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ON THEOREMS CONNECTING MELLIN AND HANKEL TRANSFORMS

VIRENDRA KUMAR

Abstract. In the present paper four theorems connecting Mellin and Hankel transforms are es-
tablished. The theorems are general in nature. As application, four integrals involving special
functions are obtained. It is obvious from the examples that we can evaluate integrals involving
special functions with the help of the theorems established in this paper. Otherwise it is difficult
to evaluate such type of integrals.

1. Introduction

DEFINITION 1. The Mellin transform [3] of f(x) is defined by the equation

M(f:9) = [ 0w,

where s is a complex variable.

DEFINITION 2. The Laplace transform [3] of f(x) is defined by the equation

LU p)= [ e P,
0
where p is a complex variable.

DEFINITION 3. The Hankel transform [4] of order v of f(x) is defined by the
equation

A1 0= [ (6000 s (x>0
where J,,(z) stands for the Bessel function of the first kind [2, p. 4, Eq. (2)].

DEFINITION 4. Another form of the Hankel transform [4] of order v of f(x) is
defined by the equation

(i 0= | (80 (), € >0, (1)
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2. Main theorems

THEOREM 1. If § >0, Re(s+v) >0 and Re(p) > 0, then

M{e P : sk = [ Kl QRS Q) @

where

VHT (s 4 v s+v s+v+1 2
K(s, §) = ¢ Listy) 2F1< v 1;_C_2>'

2VpV T (L +v) 272
Proof. We have by the Hankel inversion theorem [10] that
= [ ems Ongac.

Hence

M{e P f(x); s} = /O°° CH,(f; {)M{e P Ji(Cx); s}dl. 3)

The change of order of integration is justified because Re(p) > 0 and J,({x) is a
bounded function for both the variables for Landau’s bounds [5] (see also [6]) i.e

()| < by 3, bpi=2"3 sup (Ai(x)) 4)
XER
and
) <crlx V3, epi= SL;apxl/3(J0(x)), %)
XER

where Ai (x) stands for the familiar Airy function.
Now, using the following result [3, p. 327, Eq. (6)] in (3)

B T(s+v) P (s—f—v s+v+1 ﬁ2>

—ax — [ —
M{e Jv(ﬁx) S} Zva‘””l—‘(l—kv) 2177 2 9 2 ,V+l, (12

provided that Re(a) > |Im B| and Re(s+v) > 0 we arrive at the desired result (2),
where § >0, Re(s+v) >0 and Re(p) > 0.

THEOREM 2. If 0 <Re(s) < Re(v)+3/2 and { > 0, then
MI(E+B3) (2B P ) = [ TR DHIE O ©)

where

K(s, §) = ¢332 2271 B2V T(5/2) U,y o (EB)-

Proof. We have by the Hankel inversion theorem [10] that

0= [ TV H(f: O(Ex)dL. %)
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Hence

MICE + B2 P2+ P o) = [TV MR+ )
XG0+ B2)V2): sldg.

The change of order of integration is justified because { > 0,0 <Re(s) <Re(v)+3/2
and J,{{ (x> 4 B%)!/2} is a bounded function for both the variables for Landau’s bounds
[5, 6], (see (4) and (5)).

Now, using the following result [3, p. 328, Eq. (12] in (8)

®)

M[( + B3 20 {a( + )2 5] = 2727 a BT (s/2)0, g (aB), (9)

provided that ¢ > 0 and 0 < Re(s) < Re(v) 4+ 3/2 we arrive at the desired result (6),
where § >0 and 0 < Re(s) < Re(v) +3/2.

THEOREM 3. IfRe(v) > —1,0 <x < a and Re(s) > 0, then

M@ =2 (@ =) Py s = G OB Qg (10

where
K(s, ) =220 210 2 (5 /2) Sy o (al).

