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UNIQUENESS OF HOMOGENEOUS DIFFERENTIAL
POLYNOMIALS OF MEROMORPHIC FUNCTIONS
CONCERNING WEAKLY WEIGHTED SHARING

DiL1P CHANDRA PRAMANIK* AND JAYANTA ROY

Abstract. In 2006 S. Lin and W. Lin [3] first defined the concept of weakly-weighted sharing
of functions and proved some results on uniqueness of a meromorphic function f and its n-th
derivative (). Using this notion of weakly-weighted sharing of functions, in this paper we
prove uniqueness of homogeneous differential polynomials P[f] and P[g] generated by mero-
morphic functions f and g respectively.

1. Introduction and main result

Let C denote the complex plane and let f be a non-constant meromorphic func-
tion defined on C. We assume that the reader is familiar with the standard definitions
and notations used in the Nevanlinna value distribution theory, such as T'(r, f), m(r, f),
N(r,f) (see [, 10, 11]). By S(r,f) we denote any quantity satisfying the condition
S(r,f) = o(T(r,f)) as r — oo possibly outside an exceptional set E of finite linear
measure. A meromorphic function « is called a small function with respect to f if ei-
ther a = oo or T(r,a) = S(r, f). We denote by S(f) the collection of all small functions
with respect to f. Clearly CU{e} C S(f) and S(f) is a field over the set of complex
numbers. For a € CU{e} the quantities

8(a,f)=1 —nrwp%
and )
O(a, f) = l_hnlilp%

are respectively called the deficiency and ramification index of a for the function f.

We use p(f) = limsup, ., loglng(:’f ) is the order of f.

For any two non-constant meromorphic functions f and g, and a € S(f) N S(g)
we say that f and g share a IM (CM) provided that f —a and g —a have the same
zeros ignoring (counting) multiplicities. If jl, and é share 0 IM (CM), we say that f
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and g share o IM (CM). Let f and g share 1 IM and let zy be a zero of f— 1 of mul-
tiplicity p and a zero of g — 1 of multiplicity g. By N.(r,1;f) we denote the reduced
counting function of those 1-points of f and g where p >¢q > 1. N.(r,1;g) is defined
similarly.

The subject on sharing values between two non-constant meromorphic functions
f and g, and their relationship studied by Yi [12] and proved the following results.

THEOREM 1. [12] Let f and g be two non-constant meromorphic functions such
that f(”), g(") share the value 1 CM. If

28(0;f) 4 (n+4)O(e0; f) > n+5 and
26(0;8)+ (n+4)0(c058) >n+5,
then either f =g or ) g =1.

THEOREM 2. [12] Let f and g be two non-constant meromorphic functions such
that f(”), g(") share the value 1 IM. If

58(0:f)+ (4n+7)0(c0; ) > 4n+ 11 and

58(0;8) + (4n+7)O(co;g) > 4n+ 11,
then either f=g or f g =1.

In [4] Li and Li considered the problem of replacing the derivatives by linear dif-
ferential polynomials. Let f be a non-constant meromorphic function. An expression
of the form

L(f) = " + a1 f"V 4+ aof, (1)

where ag,ay,...,a,—1 are complex constants is called a linear differential polynomial
generated by f.

Li and Li [4] proved the following theorems:

THEOREM 3. [4] Let f and g be two non-constant entire functions. Suppose that
f» g share the value 0 CM and L(f), L(g) share the value 1 CM and §(0; f) > % If
p(f) # 1, then either f =g or L(f).L(g) = 1.

THEOREM 4. [4] Let f and g be two non-constant entire functions. Suppose that
f. g share the value 0 CM and L(f), L(g) share the value 1 IM and 6(0; f) > %. If

p(f) # 1, then either f =g or L(f).L(g) = 1.

Recently Lahiri and Pal [5] extend the results of Li and Li [4] to homogeneous
differential polynomial by including the class of entire functions of order 1.



