ ( f1) > ρ (p,q,t)L

g1,Ψ ( f2) . By equation 3.1, for all suffi-
ciently large values of r, we get

Mf1· f2 (r) � Mf1 (r) ·Mf2 (r)

� Mg1

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)+
ε
2

)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]

×Mg1

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f2)+
ε
2

)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f2)

]]
,
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then as r → ∞,[(
σ (p,q,t)L

g1,Ψ ( f1)+ ε
2

)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]
[(

σ (p,q,t)L
g1,Ψ ( f2)+ ε

2

)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f2)

] → ∞,

i.e.,

Mg1

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)+
ε
2

)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]

>Mg1

⎡
⎢⎣exp[p−1]

⎡
⎢⎣

(
σ (p,q,t)L

g1,Ψ ( f2)+ ε
2

)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f2)

⎤
⎥⎦
⎤
⎥⎦ . (3.5)

Then

Mf1· f2 (r)

�
{

Mg1

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)+
ε
2

)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]}2

.

Now

δ1 =
σ (p,q,t)L

g1,Ψ ( f1)+ ε

σ (p,q,t)L
g1,Ψ ( f1)+ ε

2

> 1.

Therefore we get that

exp[p−2]

[(
σ (p,q,t)L

g1,Ψ ( f1)+ ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]

exp[p−2]

[(
σ (p,q,t)L

g1,Ψ ( f1)+ ε
2

)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

] = δ (say)> 1.

(3.6)
Combining equations (4) and (3.6) and using Lemma 2, we get for all sufficiently
large values of r that

Mf1· f2 (r)

� Mg1

⎡
⎣

{
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)+
ε
2

)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]}δ
⎤
⎦

� Mg1

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)+ ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]
.
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As ρ (p,q,t)L
g1,Ψ ( f1)> ρ (p,q,t)L

g1,Ψ ( f2) and ρ (p,q,t)L
g1,Ψ ( f1 · f2)� max{ρ (p,q,t)L

g1,Ψ ( f1) ,ρ (p,q,t)L
g1,Ψ ( f2)} ,

we get for all sufficiently large values of r that

Mf1· f2 (r) � Mg1

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)+ ε
)

·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1· f2)

]]
.

Therefore we get

σ (p,q,t)L
g1,Ψ ( f1 · f2) � σ (p,q,t)L

g1,Ψ ( f1) . (3.7)

Next for the equality part let h , h1,h2 and k be four functions, h = h2
h1

, q > 1 and k

satisfies Property (A). Without any loss of generality let ρ (p,q,t)L
k,Ψ (h1) < ρ (p,q,t)L

k,Ψ (h2) .
Now

Th (r) = Th2
h1

(r) � Th2 (r)+Th1 (r) .

Proceeding as above and using Lemma 3, we get

logMh2
h1

(r) � 3
[
Th1 (2r)+Th2 (2r)

]
.

Hence [
Mh2

h1

( r
2

)] 1
3

� Mh1 (r) ·Mh2 (r) .

Therefore we get that

Mh2
h1

( r
2

)
<

{
Mk

[
exp[p−1]

[(
σ (p,q,t)L

k,Ψ (h2)+
ε
2

)

·
(
log[q−1] Ψ(r).exp[t+1] L(r)

)ρ(p,q,t)L
k,Ψ (h2)

]]}6

.

From equation (3.6) we have

Mh2
h1

( r
2

)
<Mk

[
exp[p−1]

[(
σ (p,q,t)L

k,Ψ (h2)+ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
k,Ψ (h2)

]]
,

i.e.,

σ (p,q,t)L
k,Ψ (h) = σ (p,q,t)L

k,Ψ

(
h2

h1

)
� σ (p,q,t)L

k,Ψ (h2) . (3.8)

Let f = f1 · f2 , ρ (p,q,t)L
g1,Ψ ( f2) < ρ (p,q,t)L

g1,Ψ ( f1) = ρ (p,q,t)L
g1,Ψ ( f ) , then by equation (3.7) , we

obtain that
σ (p,q,t)L

g1,Ψ ( f ) = σ (p,q,t)L
g1,Ψ ( f1 · f2) � σ (p,q,t)L

g1,Ψ ( f1) .
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As f1 = f
f2

, then by equation (3.7) , we get that

σ (p,q,t)L
g1,Ψ ( f1) � σ (p,q,t)L

g1,Ψ ( f ) = σ (p,q,t)L
g1,Ψ ( f1 · f2) .

Hence,

σ (p,q,t)L
g1,Ψ ( f ) = σ (p,q,t)L

g1,Ψ ( f1) ⇒ σ (p,q,t)L
g1,Ψ ( f1 · f2) = σ (p,q,t)L

g1,Ψ ( f1) ,

provided q > 1. Similarly, the result can be proved if we consider ρ (p,q,t)L
g1,Ψ ( f1) <

ρ (p,q,t)L
g1,Ψ ( f2) .

