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ON THE CHARACTERIZATION OF POLYNOMIALS AND
RATIONAL FUNCTIONS USING DIVIDED DIFFERENCES

FRANCOIS DUBEAU

Abstract. In this paper we present two conjectures about the characterization of functions by
conditions on their divided differences. To analyze the conjectures and prove some results, we
recall some facts about the Hermite interpolation problem including the computation of divided
differences for positive and negative powers of x.

1. Introduction

This paper is concerned by direct and inverse results in the field of interpolation
and approximation. The goal of this paper is to present conjectures about characteri-
zation of functions by a condition on its n-th order divided difference which is the co-
efficient of x” of its Hermite interpolating polynomial. Many authors already worked
on special cases of this conjecture. Let us remark that only classical analysis tools are
required to obtain the presented results.

The Hermite interpolation problem is to look for a polynomial p,(x) € &,, the
set of polynomials of degree at most n, which agrees with the function f(x) in the
following sense

P )= fOw) (1=0,....e)

for i=0,...,r. The ¢;’s are r+ 1 non negative integers, and the x;’s are r+ 1 distinct
points on the real line. Also

-
n:r—l—ZOch
i=0
and
o=max{e;:i=0,...,r}.

It is enough here that the function f(x) be differentiable up to the order .. A survey
of this problem is presented in [18].

For this problem we have the following existence and uniqueness result which has
some different proofs.
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THEOREM 1. [7, 10, 11, 28] There exists a unique polynomial p,(x) € 2,
called Hermite polynomial, which agrees with the function f(x).

The Hermite polynomial can be expressed as p,(x) = Y7_,ax*. The coefficient

a, of x" depends only on f(x) and the sequence of points xg, xi, ..., x, with their
multiplicity o, ..., 0. So we use the notation
an = f1X0s - X0 o s Xy ooy Xp,
op+1 o+1

and call this coefficient the n-th order divided difference [14, 22].

As an application of the definition of divided differences we get the next two the-
orems which are, for our problem, direct theorems. These results concern the power
functions x, for positive integer / > 0 and for / = —1. We consider two associated
inverse theorems stated here as conjectures. Both results characterize power functions
by the n-th order divided differences.

THEOREM 2. [6, 18] For n > 1 we have
0 forl=0,....n—1,

xl[xo,...,xo,...,x,,...,xr]: 1 forl=n,
——

o+1 o1
Yiolcti+)x; forl =n+1.

CONJECTURE 3. Suppose that for f(x) there exists a function G(x) such that to
any distinct xgo, X1, ..., X, we have

Slx ,...,x07...,x,,...,xr]:G<Z(Oﬂi+l)xi>.
oo+1 o1 =0

Then f(x) is a polynomial of degree at most n+ 1.

THEOREM 4. [18] For f(x) =1/x we have

CONIJECTURE 5. Suppose that for f(x) there exists a function G(x) such that to

any distinct non zero real numbers xo, x1, ..., Xr, we have
- +1
o
FIxX0s- X0,y Xpyeo X =G lei’ .
——— — -0
op+1 op+1

Then there exists a constant a such that h(x) = f(x) — ¢ is a polynomial of degree at
most n.
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The restriction r > 0 comes from the fact that for r = 0, p,(x) is the Taylor
polynomial of f(x). So we have

70 (x) G((n+ 1)x) for Conjecture 3,
" =fl x,...,.x | = L .
(n+1)—times G (x'*")  for Conjecture 5,

which gives no restriction on f(x).

For those two conjectures we have proofs for two special forms of the interpolating
polynomial, namely for the Lagrange interpolating polynomial (n = r and ¢; = 0 for all
i=0,...,n), and for an almost Taylor expansion (r = 1, with agp =n—1 and a; =0).
So for many other situations proofs are waiting to be discovered.

Let us observe that these conjectures are associated to arithmetic mean for poly-
nomial and geometric mean for rational function. We could ask if there exists similar
conjectures for functions associated to other means.