UNIQUENESS OF HOMOGENEOUS . .. WEAKLY WEIGHTED SHARING 25

DEFINITION 1. Let n (> 1) be a positive integer, p (> 0) be an integer and f be
a non-constant meromorphic function. An expression of the form

n )2 N%
Plf] = Eakl'[(f(~’>)l ) €)
k=1 j

=0
where a; € S(f) for k=1,2,...... ;nand [ (1 <k<n; 0< j< p) are non-negative
integers and d = 2’;10 lyj for k=1,2,...... ,n, is called a homogeneous differential

polynomial of degree d generated by f. Also we denote by Q the quantity Q =
max;<k<n 2o jlkj -

Let f and g be two non-constant meromorphic functions. When we consider P|[f]
and P[g| are non-constant homogeneous differential polynomials of f and g respec-
tively, then we understand that the coefficients a; € S(f) NS(g).

Lahiri and Pal [5] proved the following theorem.

THEOREM 5. Let f and g be two non-constant meromorphic functions, a (#
0,0) € S(f)NS(g). Suppose P[f] and P[g], as defined by (2) are non-constant. If
P[f] and P[g] share a IM, and

O(,f),56(0,8) +

min{55(o,f)+ 4Qd+7 4Qd+7®(°°’g)} N 4Q+;ld+7’

then either P[f] = Plg] or P[f].P[g] = a°.

In 2019, Dilip et al [6] considered the weighted set sharing and proved the follow-
ing result:

THEOREM 6. Let [ be a non-constant meromorphic function and p(z) be a poly-
nomial in z of degree n (> 1) with p(0) =0. Let a(z) (#£0,) be an element of S(f).
Let P[f] be a non-constant differential polynomial of f. Suppose that p(f) and P|[f]
share the set Sy, = {a(z),a(2) o, ...,a(z) 0"~} with weight | with one of the following
conditions:

(i) 1 > 2 and

(mQ +3)8(ee, f) +2n0(0, p(f)) +md(P)5(0, f)
> (mQ+3) +2md(P) — md(P) — (m—2)n,

(ii) l =1 and

(mQ-+ 2)8(ee, 1) + 5 0(0,p(1)) + ()80, )
> mQ + % + (m+1)d(P) — md(P) + (% —m)n,
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(iii) | = 0 and
(2mQ +6)©(eo, f) +4n0(0, p(f)) +2md(P)8(0, f)
> 2mQ + 6 + 4md(P) — 2md(P) + (4 — m)n.
Then P[f] =tp(f) for some t such that t™ = 1.

To define weakly-weighted sharing we need the following definitions:

DEFINITION 2. [3] Let Ng(r,a) be the counting function of all common zeros of
f —a and g — a with the same multiplicities and Ny(r,a) be the counting function of
all common zeros of f —a and g — a ignoring multiplicities. We denote by Ng(r,a)
and No(r,a) the reduced counting functions of f and g corresponding to the counting
functions Ng(r,a) and Ny(r,a) respectively. If

N(ra;f) +N(r,a;g) —2Ng(r,a) = S(r, f) +S(r,g),
then we say that f and g share a “CM”. If

N(r,a;f) +N(r7a;g) - ZN()(V,LI) = S(V,f) +S(V,g),
then we say that f and g share a “IM”.

DEFINITION 3. Let p be a positive integer. Let f be a meromorphic function and

aeS(f).

i) N ) (r,a; f) denotes the counting function of those a-points of f whose multi-
plicities are not greater than p, where each a-point is counted only once.

(ii) N(p(r,a; f) denotes the counting function of those a-points of f whose mul-
tiplicities are not less than p, where each a-point is counted only once.

(iii) Np(r,a;f) denotes the counting function of those a-points of f, where an
a-point of f with multiplicity m counted m times if m < p and p times if m > p.

We denote by 6,(a, f) the quantity

. Np(r,a;
Opla, f) = l—hrrris;:lp%.

Clearly 8,(a,f) = 0(a,f).