Proof. Again, by (7) we have that

M[(a2 _x2)v/2—l/4f{(a2 _x2)1/2}; S]

= [ Ve omi@ - P - a0

The change of order of integration is justified because Re (v) > —1,0 < x < a, Re(s) >
0 and J,{¢(a> —x*)'/?} is a bounded function for both the variables for Landau’s
bounds [5, 6], (see (4) and (5)).

Now, using the following result [3, p. 329, Eq. (13)] in (11)

M[(a2 _x2)v/2jv{ﬁ (a2 _x2)1/2; S} _ 2s/27lav+s/2ﬂ7.\'/21—~(s/2)]v+s/2(aﬂ)’ (12)

provided that Re (v) > —1,0 < x < @ and Re (s) > 0 we arrive at the desired result (10),
where Re (v) > —1,0 <x < a and Re(s) > 0.

THEOREM 4. [f 0 <x<a, Re(s) >0 and § >0, then
M@ =) (@ =) P = K OB Qag, (13)

where
K(s, ) =122 a2 [T)] 71 S, py01, 5j0-(@b).
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Proof. Again, by (7) we have that

M[(a2 _x2)7v/271/4f{(a2 _x2)1/2}; S]

e (14)
= [ VIR OMI@ ) PG ) R sl
0
The change of order of integration is justified because 0 < x < a, Re(s) >0, > 0 and
J,{{(a* —x*)'/?} is a bounded function for both the variables for Landau’s bounds [5,
6], (see (4) and (5)).
Now, using the following result [3, p. 329, Eq. (14)] in (14)

M{(@* =) 21 B(a? =)' 2 5] = 2172 RN S o, s/ u(aB),
(15)

where Sy ,(z) stands for the Lommel’s function [2, p. 40, Eq. (71)], 0 < x < a and

Re(s) > 0 we arrive at the desired result (13), where 0 < x < a, Re(s) >0 and § > 0.

3. Applications

EXAMPLE 1. Let f(x) =x"e 5%,
Then
M{e P*f(x); s} = / ~(prE)xylstm) =1 gy (16)

Using the following result [8, p. 322, Eq, 2.3.3.1] in (16)

/°° o1y = LA Re(1) >0, Re(c) >0,
0

cl
we get
T
M{e P*f(x); s} = %7 Re(s+m) >0, Re(p+&) >0. a7
Now, from (1) we have
Hy(f: §) = L{x"1,(Cx); &), (18)

where L stands for the Laplace transform.
Using the following result [3, p. 182, Eq. (9)] in (18)

L{t"J(at); p} =T(u+v+1)(p* +a?) - D12p» (L) ,

/p2 + a2
where Pﬂ_ ¥(z) stands for the Legendre function of the first kind [1, p. 143, Eq. (6)],
Re(p) > |[Ima| and Re(u +v) > —1 we get

Hy(f: ) =T(n+v+2)(§>+¢%)" "*2/2P,;+1<ﬁf—§2> (19)
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where § >0, Re(&) >0 andRe(n +v) > —2.
Now, using the results (17) and (19) in (2), we get

Amcv+12Fl (HTV’S—'_‘Z}—’_l;v_’_ C )(52_’_4‘2) (n+2)/
xPnJKl(\/%) dg
_ 2p"ST(v+ s+ 1)
(P& (s+v)T(n+v+2)’

(20)

where { >0, Re(§) >0, Re(s+n) >0 andRe(v+1) > 0.

EXAMPLE 2. Let f(x) =x""#1/2],(ax), a >0, —1 <Re(v) <Re ().
Then
f{(x2 +ﬁ2)1/2} _ (x2 +B2)V/2_”/2+1/4Jﬂ{a(x2+ﬁ2)1/2}

