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DIRECT ESTIMATES FOR GUPTA TYPE GENERAL OPERATORS

EKTA PANDEY ∗ AND R. K. MISHRA

Abstract. Gupta in [6] introduced a general family of linear positive operators which produce
large number of well known linear positive operators as particular cases. As the family of oper-
ators proposed by Gupta provides a unified approach this motivated us to extend the studies, and
we establish some convergence estimates of these important operators. We estimate an asymp-
totic formula and the rate of convergence for these operators for the function having derivatives
of bounded variation.

1. Introduction

In the year 1980 Mastroianni [15] suggested a discretely defined operators based
on the exponential type operators, which contain three well-known operators namely
Bernstein, Baskakov and Szász-Mirakyan operators as special cases. After a gap of
twenty years Miheşan [16] introduced another sequence of linear positive operators
based on exponential type operators. Miheşan’s approach was based on substitution of
the value of the parameter used in the definition, which then produce one more impor-
tant operators namely the Lupaş operators. Although the additional Lupaş operators
are not exponential type operators. These discretely defined operators are not possi-
ble to approximate integrable functions. In this direction Gupta and collaborators [2],
[5], [10] and [11] proposed several hybrid operators of Durrmeyer type and established
many interesting results concerning convergence. In this direction, some important
contribution we refer to [4], [14] and [12] etc. Very recently based on unified approach
concept Gupta in [6] introduced a generalized sequence of linear positive operators
having different and same basis function in summation and integration. Such operators
contain many well-known operators as special cases. For x ∈ [0,∞) , the generalized
operators due to Gupta [6] are defined in terms of the inner product as follows

Vn,ρ ,μ( f ,x) =
∞

∑
i=1

mρ
n,i(x)

〈mμ+1
n,i−1, f 〉

〈mμ+1
n,i−1,1〉

+mρ
n,0(x) f (0), (1)

where

mρ
n,i(x) =

(ρ)iρρ

i!
(nx)i

(ρ +nx)ρ+i ,m
μ+1
n,i−1(t) =

(μ +1)i−1 ·μ μ+1

(i−1)!
.

(nt)i−1

(μ +nt)μ+i
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with the rising factorial (ρ)n = ∏i−1
k=0(ρ + k) and (ρ)0 = 1. These operators produce

following well-known operators as special cases (see [6]):

1. If ρ = μ = n , we obtain the Baskakov-Durrmeyer type operators defined in [8].

2. If ρ = μ = −n , we obtain the Bernstein-Durrmeyer polynomial defined in [9].

3. If ρ = μ → ∞ , we obtain the Phillips operators defined in [18].

4. If ρ = μ = n/c , we obtain the well known Srivastav-Gupta type operators (see
[19], [1] and [13]) which is generalized sequence of positive linear operators
containing above three cases.

5. If ρ = n,μ → ∞ , we obtain Baskakov-Szász type operators proposed in [3]

6. If ρ → ∞ and μ = n , we obtain the Szász-Beta type operators introduced in [17].

7. If ρ = nx and μ = n , we obtain the Lupaş- Beta operators defined in [10]

8. If ρ = nx and μ → ∞ , we obtain the Lupaş-Szász type operators proposed in [7].

The immense properties of operators (1) motivate us to extend the studies and es-
tablish some convergence estimates of these operators. In the present paper we establish
an asymptotic formula and the rate of convergence for these operators for the function
having derivatives of bounded variation. All the above cases except case ρ = μ = −n
holds true for our results.

2. Moment estimation and auxiliary results

LEMMA 1. [6] The r -th order moment Vn,ρ ,μ(es,x) , es = ts , s = 0,1,2, · · · satisfy
the following representation

Vn,ρ ,μ(er,x) = nx
Γ(μ − r)Γ(r+1)

Γ(μ)

(μ
n

)r
(

1+
nx
ρ

)−ρ−1 ∞

∑
k=0

(ρ +1)k(r+1)k

(2)k.k!
(nx)k

(ρ +nx)k
.