Let f and g be two non-constant meromorphic functions sharing a “IM”, for
a € S(f)NS(g),and a positive integer [ or oo.

1) ]T/f) (r,a) denotes the counting function of those a-points of f whose multiplic-
ities are equal to the corresponding a-points of g, both of their multiplicities are not
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greater than [, where each a-point is counted only once.

(ii) N(()l(na) denotes the reduced counting function of those a-points of f which
are a-points of g, both of their multiplicities are not less than /, where each a-point is
counted only once.

In 2006 S. Lin and W. Lin [3] first defined the concept of weakly-weighted sharing
of functions as follows.

DEFINITION 4. [3] For a € S(f)NS(g),if [ is a positive integer or e, and

Ny(r,a:f) + Ny (r.a:g) — 2Ny, (r,a) = S(r. ) + (1. g)

N (na f)+ Ny (rag) 2N01+1ra S(r.f)+S(rg),
orif I =0 and

N(ra:f)+N(r,a;8) —2No(r,a) = S(r, ) +S(r,g),

then we say f and g weakly share a with weight /. Here, we write f, g share “(a,l)”
to mean that f, g weakly share a with weight /.

Obviously if f and g share “(a,l)”, then f and g share “(a,s)” for any s (0 <
s <1). Also, we note that f and g share a “IM” or “CM” if and only if f and g share
“(a,0)” or “(a,e)” respectively.

In 2006 S. Lin and W. Lin [3] proved the following theorem:

THEOREM 7. Let n (> 1) be a positive integer and let k be a non-negative integer
or oo. Let f be a non-constant meromorphic function and a € S(f) be such that a %
0,00. If f and f") share “(a,k)” with one of the following conditions:

(i) 2 < k< o and
4®(°°af) +262+n(07f) >5

(ii) k=1 and

(iii) k =0 and
(7+2n)0(e0, f) 4+ 5644(0, f) > 2n+ 11,
then f= f

Later in 2011, H-Y Xu and Y Hu [13] generalize Theorem 7 by proving the fol-
lowing theorem:
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THEOREM 8. Let n (= 1) be positive integer and let k be a non-negative integer
or 0. Let f be a non-constant meromorphic function and a € S(f) be such that a #
0,00. Suppose L(f) is defined as in (1). If f and L(f) share “(a,k)” with one of the
following conditions:

(i) 2 < k < oo and
4®(°°7f) +282+n(07f) > 57

(ii) k=1 and

(3+n) @)+ 3800+ 81200 > 45,
(iii) k=0 and

(6 21)0(,f) + 5:(0, ) +20(0, £) +285,1,(0, ) > 21+ 10,
then f=L(f).

In 2019 Dilip et al [7, 8] proved uniqueness of homogeneous differential polyno-
mials P[f] and P[g] when they share “(a,l)”.

THEOREM 9. [7] Let f and g be two non-constant meromorphic functions, a (#
0,) € S(f)NS(g). Suppose that P[f] and P[g, as defined by (2), are non-constant.
If P[f] and P|g| share “(a,l)” with one of the following conditions:

(i) 2 <1 <o and

_ +4 +4 td+4
min {26<o,f> + 200 1).26(0.0) + QTG(oo,g>} SEAKASS
(ii) 1 =1 and
30+9

5

2d 2d ’

min{%5(0,f)+ d 3Q+9®(oo,g)}>w

(iii) | =0 and

min{sa(o,f) + 4%%7@(00,,0)755(0,9 +

40+7 40+4d+17

then either P[f] = P[g] or P[f].P|g] = a®.

