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APPROXIMATION BY INTERPOLATION: THE CHEBYSHEV NODES

MAMA FOUPOUAGNIGNI, DANIEL DUVIOL TCHEUTIA,
WOLFRAM KOEPF* AND KINGSLEY NJEM FORWA

Abstract. In this paper, we first revisit the well-known result stating that the Hermite interpo-
lation polynomials of a function f continuous on [—1,1], with the zeros of the Chebyshev
polynomials of the first kind as nodes, converge uniformly to f on [—1,1]. Then we extend
this result to obtain the uniform convergence of the Hermite interpolation polynomials, with the
nodes taken as the zeros of the Chebyshev polynomials of the second, third and fourth kind,

not 1on the interval [—1,1] but rather on the intervals [— zz’ﬂ, 23&] , - 4, 1], [-1, 4} , respec-
tively.

1. Introduction

Given n+ 1 distinct real numbers {z,;}} , and n+ 1 real values {w;}" , there
exists a unique polynomial p,(z) of degree at most n such that p,(z,;) = w;, i =
0,...,n. We can construct this interpolation polynomial using the Lagrange and New-
ton methods (see e.g. [1, 6, 7, 8]). The Weierstrass theorem (see e.g. [2, 10, 11]) states
that if f is a continuous function on a closed interval [a,b], we can find a family of
polynomials which converges uniformly to f on [a,b]. In fact, it is shown for example

in [2, 6, 10] that if f € €[0, 1], then the Bernstein polynomials (Bn (f;x)) defined by
n

Ba(f:) =1§0f (5) (})#a-wrtaen,

converge uniformly to f on [0,1]. It follows that the polynomial family (G,(f,x))s
with

Gn(f,x) = ﬁé}f (a—i— (b—a)§> (Z) (x—a)*(b—x)""*

converges uniformly on [a,b] to f € €a,b] for a,b € R. Moreover if f € €7[0,1],

(p)

then the polynomials B, ,(f;z) converge uniformly to fP)(z) on [0,1] (see e.g. [2,

10]).
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Consider n+ 1 distinct real numbers {z,;}7_, and let f € €'[—1,1], then there
exists (see e.g. [2, 10]) a unique polynomial Qy,+1(f;z) of degree at most 2n+ 1 such
that

{an+1(f;zn,i> = f(ns),  i=0,L....om, 0

Q/2n+1(f;zn,i):f/(zn,i)7 iZO,l,...,I’l

The polynomial Qy,11(f;z) is called the Hermite interpolating polynomial for f (see
e. g. [l, Section 3.6], [6], [10, p. 13]). There exists a basis {A,;(z),B,i(z), i =
0,1,2,...,n} (Ani(z),Bn,i(z) € Ropyiz], foreachi=0,1,...,n) such that

Oont1(f32) = Zf Zn,i)Ani( Zf/(zn,i)Bn,i(Z)~ 2
=0
REMARK 1. For f(z) =1, z€ [-1,1], (2) leads to

1= Q2n+1 f 4 Zf an nl - ZAn,i(Z)a

that is

> Anilz) = 1. 3)

Looking for necessary conditions on A, ;(z) and B, ;(z) in (2) for (1) to be satis-
fied, we get

{An’i(zn,,) =&, and B(z0,) =0, i,j=0,1,....n @

A;l,i(zmj):OandBiz,i(Znh/):S i,jZO,l,...,l’l

Let {l,(z), i=0,1,...,n} be the Lagrange basis polynomials in R,[z] (the set of
polynomials of degree at most n with real coefficients) defined by

T 2 n
Ii(2) = (7> k=0,1,2,....n,
/k( ) g Znk — Zn,i

ik

then the Hermite basis polynomials {A, (z),By,i(z), i =0,1,...,n} in Ry,4[z] are
given by:

Ani(z) = (I_Z(Z_Znt)l (Znt))l2 (2), 1=0,1,....n, ®)
B}’ll( ) (Z_Z"J)lr%t( )’ 1_0’1’

This means that the Hermite interpolation polynomials (2) are given in terms of the
Lagrange basis polynomials as ([6, Eq. (3.50)], [10, Eq. (1.38)])

Q2n+l fZ Zf Zn,i < Zn,t)lnz(znt> +Zf an Zn,i)lyzl’i(zy
(6)



APPROXIMATION BY INTERPOLATION: THE CHEBYSHEV NODES 41

We can show by direct calculus that for the Newton polynomial (see e.g. [7])

Nk@:{h if k=0
(2= 2n11,0)@—znr1,1) - (2= Zng1a-1), F1<k<n+1,
we have
Ny N (zns1,i

ila) = (z _Zn+17i;;\l/r/fi)1 (znt14) and 2y (zri10) = Néiigzn:g; @

Let 0< 08 <, set z=cos6 and define for n =0,1,...
T,(z) = cos(n0).