2. Lagrange interpolation

For the Lagrange interpolation problem we have r =n and o; =0 for i =0,...,n.
Several authors worked on Conjecture 3, see [1, 2, 3, 4, 5, 6, 8,9, 12, 15, 16, 17, 19,
20, 21,22, 23, 24, 25, 26], much few worked on Conjecture 5, see [27]. Both results
are based on functional equations.

2.1. Lagrange interpolating polynomial

The Lagrange interpolating polynomial is

S noXx—x
pa(x) =Y fxi)li(x) where  6i(x) =] ko
i=0 k= Oxl Xk
ki
So the coefficient of x" is
f [xo,.
; IT;— o( X))

ki

It will be useful to assume that f(x;) =0 for k =0,...,n, except for two different
indices i and j, because we could subtract to f(x) the Lagrange interpolating polyno-
mial of degree n— 2 such that p,_»(x;) = f(x¢) for k=0,...,n, except for i and j.
This condition on f(x) does not change the coefficient of X" of p,(x) because

Flx0s - xn] = (f = pn—2) [X05 - Xn] -
Then we can write

B fxi) f(x;)
Thol = e T w0
ki k#j




82 F. DUBEAU

Let f(x) =4i;(x)Th_o (x —xx), s0
ki)

Flx0s- - %] €))

2.2. Characterization of a polynomial

The proof of Conjecture 3 for this case is based on the following functional equa-
tion lemma.

LEMMA 6. [3] Suppose two functions v(x) and w(x) are such that
vix) =v(y) = (x=y)w(x+y). 2)
Then v(x) = ax* + bx+c and w(x) = ax+b.

Proof. Replace y by —y in (2) to obtain

v(x) =v(=y) = (x+y)wlx—y). (3)
Subtract (2) from (3) to get
v(y) —v(=y) = (x+y)wx—y) — (x—y)wlx+y). )
Replacing x by —y in (2), we have
v(y) = v(=y) = 2yw(0). (5)

Since 2y = (x+y) — (x—y), (4) and (5) lead to

((x+y) = (x=y))w(0) = 2yw(0)
=v(y) —v(-y)
= (x+y)wlx—y) — (x—y)wx+y),
or
(x+y) wx—y)+w(0)] = (x—y) [wlx+y) +w(0)].
Set E =x+yand { =x—y, then

w(§) +w(0) _ w(E)+w(0)

S ¢

w(x)+w(0)

which means that the ratio is a constant, say a. With w(0) = —b, we get
w(x) = ax+b.
Finally, set y =0 in (2), we get
v(x) — v(0) = xw(x) = ax® + bx

and the result follows with ¢ =v(0). O
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THEOREM 7. Suppose that for f(x) there exists a function G(x) such that to any
distinct xqy, X1, ..., X,, we have

flxo0s-. s xa] =G (éx,-) .

Then f(x) is a polynomial of degree at most n+ 1.

Proof. We can write

n
G [x,-+xj} + 2 Xk :g(x,-+xi,') :
k=0
ki, j
Let x; = x and x; =y in (1), then we have
Cij(x) = Lij(y) = (x—y)g (x+).

So we can conclude from Lemma 6 and (1) that f(x) is a polynomial of degree n +
1. O

2.3. Characterization of a rational function

As for polynomial, the proof of this case of Conjecture 5 is based on the next
functional equation lemma.

LEMMA 8. [3] Suppose the two functions v(x) and w(x) are defined for x # 0.
Suppose we have

v(x) = v(y) = (x=y)w (xy). (6)
Then w(x) = —$+b and v(x) = § +bx+c.