REMARK 1. Using Lemma 1, few moments are given by

Vn,ρ ,μ(e0,x) = 1

Vn,ρ ,μ(e1,x) =
μx

μ −1

Vn,ρ ,μ(e2,x) =
μ2x[2ρ +(ρ +1)nx]
nρ(μ −1)(μ −2)

Vn,ρ ,μ(e3,x) =
μ3x[6ρ2 +6ρ(ρ +1)nx+(ρ +1)(ρ +2)n2x2]

n2ρ2(μ −1)(μ −2)(μ −3)

Vn,ρ ,μ(e4,x) =
μ4x[24ρ3+36ρ2(ρ+1)nx+12ρ(ρ+1)(ρ+2)n2x2+(ρ+1)(ρ+2)(ρ+3)n3x3]

n3ρ3(μ−1)(μ−2)(μ−3)(μ−4)
.
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REMARK 2. Also, by Lemma 1, few central moments are given by

Vn,ρ ,μ(e1− xe0,x) =
x

μ −1

Vn,ρ ,μ((e1 − xe0)2,x) =
x2[nρμ +2nρ +nμ2]+2ρμ2x

nρ(μ −1)(μ −2)
.

Consequently for each x ∈ [0,∞) , we have

Vn,ρ ,μ((e1 − xe0)m,x) = Ox(n−[(m+1)/2]).

COROLLARY 1. From Lemma 1 and using Cauchy-Schwarz inequality, we have

Vn,ρ ,μ(|t− x|r,x) �
√

Vn,ρ ,μ((t − x)2r,x) = O(n−r/2).

Also we have

Vn,ρ ,μ(|t− x|,x) �
√

Vn,ρ ,μ((t− x)2,x)

=

√
x2[nρμ +2nρ +nμ2]+2ρμ2x

nρ(μ −1)(μ −2)
.

Now operators (1) can be redefined as

Vn,ρ ,μ( f ,x) = 〈kρ ,μ
n (x, .), f 〉,

where

kρ ,μ
n (x,t) = n

∞

∑
k=1

mρ
n,k(x)m

μ+1
n,k−1(t)+mρ

n,k(x)δ (t).

LEMMA 2. For fixed x � 0 and for sufficiently large n, we have

β ρ ,μ
n (x,y) =

∫ y

0
kρ ,μ
n (x,t)dt

� x2[nρμ +2nρ +nμ2]+2ρμ2x
nρ(μ −1)(μ −2)

.
1

(x− y)2
, 0 < y < x

and

1−β ρ ,μ
n (x,z) =

∫ ∞

z
kρ ,μ
n (x,t)dt

� x2[nρμ +2nρ +nμ2]+2ρμ2x
nρ(μ −1)(μ −2)

1

(z− x)2
, x < z < ∞.

The proof of the above lemma follows along the lines of Remark 2.
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3. Direct theorems

THEOREM 1. Let f be bounded and integrable function on the interval [0,∞)
such that the second derivative of f exists at a fixed point x ∈ [0,∞) , then we have

lim
n→∞

n[Vn,ρ ,μ( f ,x)− f (x)] = A(x) f ′(x)+
x(B(x)+C)

2
f ′′(x),

where A(x),B(x) are functions of x and C is certain constant.

Proof. By the Taylor’s expansion of f , we have

f (t) = f (x)+ f ′(x)(t − x)+
1
2

f ′′(x)(t − x)2 +R(t,x)(t− x)2,

where lim
t→x

r(t,x) = 0. Operating Vn,ρ ,μ to the above identity, we obtain

Vn,ρ ,μ( f ,x)− f (x) = Vn,ρ ,μ((e1− xe0),x) f ′(x)+Vn,ρ ,μ((e2 − xe0)2,x)
f ′′(x)

2
+Vn,ρ ,μ

(
R(t,x)(e2− xe0)2,x

)
.

Using the Cauchy-Schwarz inequality, we have

Vn,ρ ,μ
(
R(t,x) (e2− xe0)2,x

)
�

√
Vn,ρ ,μ (R2 (t,x) ,x)

√
Vn,ρ ,μ((e2 − xe0)4,x).

In view of Remark 2, we have

lim
n→∞

Vn,ρ ,μ
(
R2 (t,x) ,x

)
= R2 (x,x) = 0. (2)

Thus, we get

lim
n→∞

nVn,ρ ,μ
(
R(t,x)(e2 − xe0)2,x

)
= 0.