THEOREM 10. [8] Let f and g be two transcendental meromorphic functions,
a=a(z) (a #£0,=) € S(f)NS(g). Suppose P[f] and Plg|, defined by (2) are non-
constant. If P[f] and P|g| share “(a,k)” with one of the the following conditions:

(i) k=2 and

min{(Q+4)0(c, ) + 284 p(0, ), (Q+4)O(s0,8) + 28,4 (0,8) } > (6+0—d),
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(ii) k=1 and

min{(30+9)0(co, f) + 5824 (0, £), (30 +9)O(c0,8) + 58,1 5(0,8) } >30+14—2d,
(iii) k =0 and

min {(4Q+7)0(eo, f) +58245(0, £), (40 +7)O(e0,8) + 58,1 5(0,8) } > 40 + 12— d,
then either P[f] = Plg] or P[f].P[g] = da°.

In this paper we prove the following theorem:

THEOREM 11. Let f and g be two non-constant meromorphic functions, a (%
0,00) € S(f)NS(g). Suppose that P[f] and P[g|, as defined by (2) are non-constant. If
P[f] and P[g] share “(a,l)” with one of the following conditions:

(i) I = oo and
- {zs(o,n + %@(m,f),za(o,@ + %@(m,@} > %, 3)
(ii) 0 < I < o0 and
min {Ma(o,f) + (%ﬂl +Q+2> O(eo, f),
CE 50,0+ (252 1 042) o)} @
S (l+1)dl+Q+1+4+Q’
(iii) 1 =0 and
min {56(07f) + 4Qd+7®(oo,f)755(0,g) + 4Qd+7®(oo,g)} > %, 5)

then either P[f] = P[g] or P[f].P|g] = a®.

Suppose F and G share “(1,1)” and let zp be a zero of F — 1 of multiplicity
p and a zero of G — 1 of multiplicity g. We define by Ng~;41(r,1;F) the reduced
counting function of those 1-points of F such that ¢ >[+1; Np~;.1(r,1;G) is defined

similarly. Also denote by Né) (r, 1;F) the counting function of those 1-points of F and

G where p = g =1 and denote by Ng(r, 1;F) the counting function of those 1-points
of F and G where p = g > 2, where each such zero is counted only once.

2. Lemmas

Let F and G be two non-constant meromorphic functions. We shall define by H
the following function

@  pO ® G
JPE P i B AP S
FUU~“F—1 G G-1
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LEMMA 1. [5] Let f be a non-constant meromorphic function and P[f] be de-
fined by (2), then

(i) T(r,P)
(ii) N(r,0;P)

dT (r,f)+ ON(r,o; f) +S(r, f).
T(r,P)—dT(r,f)+dN(r,0; f) +S(r, f),
ON(r,00, f) +dN(r,0: f) + S(r, f).

NN N

LEMMA 2. [2] Let f be a transcendental meromorphic function, P|f] be a ho-
mogeneous differential polynomial of degree d > 1. Then

dT(r, f) <N(roo; f) + N(r, L) + N (1,0, f*) = No(r,0; (P(£)) V) + 8(r, f),

where No(r,0;(P[f])")) denotes the counting function corresponding to the zeros of
(P[f])V) which are not the zeros of P[f] and P[f] —1.

LEMMA 3. [9] Let f be a non-constant meromorphic function and let

p(f) = anf" +an_ 1"+ ...+ arf +ao,

where a; € S(f) for i =0, 1...n, a, (#0) be a polynomial of degree n. Then
T(r,p(f)) =nT(r,f)+S(r.f).

LEMMA 4. If F and G be non-constant meromorphic functions share “(1,1)”
where 1 is positive integer and H # 0. Then
1 1 — —
T(r,F) < (1+ T)N(r,O;F) +(2+ T)N(r,oo;F) + N(r,0;G) 4+ 2N(r,*0;G)
+S(r,F)+S(r,G).