Proof. Changing y by 1/y in (6), we get

v(x) =v(1/y) = (x=1/y)w(x/y). (7
Subtract (6) from (7) to get
v(y) —v(1/y) = (x = 1/y)w((x/y) = (x = y)w(xy). (8)
Using 1/y instead of x in (6), we get
v(y) —v(1/y) = (y—1/y)w(1). 9)

Since y—1/y=(y—x)+ (x—1/y),(8) and (9) lead to
(=2 + (= 1/y))w(1) = (y=1/y)w(1)

=v(y)—v(1/y)
= (x=1/y)w(x/y) = (x—=y)w(xy)),



84 F. DUBEAU

$0
(x=1/y) w(x/y) =w(1)] = (x = y) [w (xy) =w(1)].
Set £ =xy and { =y/x, then

(&) —w(1)] _, w(Z) —w(D)
ge el = e

is constant, say a. So, we get

[w(o)—=w(D)]
1

which means that x*—=—
a a
=Z(x—1 1)=—=+b.
W) = Se= D +w(l) = -2+
where b = a+w(1). Finally, set y =1 in (6) to get
a a
v(x) = v(1) = (r— Dw(x) = (x— 1) [—;—kb] = S bx— (a+b),

and u
v(x) = —+bx+c,
X
where ¢ =v(1) — (a+b), and the result follows. [

THEOREM 9. Suppose that for f(x) there exists a function G(x) such that to any
distinct nonzero xg, Xy, ..., Xy, we have

flx0s-. s x0] =G (f!)x,-) .

Then there exists a constant a such that f(x) — % is a polynomial of degree at most n.

Proof. We can write

n

G| [xixj] H x| =g (xix;j).
k=0
ki j

Let x; = x and x; =y in (1), then we have

Cij(x) = Lij(y) = (x —y)g (xy).-

So we can conclude from the Lemma 8 and (1) that there exists a constant a such that

h(x) = f(x) — £ is a polynomial of degree at most n. [

3. Almost Taylor’s expansion

For r=1, oy =n—1 and oq = 0, Hermite interpolating polynomial looks like a
Taylor’s expansion of f(x). Conjecture 3 was solved in [26], but we present a different
proof here. The result we present about Conjecture 5 is a new one.
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3.1. Taylor’s expansion and interpolating polynomial

In this case the Hermite interpolating polynomial is

f(j

) .
.(!xO) (X—XO)/ +f[w,xl}(x_xo)n,

n—1
pn(x) = ZE) F

n—times

so we obtain the following form of the Taylor’s expansion

n—1 ¢(j) )
£ = palen) = 3 L0 ()i flxo, g nl e — 30 (10)
=0 J! ——

n—times

3.2. Characterization of a polynomial
We establish the Conjecture 3 for which we present a modified version of the proof

given in [26].

THEOREM 10. Suppose that for f(x) there exists a function G(x) such that to
any two distinct xo and x| we have

Sflx0s -, x0,x1] = G (nxo+x1) . (11)
H'/—/
n—nmes

Then f(x) is a polynomial of degree at most n+ 1.

Proof. From (10) and the condition (11), we have

n=1 () .
flx)) = Z %('xo)(xl —x0)” + G (nxo +x1) (x1 —x0)" (12)
=

Set
nxo+x; = (n+1)x,

or
(x1 —x0) = (n+1)(x —xp)-

After a substitution, we have

£ (xo)
J!

n—1
Sflo+m+1)(x—x0)) = -26 (n+ l)l(x—xo)j—I—G((n—f— Dx)(n+1)"(x—x0)".
j=

From this expression, we can conclude that G(x) is differentiable, and hence contin-
uous, up to order n— 1. From the same expression we also obtain that =1 (x) is
differentiable, so f")(x) exists everywhere.



86 F. DUBEAU

Now reconsider (12) and set x| = xou to get

Flvou) = 3, =202 = 1) + G (o -+ )i (u — 1)"

Now differentiate this expression with respect to u to obtain

n=2 r(j+1) . )
7 o) = 3, L0 1y

0
+G (xo(n+u))xf(u—1)"+G(xo(n+u))nxy " (w—1)""1,

and then with respect to xq

/ n—2 f(j+1)(x ) j . f(n)(x ) o (- 1)"_1
+6 (ol +0) (1 0 G g g

Now subtracting, we have

£ (xo)

n!