Thus by Remark 2, we get

lim
n→∞

n
(
Vn,ρ ,μ( f ,x)− f (x)

)
= lim

n→∞
n

[
Vn,ρ ,μ((e1 − xe0),x) f ′(x)+

1
2

f ′′(x)Vn,ρ ,μ((e2 − xe0)2,x)

+Vn,ρ ,μ(R(t,x) (e2− xe0)2,x)
]

= A(x) f ′(x)+
x(B(x)+C)

2
f ′′(x). �

COROLLARY 2. Under the assumptions of Theorem 1, the conclusions of the
asymptotic formulae will be as follows:
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1. For the Baskakov-Durrmeyer type operators (see [8]) and x � 0 :

lim
n→∞

n[Vn,ρ ,μ( f ,x)− f (x)]ρ=μ=n = x f ′(x)+ x(1+ x) f ′′(x).

2. For the Bernstein-Durrmeyer polynomial (see [9]), and x ∈ [0,1]:

lim
n→∞

n[Vn,ρ ,μ( f ,x)− f (x)]ρ=μ=−n = −x f ′(x)+ x(1− x) f ′′(x).

3. For the well-known Phillips operators (see [18]) and x � 0 :

lim
n→∞

n[Vn,ρ ,μ( f ,x)− f (x)]ρ→∞,μ→∞ = x f ′′(x).

4. For the general Srivastav-Gupta type operators (see [19], [1] and [13]) and x � 0
if c ∈ N

⋃{0} ; x ∈ [0,1] if c = −1 :

lim
n→∞

n[Vn,ρ ,μ( f ,x)− f (x)]ρ=μ=n/c = cx f ′(x)+ x(1+ cx) f ′′(x).

5. In case of the Baskakov-Szász type operators (see [3]) and x � 0 :

lim
n→∞

n[Vn,ρ ,μ( f ,x)− f (x)]ρ=n,μ→∞ =
x(x+2)

2
f ′′(x).

6. For the Szász-Beta type operators introduced in [17] and x � 0 :

lim
n→∞

n[Vn,ρ ,μ( f ,x)− f (x)]ρ=∞,μ=n = x f ′(x)+
x(x+2)

2
f ′′(x).

7. In case of the Lupaş- Beta operators defined in [10] and x � 0 :

lim
n→∞

n[Vn,ρ ,μ( f ,x)− f (x)]ρ=nx,μ=n = x f ′(x)+
x(x+3)

2
f ′′(x).

8. For the Lupaş-Szász type operators proposed in [7] and for x � 0 :

lim
n→∞

n[Vn,ρ ,μ( f ,x)− f (x)]ρ=nx,μ→∞ =
3x
2

f ′′(x).

We describe the class DBϕ of entirely continuous function f having a derivative of
bounded variation on the interval [0,∞) as

DBϕ =
{

f : f (x) = f (c)+
∫ x

c
ϕ(t)dt; f (t) = O(tr),t → ∞

}
(3)

where ϕ is a function of bounded variation on every finite sub interval of [0,∞) and
| f (t)| � Mtr for r � 0.
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THEOREM 2. Let f ∈DBϕ for all x ∈ [0,∞) with the condition ρ → ∞ as n→ ∞
and limn→∞ n/ρ = l and μ → ∞ as n → ∞ and limn→∞ n/μ = m, then for adequately
large n, we have∣∣Vn,ρ ,μ( f ,x)− f (x)

∣∣
� μ

μ +1
|ϕ(x+)−ϕ(x−)|

√
x2[nρμ +2nρ +nμ2]+2ρμ2x

nρ(μ −1)(μ −2)

+
μ

μ +1
|ϕ(x+)−ϕ(x−)| x

2[nρμ +2nρ +nμ2]+2ρμ2x
nρ(μ −1)(μ −2)

[
√

n]

∑
i=1

∨x+x/i
x−x/iϕx

+
x√
n
∨x+x/

√
n

x−x/
√

n
+
| f (x)|

x
μ

μ +1
|ϕ(x+)−ϕ(x−)|

{
x[nρμ +2nρ +nμ2]+2ρμ2

nρ(μ −1)(μ −2)