For n = 1,2,..., T,(z) is a polynomial of degree n in the variable z with leading

coefficient 2”1 and is called the Chebyshev polynomial of first kind. The roots Zn Of
T,,(z) in increasing order are given by

Q2(n—k)—1)x

k=0,1,....n—1. 8
2n ) ) 7n ()

Znjk = €080, k, with 6, =
The zeros of orthogonal polynomials play a very important role in interpolation theory,
quadrature formulas, etc. (see e. g. [3, 8, 9]). One can show that for a given function
f € €]—1,1], the Hermite interpolation polynomials Q1 (f;z) which satisfy
=0,1,...,n,
0,1 n ©)

)

sy,

{ Q2n+l(f;zn+l7i> = f(Zn+17i), i
Qi1 (fizns1,i) =0, i

converge uniformly on [—1,1] to f (see e.g. [3]). We will revisit the proof of this very
well known result in the second section of this work. The main question we are going
to answer in section 3 (and which is our main contribution in this work) is whether this
result is still valid if we consider now the zeros of the Chebyshev polynomials of the
second, third and fourth kind defined, respectively, for z=cosf8, 0 < 8 < & by (see
e.g. [8, p. 123],[13])

__sin((n+1)0) B cos((n+ %)9) B sin((n+ %)0)
Un(z) = sin@ ' Valz) = cos(§) Walz) = sin($) *an

The zeros of U,(z), Va(z) and W, (z) in increasing order are given, respectively, by

—k

2ok = COS 0,4, With 6,4 = —~7 k=0,1,....n—1, (11
’ ’ ’ n+1

. 2(n—k)—1

k= €086, 4, With 6, = —~—— 71 k=0,1,....n—1, 12

Znk = COS Oy, W1 k Il T n (12)
. n—k

Znk = €08 O, With 6, = —— 7, k=0,1,2,...,n—1. (13)
nel
2
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In the sequel, we will denote by A;,i(z) and Q;2,+1(f32), j = 1,2,3,4, the polyno-
mial A, ;(z) (see (5)) and the Hermite interpolation polynomials Q2,11(f;z) (see (6))
with the zeros of T, (z), Uy+1(z), Vat1(z) and W, 1(z) as nodes, respectively.

As Atkinson [1] wrote, the Chebyshev polynomials are extremely important in
approximation theory and they also arise in many other areas of applied mathematics.
For a more complete discussion of them, see e. g. [4, 12]. One area above all in
which the Chebyshev polynomials have a pivotal role is the minimax approximation
of functions by polynomials [4, 7]. The monic Chebyshev polynomials of the first
kind of degree n is the polynomial deviating less from zero on [—1,1] among monic
polynomials of degree n:

—1<x<1

min{ max lgn(X)|,qn € R[x], gn :x"—i—...} = max }21*"Tn(x)} =2l
2. Approximation using the zeros of the first kind
Chebyshev polynomials as nodes (see e.g. [3])

For this polynomial family, we have

LEMMA 1. (see e.g. [3]) The polynomial Ay, ;(z) for the Chebyshev polynomials
of the first kind is given by

TnJrl(Z) 2
A ,i(2) = (1 -2z, .i( ) (1
1i(2) = ( 1) (n+1)(z—zn11,)
Proof.
sin(n+1)6,, 1,
T,{+1(Zn+1,i>=("+1)m’
" is.n +l en g
T (nsns) = (nt 1) 205 gn )0niti.
sin” 6,41 ;
In fact,
d do
T(2) == 16—
(2) T cos(n+1)6 e
sin(n+1)6
= — l - < A
(n+1) —sinf
sin(n+1)6
= 1 - . A~
(n+1) sin@ ’

and for z = z,41,; = 080,11, we get

sin(n—+1)6,+1;

T N — 1
ni1(@nr1i) = (n+1) sin 6,11,
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d ., de

T (2) = %(TnJrl(Z)) T

sin(n+1)0\ do
=%<(n+ ) (sine) ) dz
((n+l)zsinecos(n—k1)0—(n+l)sin(n+l)ecos(9>( -1 )
sin” @ sin@
(n41)%sinBcos(n+1)0 (n—l—l)sm(n+1)9c0s9
sin® 6 - sin® 6

For z = 2,41, = c086,41;, we get

(n+ Dzpyrsin(n+ 1)6py 1,

1
Tn+1(Z"+1J) = . 3
SN Oy1

Since z,11,4, i =0,1,...,n are the zeros of T,(z) which is a polynomial of degree
n+ 1 with leading coefficient 2", then 7,1 (z) = 2"N,;1(z). It follows that T, (z) =
2"N! . 1(2), T; . (z) = 2"N}/, | (z) which together with (7) give