=G (xo(n+u))— G (xo(n+u))(u—1)xo.
Now set x = xo(n+u) to get

£ (x0)

n!

=G(x)— (x—(n+1)x0)G (x)
= [G(x) —xG' (x)] +x0(n+1)G' ((n+1)x).

In this last expression f(")(xy) is linear with respect to xo. The two coefficients of this
expression must be constant, so we can write

G(x)—xG (x) = c,
(n+1)G (x) =d.

Using the second equation in the first one leads to

G(x) :c+n+1x.

Then G(x) is a polynomial of degre at most 1, and consequently f(x) is a polynomial
of degree at most n+ 1. [J
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3.3. Characterization of a rational function

We can adapt the preceding proof to obtain a proof of the Conjecture 5.

THEOREM 11. Suppose that for f(x) there exists a function G(x) such that to
any two non zero distinct xo and x; we have

Slxo, ... x0,x1] = G (xgx1) - (13)
——
n—times
Then there exists a constant a such that h(x) = f(x) — £ is a polynomial of degree at
most n.

Proof. From (10) and the condition (13), we have

n—1 £(j) .
flx) = 2 %('xo)(xl —x0)” + G (xpx1) (x1 — x0)". (14)
=

Set

to obtain

X n+1
X1 =X0| — .
X0

Replacing x| by this expression in (14) allow us to conclude that G(x) is differentiable,
and hence continuous, up to order n — 1. Moreover f"~!(x) is differentiable, so f"(x)
exists.

Reconsidering (14) and set x| = xou. After a substitution, we have

n=1 ¢(j) . ,
[ (xou) =Y, %('xo)x{)(u— 1)’—|—G(x’3+1u)x’3(u — 1"
=0 I

Let us compute the first derivative of f(xou) with respect to u to obtain

n=2 ¢(j+1) .
f/(xou) — Z Mx{)(u— l)j

P
+G () X3 (u— D"+ G (xg ) nxfHw— 1)1,

and with respect to xq to obtain

. 7y, u— n—1
j+(££(1);z"}5_1( ul)

—1) —1)
+6/ () o D 6 g
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From those two expressions we get

! r(:!fo) =G (xSHu) -G (xSHu) X u(u—1).

Let us introduce & :xSHu to replace u, which is u = % We obtain
0

n(y, / ! ’
f,E!O) = [G(&)+EG'(&)] -G (&) x§+1

So f"(xp) as a function of x( leads to the system
G(§)+8G'(8) =,
G'(6)&  =d,

for two constant ¢ and d. Using the second equation in the first, we get

G(&)=c— 2.
S

Then £ ’1}57(’) =c— )ﬁ So there exists a constant a such that h(x) = f(x) — ¢ isa
polynomial of degree at most n. [J

Acknowledgement. This work has been financially supported by an individual dis-
covery grant from NSERC (Natural Sciences and Engineering Research Council of
Canada).

Conflict of interest disclosure. The author declares that there is no conflict of
interest regarding the publication of this paper.

REFERENCES

[1] J. ACZEL, A mean value property of the derivative of quadratic polynomials — without mean values
and derivatives, Mathematics Magazine, 58:1 (1985), 42-45.

[2] J. ACZEL, Problem 296: Solution of f(x) —g(x) = (x—y)h(x+y), Two Year College Mathematical
Journal, 18:4 (1987), 344-345.

[3] J. ACZEL AND M. KUCZMA, On two mean value properties and functional equations associated with
them, Aequationes Mathematicae, 38:2-3 (1989), 216-235.

[4] K. M. ANDERSEN, A characterization of polynomials, Mathematics Magazine, 69:2 (1996), 137-142.