Proof. Let H # 0. Then by a simple calculation we see that

NP (r1:F) < N(r,0:H) < T(r,H) + O(1)

<N

< N(r,e0;H) 4+ S(r, F)+S(r,G). (6)

Since F and G share “(1,1)”, we have

N(r,e0;H) < N(r,00,F ) + N(r,00,G) + Ng=141(r, 1 F) + Nps 41 (5 1:G) + N(o (1,0, F)
+N o (r,0;G) + No(r,0:FV)) + No(r,0:GV) + S(r, F) + S(r,G). (7)

By Nevanlinna‘s second fundamental theorem, we have

T(r,F)+T(r,G) < N(r,0;F) +N(r,;F) + N(r,1;F) + N(r,0;G)
+N(r,00:G) +N(r, 1,G) — No(r,0; F 1))
—No(r,0:GV)) +5(r,F) +5(r, G), ®)
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where Ny(r,0;F (1)) denotes the counting function corresponding to the zeros of F(!)
which are not the zeros of F and F — 1. Similarly defined Ny(r,0;G").

Note that F and G share “(1,1)” and using (6), (7)

N(r,1:F)+N(r,1:G) < NY (r,1:F) + N.(r, 1:F) + N, (r, 1:G)

NP (r1:F) + N(r,1:G)

= NP (1, L,F) + N1 (5, 5 F) + Npsi41 (1, 15G)
NP (r1:F) + N(r,1:G)

< N(r,00F ) +N(r,00,G) + N5 (1,0, F) + N2 (1,0; G)
HONGor41 (51 F) 42N o401 (1 1:G)+NE (1, 1:F)+N(r, 1;G)
+No(r,0;F D)+ No(r,0:GV) + S(r, F) + S(r,G)

< N(r,00,F ) + N(1,%,G) + N5 (1,0 F) + N (5 (1,0, G)
+NGo141(5 LF) 4 Nps41 (1, 1,G)+N(r, 1;G)+No(r, 0, F V)
+No(r,0;GM) + 8(r,F) + 8(r,G)

< N(r,00,F) +N(r,20,G) + N (2(r,0;F) + N2 (1,0, G)
+NGo141(n ,F) + Npai1(r,1:G) 4+ T(r,G) + No(r, 0, F V)
+No(r,0:G)+ 8(r, F) + S(r,G). 9)

Also we have,

Neo141(n13F) + Npsi1 (1, 1,6) < SN(,0;FW) +-S(r, F)

N(nO;F)+%N(r,oo;F)+S(r7F). (10)

<

X

~] =~ —

Now using (9), (10) in (8) we get

T(r,F)+T(r,G) < 2N(r,o0;F ) +2N(r,;G) + N(r,0;F) + N5 (r,0; F)
— — 1 1
+N(r,0;G) +N(2(r,0,G) + 7N(r,0;F) + 7N(r,oo;F)
+T(r,G)+S(r,F)+S(r,G).

Since N(r,0;F)+N(3(r,0;F) < N(r,0;F), we have

T(rnF) < (1+ %)N(r,O;F) +(2+ %)]T/(r,oo;F) +N(r,0;G) +2N(r,; G)
+S(rnF)+S(r,G).
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3. Proof of the main theorem

Proof of Theorem 11. Let

)
a a
Since P[f] and Pl[g] share “(a,l)”, it follows that F, G share “(1,1)” except at the
zeros and poles of a.
Now we consider the following cases:
Case 1: [ = o. By (i) of Theorem 9 we get the result.
Case 2: 0 <[ < oo. Suppose H # 0. From Lemma 4 we get

T(nF)<(1+ %)N(V,O;F) +(2+ %)N(r,oo;F) + N(r,0;G) 4+ 2N(r,o;G)
+S(rnF)+S(r,G).