}

+
x2[nρμ +2nρ +nμ2]+2ρμ2x

nρ(μ −1)(μ −2)
{| f (2x)− f (x)− xϕ(x+)|+ | f (x)|}

+ |ϕ(x+)|
√

x2[nρμ +2nρ +nμ2]+2ρμ2x
nρ(μ −1)(μ −2)

+M2rO(n−r/2),

where the secondary function ϕx is given by

ϕx(t) =

⎧⎪⎨
⎪⎩

ϕ(t)−ϕ(x−) 0 �< x

0 t = x

ϕ(t)−ϕ(x+) x < t < ∞

and Vb
a ϕx denotes the total varitions of ϕx on [a,b]

Proof. From the definition of operators (1) and (3), we have

Vn,ρ ,μ( f ,x)− f (x) =
∫ ∞

0
kρ ,μ
n (x,t)( f (t)− f (x))dt

=
∫ ∞

0
kρ ,μ
n (x,t)

(∫ t

x
ϕ(u)du

)
dt.

(4)

For ϕ ∈ DBϕ , using (4) and applying the identity

ϕ(u) = ϕx(u)+
ϕ(x+)+ μϕ(x−)

μ +1

+
ϕ(x+)−ϕ(x−)

2

(
sgn(u− x)+

μ −1
μ +1

)

+
(

ϕ(u)− ϕ(x+)− μϕ(x−)
2

)
χx(u), (5)

where

χx(u) =

{
1 u = x

0 u 
= x.
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From (4) and (5), we have

Vn,ρ ,μ( f ,x)− f (x) = −En,ρ ,μ
1 (ϕx,x)+En,ρ ,μ

2 (ϕx,x)+En,ρ ,μ
3 (ϕx,x)

+En,ρ ,μ
4 +En,ρ ,μ

5 +En,ρ ,μ
6 ,

where

En,ρ ,μ
1 (ϕx,x) =

∫ x

0

(∫ x

t
ϕx(u)du

)
kρ ,μ
n (x,t)dt,

En,ρ ,μ
2 (ϕx,x) =

∫ 2x

x

(∫ t

x
ϕx(u)du

)
kρ ,μ
n (x,t)dt,

En,ρ ,μ
3 (ϕx,x) =

∫ ∞

2x

(∫ t

x
ϕx(u)du

)
kρ ,μ
n (x,t)dt,

En,ρ ,μ
4 =

∫ ∞

0

(∫ t

x

ϕ(x+)+ μϕ(x−)
μ +1

du

)
kρ ,μ
n (x,t)dt,

En,ρ ,μ
5 =

∫ ∞

0

(∫ t

x

ϕ(x+)−ϕ(x−)
2

(
sgn(u− x)+

μ −1
μ +1

)
du

)
kρ ,μ
n (x,t)dt,

En,ρ ,μ
6 =

∫ ∞

0

(∫ t

x

(
ϕ(u)− ϕ(x+)−ϕ(x−)

2

)
χx(u)du

)
kρ ,μ
n (x,t)dt.

From Lemma 2, we obtain

En,ρ ,μ
4 =

ϕ(x+)+ μϕ(x−)
μ +1

∫ ∞

0
(t − x)kρ ,μ

n (x,t)dt

=
ϕ(x+)+ μϕ(x−)

μ +1
.Vn,ρ ,μ(e1− xe0,x)

=
ϕ(x+)+ μϕ(x−)

μ +1
x

μ −1
.