Subcase 1: Let ρ (p,q,t)L
g1,Ψ ( f2) < ρ (p,q,t)L

g1,Ψ ( f1) . Now we have

ρ (p,q,t)L
g1,Ψ ( f2) < ρ (p,q,t)L

g1,Ψ ( f1) = ρ (p,q,t)L
g1,Ψ ( f ) .

As f1 = f · f2 , then

σ (p,q,t)L
g1,Ψ ( f1) = σ (p,q,t)L

g1,Ψ ( f ) = σ (p,q,t)L
g1,Ψ

(
f1
f2

)
,

where q > 1. Thus subcase 1 is established.

Subcase 2: Let ρ (p,q,t)L
g1,Ψ ( f2) > ρ (p,q,t)L

g1,Ψ ( f1) . Again we have

ρ (p,q,t)L
g1,Ψ ( f1) < ρ (p,q,t)L

g1,Ψ ( f2) = ρ (p,q,t)L
g1,Ψ ( f ) .

By (3.8) we get that

σ (p,q,t)L
g,Ψ

(
f1
f2

)
� σ (p,q,t)L

g1,Ψ ( f2) .

Again f2 = f1
f , so we have

σ (p,q,t)L
g1,Ψ ( f2) � σ (p,q,t)L

g1,Ψ

(
f1
f2

)
.

So,

σ (p,q,t)L
g1,Ψ

(
f1
f2

)
= σ (p,q,t)L

g1,Ψ ( f2) ,

where q > 1.

Case 2: Let ρ (p,q,t)L
g1,Ψ ( f1) > ρ (p,q,t)L

g1,Ψ ( f2) , g1 having Property (A). By equations
(3.1) and (3.4) , we get for a sequence of values of r → ∞

Mf1· f2 (r) � Mf1 (r) ·Mf2 (r)

� Mg1

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)+
ε
2

)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]
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×Mg1

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f2)+
ε
2

)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f2)

]]
,

then as r → ∞[(
σ (p,q,t)L

g1,Ψ ( f1)+ ε
2

)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]
[(

σ (p,q,t)L
g1,Ψ ( f2)+ ε

2

)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f2)

] → ∞,

i.e.,

Mg1

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)+
ε
2

)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]

> Mg1

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f2)+
ε
2

)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f2)

]]
.

Then

Mf1· f2 (r)

�
{

Mg1

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)+
ε
2

)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]}2

.

Proceeding in the way used in case 1 we can prove the result

σ (p,q,t)L
g1,Ψ ( f1 · f2) = σ (p,q,t)L

g1,Ψ ( f1) ,

σ (p,q,t)L
g1,Ψ

(
f1
f2

)
= σ (p,q,t)L

g1,Ψ ( fi) .

Similarly, if we take ρ (p,q,t)L
g1,Ψ ( f1) < ρ (p,q,t)L

g1,Ψ ( f2) , then we can prove the result

σ (p,q,t)L
g1,Ψ ( f1 · f2) = σ (p,q,t)L

g1,Ψ ( f2) ,

where q > 1.
Then the first part (part A) of the theorem is proved.

Case 3: Let ρ (p,q,t)L
g1,Ψ ( f1) < ρ (p,q,t)L

g2,Ψ ( f1) and g1 · g2 , g1 satisfy Property (A) and

f1 is of regular relative growth w.r.t. g2 . As ρ (p,q,t)L
g1,Ψ ( f1) < ρ (p,q,t)L

g2,Ψ ( f1) , then for all
large values of r ,

exp[p−1]

[(
σ (p,q,t)L

g2,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g2,Ψ ( f1)

]
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> exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]

⇒ Mg2

[
exp[p−1]

[(
σ (p,q,t)L

g2,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g2,Ψ ( f1)

]]

> Mg2

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]
.

Then by equations (3.2) and (3.3) and above we get for a sequence of values of r → ∞

Mg1·g2

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]

�
[
Mf1 (r)

]2
.

Now using Lemma 2, we get for a sequence of values of r → ∞ ,

Mg1·g2

[[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]
1
δ

]

<Mf1 (r) .

Now making δ → 1+[(
σ (p,q,t)L

g1,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]
< log[p−1] M−1

g1·g2
Mf1 (r) .

As ε > 0 is arbitrary, we have that

σ (p,q,t)L
g1·g2,Ψ ( f1) � σ (p,q,t)L

g1,Ψ ( f1) . (3.9)

Next for the equality part let h, h1, h2 and k be four entire functions, h = h2
h1

, p > 1
and h satisfies Property (A) and k is regular relative growth with respect to h2 . Without

any loss of generality let ρ (p,q,t)L
h1,Ψ (k) < ρ (p,q,t)L

h2,Ψ (k) . Now

Th (r) = Th2
h1

(r) � Th2 (r)+Th1 (r) .

