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A BOUNDS TAUBERIAN THEOREM

ALLEN STENGER

Abstract. We weaken the hypothesis and the conclusion of a Hardy—Littlewood Tauberian the-
orem, and apply the new theorem to deduce asymptotic behavior of the coefficients of an expo-
nentiated lacunary series.

1. Introduction

Most Tauberian theorems state an asymptotic condition on a function as the hy-
pothesis and an asymptotic condition on a related function as the conclusion. It is
sometimes useful to weaken the hypothesis and the conclusion. We prove the following
Tauberian theorem and give an application.

THEOREM 1. Suppose ¢, >0 forall n, that f(x) =Y, _c,x" converges for |x| <
1 and that for some number o. > 0 and some positive constants ki, ky we have that
ki k
(1 —x)“ (1 —x)“

Then there are positive constants ks, ks such that

< flx) < 0<x<).

kan® < 2 ¢ < kgn® (n = 1).
k=0

The asymptotic version of this theorem is a 1914 Tauberian theorem of G. H. Hardy
and J. E. Littlewood [2, Theorem 8]. We cite the following form of their theorem, given
in Korevaar [3, Theorem 1.7.4]:

THEOREM 2. (Hardy-Littlewood) Suppose ¢, >0 forall n, that f(x) =Y,7_ocpX"

converges for |x| < 1 and that for some number o > 0 and some number C we have
as x — 17 that

Then we have as n — oo that
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2. Proof of Theorem 1

This argument is modeled on Titchmarsh [6, §7.52], that is the case o = 1.

Proof of Theorem 1.

First we need bounds for 1 —e ™. For 0 < u < 1 we have by the Mean value
theorem that 1 —e™* = ¢¥ — e = ue™" for some v with u < v < 1. In the range u > 1
we have trivially 1 —e ™ < 1 < u. Therefore we get inequalities for each range:

1
1—e*>"  andso <% (0<u<1); 1)
e l—e™ u
1 1
I1—e™ d - (1 o). 2
e "<u  andso =R (I <u<eo) (2)

Write s, = X}_ cx. To find an upper bound for s, we observe

flx) > i ot =¥ i cr = X"sp. 3
k=0

k=0

Using this with x = e 1/ the hypothesis and (1) we have
)

(1 _ efl/n)oc

e sy < fleV) < < ky(en)®.
Setting k4 = koe®*! we have s, < kyn®.
Let n be fixed. To find a lower bound for s, we start with the just-proved upper
bound, and observe that s, is non-decreasing, to get
o n oo

fE)=1=x) Y smx" < (1=x)sp D X" +hka(l—x) Y mx"

m=0 m=0 m=n+1

<spt+ka(l—x 2 m%x" 4)
m=n-+1
We will bound the last sum above with an integral. Let A be a large number, to be
picked later, that is independent of n and such that A > ct. We take x = ¢~ */". The
function u®e~tu/m ig decreasing for u > n, because the derivative of its logarithm is
ofu—A/n<o/n—A/n=(o—2)/n<0. Therefore m*e *"/" < [™  y%e=Au/nqy
and so

oo

o - . "
2 m*x" = 2 m%e~Am/n </ u%e=Mun gy (substltuteu: —v)
n

m=n-+1 m= n+1 A’

_ n\ o+l oo o —v _ 2 a+1
—/ JLO‘ dv <X> /A v¥e Vdv = <7L> I(A) (say).
Using this with (4) and (2) we get

F(6) < sn+ka(1—x) (%)a“z(x) = s tha(1— e (1)

< sutka (%) (%)“11(/1) — (%)az(x). (5)

a+1
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We also deduce from the hypothesis and (2) that

ki - ki n\%
(1—x)% (1 —e*/m)e >k (%) ' ©

Combining (5) and (6) we get s, > (n/A)%(k; —kaI(A)). Taking A so large that I(1) <
ki /ks, we conclude that there is a k3 > 0 such that s, > k3n®, as claimed. O

fx)>

3. An application

George Stoica [4, 5] proposed the following as Problem 11849 in the Problems
column of the American Mathematical Monthly: Define numbers ag,ay,--- by

exp (ix2k> = i anx".
k=0 n=0

Prove that | | |
.. na, . nay
1 f <——-1«1
s Inn  In2 li,nj:p nn

(7
We will use Theorem 1 to show that there are positive constants k3 and k4 such
that

kan'/"? < 2 ap < kan'/™2, (8)
k=0

Then we will show that this estimate implies (7).

Let’s write F(x) =Y, Ox . We will apply Theorem 1 to the function f(x) =
expF(x), so that ¢, = a,. First we will show that a, > 0 for all n. We observe that F
satisfies the functional equation

F(x) =x+F(x%)
and so f satisfies the functional equation
f@)=ef ().
We write this out and rearrange it as
=S av=(35) (S )=3r T
=0 (r 0”) ( ) n=0  s<n/2 (n— 25)

Equating the coefficients of x" on both sides we get a recurrence for a,,:

an=3, S - (n>0).