[5] D. F. BAILEY, A mean value property of cubic polynomials — without mean values, Mathematics
Magazine, 65:2 (1992), 123-124.

[6] D. F. BAILEY AND G. J. FIX, A generalization of the mean value theorem, Appl. Math. Lett., 1:4
(1988), 327-330.

[71 S.D. CONTE AND C. DE BOOR, Elementary Numerical Analysis, McGraw-Hill, New York, 1965.

[8] J. K. CHUNG AND P. K. SAHOO, Characterizations of polynomials with mean value properties, Appl.
Math. Lett., 6:3 (1993), 97-100.

[9] G.E.CRrROSS AND P. L. KANNAPPAN, A functional identity characterizing polynomials, Aequationes
Mathematicae, 34:2-3 (1987), 147-152.



[10]

[11]
[12]

[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]

[24]
[25]

[26]
[27]

[28]

DIVIDED DIFFERENCES AND CHARACTERISATION OF FUNCTIONS 89

M. CROUZEIX AND A. L. MIGNOT, Analyse numérique des équations différentielles, Masson, Paris,
1984.

P. J. DAVIES, Interpolation & Approximation, Dover, New York, 1963.

R. O. DAVIES AND G. ROUSSEAU, A divided difference characterization of polynomials over a gen-
eral field, Aequationes Mathematicae, 55:1-2 (1998), 73-78.

C. DE BOOR, A Practical Guide to Splines, Springer-Verlag, New York, 1978.

C. DE BOOR, Divided Differences, Surveys in Approximation Theory, 1 (2005), 46—69.

E. DEEBA AND P. SIMEONOV, Characterization of polynomials using divided differences, Mathemat-
ics Magazine, 76:1 (2003), 61-66.

D. E. DOBBS, Average Values and Linear Functions, Two Year College Mathematical Journal, 16:2
(1985), 132-135.

H. H. DOWNING, Note on the law of the mean, The American Mathematical Monthly, 27:12 (1920),
467-469.

F. DUBEAU, On Hermite interpolation and divided differences, Surveys in Mathematics and its Ap-
plications, 15 (2020), 257-277.

S. HARUKI, A property of quadratic polynomials, The American Mathematical Monthly, 86:7 (1979),
577-579.

P. L. KANNAPPAN AND P. K. SAHOO, Characterization of polynomials and divided difference, Proc.
Indian Acad. Sci. (Math. Sci.), 105 (1995), 287-290.

M. S. KLAMKIN AND D. J. NEWMAN, On Some Inverse Problems in Potential Theory, Quarterly
Applied Math., 26 (1968), 277-280.

E. T. Y. LEE, A remark on divided differences, The American Mathematical Monthly, 96:7 (1989),
618-622.

M. Z. NASHED, A Functional Equation Which Characterizes Polynomials with Applications to
Uniqueness, Applicable Analysis, 5 (1975), 55-63.

T. L. SAATY, Modern Nonlinear Equations, McGraw-Hill, New York, 1967.

J. SCHWAIGER, On a characterization of polynomials by divided differences, Aequationes Mathemat-
icae, 48:2-3 (1994), 317-323.

B. SHAWYER AND B. WATSON, Problem 312: Mean value theorem for polynomials, Two Year Col-
lege Mathematical Journal, 18:4 (1987), 344-345.

P. SIMEONOV, Characterization of a class of functions using divided differences, Abstract and Applied
Analysis, 5:2 (2000), 85-90.

A. SPITZBART, A generalization of Hermite’s interpolation formula, The American Mathematical
Monthly, 67:1 (1960), 42-46.

(Received February 1, 2020) Frangois Dubeau

Département de mathématiques
Faculté des sciences, Université de Sherbrooke
2500, boul. de I’ Université, Sherbrooke (Qc), Canada, JIK 2R1

e-mail: francois.dubeau@usherbrooke.ca

Journal of Classical Analysis
www.ele-math.com

jca@ele-math.com