From Lemma 2 and Corollary 1 for sufficiently large n , we have

En,ρ ,μ
5 =

ϕ(x+)−ϕ(x−)
2

[
−

∫ x

0

(∫ x

t

(
sgn(u− x)+

μ −1
μ +1

)
du

)
Kρ ,μ

n (x,t)dt

]

+
ϕ(x+)−ϕ(x−)

2

[
−

∫ ∞

x

(∫ t

x

(
sgn(u− x)+

μ −1
μ +1

)
du

)
Kρ ,μ

n (x,t)dt

]

� μ
μ +1

|ϕ(x+)−ϕ(x−)|Vn,ρμ(|t − x|,x)

=
μ

μ +1
|ϕ(x+)−ϕ(x−)|

√
x2[nρμ +2nρ +nμ2]+2ρμ2x

nρ(μ −1)(μ −2)
.
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En,ρ ,μ
6 is obviously zero by definition of χx(u) . Now by Stieltjes integral and

integration by part, for y = x− x
√

n , we have

En,ρ ,μ
1 (ϕx,x) =

∫ x

0

(∫ x

t
ϕx(u)du

)
dt (β ρ ,μ

n (x,t))dt

=
∫ x

0
ϕx(t)β ρ ,μ

n (x,t)dt

=
∫ x−x/

√
n

0
ϕx(t)β ρ ,μ

n (x,t)dt

=
∫ x

x−x/
√

n
ϕx(t)β ρ ,μ

n (x,t)dt.

Since β ρ ,μ
n (x, t) � 1 and ϕx(x) = 0, we have∣∣∣∣

∫ x

x−x/
√

n
(ϕx(t)−ϕx(x))β ρ ,μ

n (x,t)dt

∣∣∣∣ �
∫ x

x−x/
√

n
V x

t ϕxdt � x√
n
Vx

x−x
√

nϕx,

and from Lemma 2 and taking h = x
x−t , we get∣∣∣∣

∫ x−x/
√

n

0
ϕx(t)β ρ ,μ

n (x,t)dt

∣∣∣∣ � x2[nρμ +2nρ +nμ2]+2ρμ2x
nρ(μ −1)(μ −2)

∫ x−x/
√

n

0
Vx

t ϕx
1

(x− t)2 dt

=
x2[nρμ +2nρ +nμ2]+2ρμ2x

nρ(μ −1)(μ −2)

∫ √
n

1
Vx

x−x/
√

nϕxdh

� x2[nρμ +2nρ +nμ2]+2ρμ2x
nρ(μ −1)(μ −2)

[
√

n]

∑
i=1

Vx
x−x/

√
nϕx.

Thus, we have

∣∣En,ρ ,μ
1 (ϕx,x)

∣∣ � x2[nρμ +2nρ +nμ2]+2ρμ2x
nρ(μ −1)(μ −2)

[
√

n]

∑
i=1

Vx
x−x/

√
i
ϕx

+
x√
n
Vx

x−x
√

nϕx.

Now we find estimate of En,ρ ,μ
2 (ϕx,x) using Lemma 2 and integration by part, we

obtain

En,ρ ,μ
2 (ϕx,x) =

∫ 2x

x

(∫ t

x
ϕx(u)du

)
dt (β ρ ,μ

n (x,t))dt

= −
∫ 2x

x

(∫ t

x
ϕx(u)du

)
dt (1−β ρ ,μ

n (x,t))dt

= −
∫ 2x

x
ϕx(u)du(1−β ρ ,μ

n (x,2x))

+
∫ 2x

x
ϕx(t)(1−β ρ ,μ

n (x,t))dt

=: E1
2 +E2

2 .
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From Lemma 1

|E1
2 | �

∣∣∣∣
∫ 2x

x
ϕx(u)du

∣∣∣∣ |1−β ρ ,μ
n (x,2x)|

� x2[nρμ +2nρ +nμ2]+2ρμ2x
nρ(μ −1)(μ −2)

∣∣∣∣
∫ 2x

x
(ϕ(u)−ϕ(x+))du

∣∣∣∣
=

x[nρμ +2nρ +nμ2]+2ρμ2

nρx(μ −1)(μ −2)
| f (2x)− f (x)− xϕ(x+)|,

and

|E2
2 | �

∣∣∣∣
∫ x+x/

√
n

x
ϕx(t)dt

∣∣∣∣+ x2[nρμ +2nρ +nμ2]+2ρμ2x
nρ(μ −1)(μ −2)

∣∣∣∣
∫ 2x

x+x/
√

n

ϕx(t)
(t − x)2 dt

∣∣∣∣
=

x√
n
Vx+x

√
n

x ϕx +
x2[nρμ +2nρ +nμ2]+2ρμ2x

nρ(μ −1)(μ −2)

[
√

n]

∑
i=1

Vx+x/
√

i
x ϕx.