2 (n—2s)!

Note that ap = exp(0) = 1 and therefore by induction on the recurrence we have a, >0
for all n.
Next we prove the following simple asymptotic estimate for F(x).
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THEOREM 3.
F(x) ! In ! +0(1) ( 1)
= — — .
VT2 T o
Proof. We have
1 o n
I—F(x) = E(Llogsz + l)x
-X n=1
and | .
1 - Hn n’
1—x nl—x gl .

where H, =Y, % is the harmonic number. Therefore

! (F(x)—ﬁlnL> = i (Llogznj +l—éHn>x”.

1—x 1—x =

The coefficients on the right-hand side are O(1), because H, =Inn+0(1), and |log, n|
=log,n+O(1)=(1/In2)Inn+ O(1). Therefore the right-hand side is O(1/(1 —x)).
Multiplying both sides by (1 —x) we have the result. [

We exponentiate this result. The additive error term O(1) becomes a multiplica-
tive factor of exp(O(1)), and this is bounded above and below by positive constants.
Therefore we have that there are positive constants k; and k; such that

ki ko

(1—x)l/2 <expF(x) < (1—x)1/2

0<x<1).

Therefore Theorem 1 applies with o = 1/1n2, and (8) is proved.
Now we will show that (8) implies (7), by showing more generally that:

THEOREM 4. Suppose that ¢, > 0 for all n and that oo > 1. Suppose there are
positive constants k3, k4 such that

n
k3n® < Z cxk <ksn® (n>=1). 9)
k=0
Then | |
liminf —" < o — 1 < limsup —". (10)
n—e  Inn n—oo 1NN

Proof. Write s, = ZZ:O ¢r. Write L = liminf,_.Inc,/Inn. If L <0 there is
nothing to prove, so assume L > 0. Then given € with 0 < & < L there is an N such
that we have Inc,/Inn > L — ¢ (and so ¢, > nt~¢) for all n > N. Then for M > N
from the hypothesis we have

M M L M xL MLJrl*S_(N_l)LJrl*S
kaM® > spr > n > > “fdx= .
! SM ngli\/c ngNn N-1 ) L+l_8



A BOUNDS TAUBERIAN THEOREM 39

Divide both sides by M*T1~¢ and let M — oo to get limp e k3M* =14 > 1 /(L +
l—¢e)andso c—L—1+¢e>0forall e >0andso oc—1>L.

Write U = limsup,_..,Inc,/Inn . If U = 4o there is nothing to prove, so assume
U < oo. Then given € > 0 there is an N such that we have Inc,/Inn < U + € (and so
cn <nUt€) forall n > N. Then for M > N from the hypothesis we have

N—1 M N—1 M N—1
kM* <sy= Y cat X, ca< Y, at I, nUTe < D cp+MUTITE,
n=0 n=N n=0 n=N n=0

Divide both sides by MY+1+€ and let M — oo to get limpy; ... ksM*~U~17¢ < 1 and so
o—U—-1—€e<Oforalle>0andsoa—1<U. O

REMARK 1. The converse of Theorem 4 is not true in general, that is, (10) does
not imply (9). In this sense our result (8) is stronger than the original result (7). To see
that the converse need not hold, consider the example

1, ifnisapower of 2,

Cn = .
n, otherwise.

Inc, Inc,

Then liminf, .. 352 = 0 and limsup,_.., 752 = 1, so (10) is true for any « in the
range 1 < o < 2. But (writing k = 2" when £ is a power of 2)

ickzik—l— D (1-2") = in*+0(n).
k=0 k=0

= r<Inn/In2

Therefore (9) is true for @ = 2, but not for any other o .

REMARK 2. The series Efzoxzk is a lacunary series and has been studied by sev-
eral authors. In particular in 1907 G. H. Hardy [ 1] made an extensive study of this series

(in §12) and the related series Zfzo(—l)kxzk . Hardy proved more precise asymptotics
for F(x), specifically that

_ InIn(1/x)

Flx) = In2

+A(x),

where A (x) is a bounded, oscillating function. We can rewrite this as

In(l-x) 1 I l—x In(1 —x)

Flx) = In2 In2 nln(l/x) Alx) = In2

+u(x)  (say).

As x— 1~ we have that (1 —x)/In(1/x) — 1, so u(x) is a bounded function that does
not go to a limit. Writing f(x) = expF(x) = X, _ga,x" we have

1 X
flx) = meu( )

The factor e*®) is bounded above and below by positive constants, but does not go to
a limit, so the hypothesis of Theorem 2 is not met for our function.
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