and

M( +B2) 2 V{2 + B2 o] = MU+ B7) 2 {al + B2)1 2

(2D
Using the result (9) in (21), we get
M3+ B>) PR3+ B2 P 8] = 222 a T R BYRIT (5/2)0, -y a(aB),
(22)
where @ >0 and 0 <Re(s) <Re(u)+3/2.
Hy(f: §) = Hy{x" #4120 (ax): £ (23)
Using the following result [4, p. 48, Eq. (7)] in (23)
val,Hrl v+1/2
H, v—p+1/2 Cyl M 2 2\u-v—1 24
{x J[.l(ax)7 )’} F(H—V)au (a y ) Y ( )
provided that ¢ > 0, —1 <Re(v) <Re(u) and 0 <y < a we get
ov— [J+l€v+l/2 5
f _ #,V,I, (25)
HF: ©) = T g @)
where a >0, —1 <Re(v) <Re(u) and 0 < § < a.
Now, using the results (22) and (25) in (6), we get
T2t 2 g2 vl d
| e -0 2(EB)AE o6

_ zﬂ—v—lau—SﬂﬁV—“F(y —)Jy—s/2(aP),

where a >0, —1 <Re(v) <Re(u), 0 < { <a and Re (i —v) > 0.
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The formula (26) extends the formula collection given in [9], because there [9, p. 178,
Eq. (17)] exists an integral representation for

/ X2 — )P (ex)dx,
valid when a > 0.

EXAMPLE 3. Let f(x) = x*""1/2J,(bx),b > 0,Re (v) >Re (1) > —1.
Then
f{(a2 _x2)1/2} _ (a2 —x2)“/2*"/2+1/4JH{b(a2 _x2>1/2}

and
M{(d> —xz)"/2’l/4f{(a2 —x2)1/2}; 5] = M[(& —x2)“/2Ju{b(a2 _x2)1/2}; . @n
Using the result (12) in (27), we get
M[(@® =) PV (@ — )2 s) = 252 a2 2T (5 /2)d 4 o (ab),  (28)
where 0 <x <a, b>0, Re(tt) > —1 and Re(s) > 0.
H,y(f; §) = H A" 20, (bx); £} (29)
Using the following result [4, p. 48, Eq. (8)] in (29)

2"17V+Ial'l

H {xH 12, (ax); y) = W(Y

2 _a2)v7u71,
provided that @ > 0, Re(v) >Re (i) > —1 and a <y < o= we get

2“*V+1bl~l
Hy(f; §)= T 172

where Re (v) >Re () > —1and 0 < b < § < oo.
Now, using the results (28) and (30) in (10), we get

= 2GS (v — )y o (ab),

(SR S M (30)

(€19

where a >0, 0 <b < { <e andRe(v—u) > 0.

EXAMPLE 4. Let f(x) =x""#1/2J,(bx), b > 0,—1 <Re(v) <Re(u).
Then
f{(a2 _x2)1/2} _ (a2 _x2)v/2—u/2+1/4ju{b(a2 _x2)1/2}

and

M[(a2 _x2)—v/2—1/4f{(a2 _x2)1/2}; S} :M[(a2 _x2)—,u/2‘]ﬂ{b(a2 _x2)1/2}; S]. (32)
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Using the result (15) in (32), we get

M[(a2 _x2)—v/2—1/4f{(a2 _x2)1/2}; S]

9t —s _ (33)
= 211G PR RN (U)] T Sy 21, 2 (ab),
where 0 <x <a, b >0 andRe(s) > 0.
Hy(f; §) = H{x""F+Y20,(bx); ¢} (34)

Using the result (24) in (34), we get the result which is obtained by replacing a by b in
(25).
Now, using the results (25) and (33) in (13), we get

/0 Cvf.\'/2+1 (b2 — Cz)ﬂivilsv+5/2—1, s/Z—V(aC)dC

= 271 a" B ()] TO)T (= V)Sysgsa1, o2 (ab),

(35)

where a >0, Re(v) >0, 0 < § < b and Re (1 —v) > 0.

In this section, four integral formulae (20), (26), (31) and (35) involving special func-
tions have been obtained. Several other integral formulae extending the results given
in [8, 9] may be obtained with the help of the theorems established in this paper and
Mellin transforms available in [7].
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