Using Lemma 1 we obtain

4 ) < LR i)+ 24+ Q) ror) + M o)
+dN(r,0;8) +S(r, f)+S(r,8)- (11)
Similarly,
a(rg) < T AN (i) + (24 0N )+ T N 05g)
FAN(0:) + (1 ) + (1) (12)

Adding (11) and (12) we get
dT (r,f)+dT(r,g)

< (WJrQH)N(nw;fH

+1+21
(e

{mtl)da(a f)+<w+g+2>®(w, f)_w_pg}ﬂr,f)

O 01 )

(20 +1)d

7 N(r,0;8)+S(r, f)+S(r,g).

+Q+2) N(r,o0;8) +

<S(rf)+5S(rg),

which contradict assumption (4).
Thus H = 0. That is

F@ F G2 ey
FO O 2F—1) T\ 6 T fe=1 )
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By integrating twice we get
1 A

- - 4B
G-1 F—l+ ’
where A (#0) and B are constants.
Thus
B+1)F+(A—-B—1
_ BHDF( ) )
BF + (A—B)
and A A |
B— —B—

BG—(B+1)

Next we consider following three subcases:
Subcase 2.1: B # 0,—1. Then from (14) we have

_( B+1 _
N (r, %;G) = N(r,;F).

By Nevanlinna second fundamental theorem and (ii) of Lemma 1 we get

T(1.G) < N(r,0:G) + N(r,0: G)+N< E;G) +S(1.G)
< N(r,%0;G) +N(r,0;G) + N(r,%0; F) + S(r,G)
< N(r,00:G) +T(r,G) —dT(r,g) +dN(r,0;¢) + N(r,0; F) + S(r,G)
= dT(r,g) < N(r,0; f) +dN(r,0;8) + N(r,00:8) + S(r. f) + S(r,8). (15)

If A—B—1+#0, then it follows from (13) that

—A+B+1
N ,L;F = N(r,0;G).
B+1
Again by Nevanlinna second fundamental theorem and Lemma 1 we have

— — — A+B+1
T(r,F)<N(r,°°;F)+N(r,O;F)+N( e >+S( F)

=dT(r,f) < N(r,; f) +dN(r,0; f) + ON(r,o0;8) + dN(r,0;2) + S(r, f) + S(r, 2).
(16)

Combining (15) and (16)
T(r.f)+T(rg)
NGE0: )+ 2N ems £) 4 2N(7058) + LN (1m3) 487 ) +(1.2),

{5(0,f)+§@(°°7f)—§}T(r7f)+{25( 9+ 2o L 1)

S(r.f)+S(r8),
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which contradict (4). Therefore A— B — 1= 0. Then by (13)

N(r,0;F + %) = N(r,>;G).
Again by Nevanlinna second fundamental theorem

_ _ _ |
T(r,F) < N(r,o0;F)+N(r,0;F)+N(r,0;F + E) +S(rF),

S N(r,00 f)+T (1, F)—=dT (1, ) +dN(1,0; f)+N (r,00;8) +S(r, ) +S(1, ),
=dT(r,f) < N(r,00; f) +dN(r,0; f) + N(r,0,8) + S(r, f) + S(r, 8). (17)
Combining (15) and (17)

T f) T (58) SN0 )+ SN )N (7 058)+ SN (i g) +5(1 ) (1),
{o0.0+ F06n -3} 10:0+ {500+ J0lm0)- 3} 1000
< S(3)+5(r8),

which violates assumption (4).
Subcase 2.2: B= —1. Then

A
G=—"—
A+1—F
and ( )
1+A)G—-A
F=—-—
G
IfA4+1+#£0,

N(r,A+1;F) = N(r,;G)
N(r,~2.G) = N(1.0: F)
r7 A + 1’ - r) E .
By similar argument as Subcase 2.1 we have a contradiction.
Therefore A+ 1 =0 then
FG = 1= P[f].Plg] = >

Subcase 2.3: B = 0. Then (13) and (14) gives G = 241 and F =AG+1—A
IfA—1#0, N(r,0;A—1+F) =N(r,0;G) and N(r, 21;G) = N(r,0; F) . Proceeding
similarly as in Subcase 2.1 we get a contradiction.

Therefore, A—1=0then F =G ie.,

P[f] = Plg].

Case 3: [ =0. By (iii) of Theorem 9 we get the result.
This completes the proof.
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For further study we should consider the following question: if we have P[f] =

, can we find more exact relation between f and g?
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