Proceeding as above proof and using Lemma 3, we have that

logMh2
h1

(r) � 3
[
Th1 (2r)+Th2 (2r)

]
, i.e.,

[
Mh2

h1

( r
2

)] 1
3

� Mh1 (r) ·Mh2 (r) .

Using same method as in the above proof we have

σ (p,q,t)L
h,Ψ (k) = σ (p,q,t)L

h2
h1

,Ψ
(k) � σ (p,q,t)L

h1,Ψ (k) . (3.10)
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Let g = g1 ·g2 , ρ (p,q,t)L
g,Ψ ( f1) = ρ (p,q,t)L

g1,Ψ ( f1) < ρ (p,q,t)L
g2,Ψ ( f1) , then by equation (3.9) , we

have
σ (p,q,t)L

g,Ψ ( f1) = σ (p,q,t)L
g1·g2,Ψ ( f1) � σ (p,q,t)L

g1,Ψ ( f1) .

As g1 = g
g2

so by equation (3.10) we get that

σ (p,q,t)L
g1,Ψ ( f1) � σ (p,q,t)L

g,Ψ ( f1) = σ (p,q,t)L
g1·g2,Ψ ( f1) .

Hence we get that

σ (p,q,t)L
g,Ψ ( f1) = σ (p,q,t)L

g1,Ψ ( f1) ⇒ σ (p,q,t)L
g1·g2,Ψ ( f1) = σ (p,q,t)L

g1,Ψ ( f1) ,

provided q > 1. Similarly, the result can be proved if we consider ρ (p,q,t)L
g1,Ψ ( f1) <

ρ (p,q,t)L
g1,Ψ ( f2) .

Subcase 1: Let ρ (p,q,t)L
g2,Ψ ( f1) > ρ (p,q,t)L

g1,Ψ ( f1) . We have

ρ (p,q,t)L
g,Ψ ( f1) = ρ (p,q,t)L

g1,Ψ ( f1) < ρ (p,q,t)L
g2,Ψ ( f1) .

As g1 = g ·g2 ,

σ (p,q,t)L
g1,Ψ ( f1) = σ (p,q,t)L

g,Ψ ( f1) = σ (p,q,t)L
g1
g2

,Ψ
( f1) ,

where p > 1. Thus subcase 1 is established.
Now let g = g1

g2
and we will prove the following subcases.

Subcase 2: Let ρ (p,q,t)L
g2,Ψ ( f1) < ρ (p,q,t)L

g1,Ψ ( f1) , then we have

ρ (p,q,t)L
g,Ψ ( f1) = ρ (p,q,t)L

g2,Ψ ( f1) < ρ (p,q,t)L
g1,Ψ ( f1) .

By equation (3.10) , we obtain that

σ (p,q,t)L
g1
g2

,Ψ
( f1) � σ (p,q,t)L

g2,Ψ ( f1) .

Again g2 = g1
g so we have

σ (p,q,t)L
g2,Ψ ( f1) � σ (p,q,t)L

g1
g2

,Ψ
( f1) .

So,

σ (p,q,t)L
g1
g2

,Ψ
( f1) = σ (p,q,t)L

g2,Ψ ( f1) ,

where p > 1.

Case 4: Let ρ (p,q,t)L
g1,Ψ ( f1) < ρ (p,q,t)L

g2,Ψ ( f1) and g1 ·g2 and g1 having Property (A),
f1 is of regular relative growth w.r.t. g2 .
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As ρ (p,q,t)L
g1,Ψ ( f1) < ρ (p,q,t)L

g2,Ψ ( f1) , then for all large values of r we have that

exp[p−1]

[(
σ (p,q,t)L

g2,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g2,Ψ ( f1)

]

> exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]

⇒ Mg2

[
exp[p−1]

[(
σ (p,q,t)L

g2,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g2,Ψ ( f1)

]]

> Mg2

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]
.

Then by equation (3.2) and above we get for all sufficiently large values of r → ∞ that

Mg1·g2

[
exp[p−1]

[(
σ (p,q,t)L

g1,Ψ ( f1)− ε
)
·
(
log[q−1] Ψ(r) · exp[t+1] L(r)

)ρ(p,q,t)L
g1,Ψ ( f1)

]]

�
[
Mf1 (r)

]2
.

Now by applying the method using in case 3 we can easily get the required result

σ (p,q,t)L
g1·g2,Ψ ( f1) = σ (p,q,t)L

g1,Ψ ( f1) ,

σ (p,q,t)L
g1
g2

,Ψ
( f1) = σ (p,q,t)L

gi,Ψ ( f1) ,

where i = 1,2. Similarly, if we consider ρ (p,q,t)L
g1,Ψ ( f1) > ρ (p,q,t)L

g2,Ψ ( f1) , then we can
prove

σ (p,q,t)L
g1·g2,Ψ ( f1) = σ (p,q,t)L

g2,Ψ ( f1) .

So the second part (part B) of the theorem is proved.
Part 3: This part is a combined form of Part A and Part B. So the proof is omitted.
This completes the proof of the theorem. �
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