Next, we estimate En,ρ ,μ
3 (ϕx,x) as follows. Let there exist an integer r such that

f (t) = O(tr) as t → ∞ then for some positive constant M depending on f ,x,r , then
we get

∣∣En,ρ ,μ
3 (ϕx,x)

∣∣
=

∣∣∣∣
∫ ∞

2x

(∫ t

x
(ϕ(t)−ϕ(x+))du

)
kρ ,μ
n (x,t)dt

∣∣∣∣ ,
�

∣∣∣∣
∫ ∞

2x

(∫ t

x
ϕ(t)du

)
kρ ,μ
n (x,t)dt

∣∣∣∣+ |ϕ(x+)|
∣∣∣∣
∫ ∞

2x
kρ ,μ
n (x,t)dt

∣∣∣∣
=

∣∣∣∣
∫ ∞

2x
( f (t)− f (x))kρ ,μ

n (x,t)dt

∣∣∣∣+ |ϕ(x+)|
∣∣∣∣
∫ ∞

2x
kρ ,μ
n (x, t)dt

∣∣∣∣
�

∣∣∣∣
∫ ∞

2x
f (t)kρ ,μ

n (x,t)dt

∣∣∣∣+ | f (x)|
∣∣∣∣
∫ ∞

2x
kρ ,μ
n (x,t)dt

∣∣∣∣+ |ϕ(x+)|
∣∣∣∣
∫ ∞

2x
kρ ,μ
n (x,t)dt

∣∣∣∣
� M

∣∣∣∣
∫ ∞

2x
t2rkρ ,μ

n (x,t)dt

∣∣∣∣+ | f (x)|
∣∣∣∣
∫ ∞

2x
kρ ,μ
n (x,t)dt

∣∣∣∣+ |ϕ(x+)|
∣∣∣∣
∫ ∞

2x
kρ ,μ
n (x,t)dt

∣∣∣∣ ,
using the inequality t � 2(t− x) for t > 2x , we have

∣∣En,ρ ,μ
3 (ϕx,x)

∣∣ � M

∣∣∣∣
∫ ∞

2x
2r(t − x)2kρ ,μ

n (x,t)dt

∣∣∣∣
+
| f (x)|

x2

∣∣∣∣
∫ ∞

2x
(t − x)2kρ ,μ

n (x,t)dt

∣∣∣∣
+|ϕ(x+)|

∣∣∣∣
∫ ∞

2x
kρ ,μ
n (x,t)dt

∣∣∣∣ .
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Using Corollary 1 and Lemma 1 and Hölder inequality, we have following estima-
tion

∣∣En,ρ ,μ
3 (ϕx,x)

∣∣ � M2rO(n−r/2)+
| f (x)|

x

(
x[nρμ +2nρ +nμ2]+2ρμ2

nρ(μ −1)(μ −2)

)

+|ϕ(x+)|x
2[nρμ +2nρ +nμ2]+2ρμ2x

nρ(μ −1)(μ −2)
.

Collecting all the estimates En,ρ ,μ
1 (ϕx,x),E

n,ρ ,μ
2 (ϕx,x),E

n,ρ ,μ
3 (ϕx,x),E

n,ρ ,μ
4 ,En,ρ ,μ

5
and En,ρ ,μ

6 , we obtain the required result. �

REMARK 3. one can obtain rate of convergence of different operators mentioned
in Section 1 for the different values of ρ and μ from above theorem.
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[13] N. ISPIR AND I. YUKSEL, On the Bézier variant of Srivastava-Gupta operators, Appl. Math. E–Notes
5 (2005), 129–137.

[14] A. KAJLA, A. M. ACU AND P. N. AGRAWAL,Baskakov-Szász-type operators based on inverse Pólya-
Eggenberger distribution, Annals of Functional Analysis 8 (1) (2017), 106–123.

[15] G. MASTROIANNI, Su una classe di operatori lineari e positivi, Rend. Acc. Sc. Fis. Mat., Napoli 48
(4) (1980), 217–235.



GUPTA-TYPE OPERATORS 37
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