A1pi(z) = (1 —2(z— zn+1,i)lﬁ,7,~(zn+17,~)> Zii(z)
= <1 —(Z—Zn+l7l.)(Tn/Crl(Zn+l7i))> (( T11(2)

2
T (znt1,) Z_Zn+l7i)Tn/+1(Zn+l7i)>
(l’l + 1>Zn+1,i5in(n + 1)en-&-l.,i

= <1 —(z2—zn+14) $in’ 61, ) ( Tht1(2) )2
o sin(n+ D0t/ \@—zur10) ey Gnt1s)
(n+1) sin 6,1
n+1,i

:<1_(Z—Zn+li) Zntli )( To11(2)sin 0,41 )2
"sin? 0,41/ \N(n+ 1) (2= zpyr)sin(n 1)y

Since (sin(n+1)6,41,)> = (sin2(n—i) +1)%)?> = ((—1)")*> = 1 and sin® 6,1, =
11— zﬁHJ-, we obtain

2
1
Al,n,i(z) = (l _Zi-s-l.,i_ (Z—Zn+1 i)Zn+1 l) ( n+ ))
2

Z—Zn+ll
o Tui1(2)
= (1 ZZn,l)((n+l)(Z—Zn+l,l)> -

Let us now state and prove the well known interpolation and approximation result
for the first kind Chebyshev polynomials.

THEOREM 1. (see e.g. [3]) Let f € €[—1,1], the Hermite interpolation polyno-
mials Q1 2,+1(f32) (at the zeros Znt1k k=0,1,...,n, of the Chebyshev polynomials
T,+1(z) given by (8)) which satisfies (9) converge uniformly on [—1,1] to f.
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Proof. Z,Zn+1,i € [—l, l] = Zn+1,i € [—l, l] and then 1 — Wn+1.i
>0, thus Ay, i(z) > 0. From (3), we have f(z) =Y f(2)A1,,(2).
Let € >0 and z € [—1,1]. We want to show that

3 Ne € Nsuch that Vi > N, |f(2) — Qi2n41(f32)] < €.

n

N (f(z) = f(zns1.)A1i(2)
i=0
<3 1FQ) — fans 1) AL ni2).

i=0

|f(z) = Qions1(f32)| =

f continuous on [—1,1] and [—1,1] is compact implies f is uniformly continuous on
[—1,1]. Thatis 38 > 0 such that V x,y € [—1,1], |x—y| < & implies |f(x) — f(y)] <
€. Let

Lie, ={i€{0,1,...;n} : |z2— 24414 < &}
and

Jnez:={i€{0,1,....n} : |z—2zps1,4] = Oe}.
Then Iy e ;UJpe.={0,1,...,n} and I, ¢ ;NJy ¢, = 0, thus

2|f Zn+ll)|A1nl( ): 2 |f( ) (Zn+ll)|A1nl( )

i€le.

Z |f( ) (Zn+ll)|Alnl( )

i€Jnez

If i € Lie:, |2—2nt1,] < O and then |f(z) — f(zn+1,)| < 5 such that

S @)~ )i < 5 3 Avnil) < 5 YA =5,
i=0

ie[n.& ¥4 iEIn‘S‘Z

where we use respectively the fact that A ,, ;(z) >0, I, ¢ - C{0,1,...,n} and 37 (A1 i(2)
=1.

f € €[—-1,1] implies f is bounded. That is, 3 M > 0 suct that |f(z)| < M,
Vz € [—1,1]. Therefore |f(z) — f(znt1,4)| < 1f(2)| 4+ [f(zn4+1,)| < 2M. So

> @) = flanr1)|Aini(z) 2M Y, Apn(2).

i€ne.z i€ne.z
We have
i€Jpe,= |Z_Zn+1,i| >0 & ; < Lv
|Z—Zn+1,i|2 &?
Iz <1, |zas1i] S L= |zt S 19 1< 22041, < 19 0< 1 —2241,;, <2 =

1 —2zzp41, < 2, and
[T21(2)| = | cos(n + 1)6] < 1.
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This leads to
Thv1(z) 2
) — f(zne1.0)|A10i(2) <2M 1— K
iejznfm ‘f(Z) f(zn+17z>| Lmz(Z) ie%.( Zzn-&-l,t)((n_’_ 1)(Z_Zn+l7i)>
4M 2 4M
62(n+1 2 8 (n+1)
Since

,J;J%) 0

then for § >0 3 Ne € N such that ¥V n > Ne, D) < £ implies

( 1)
N, 1f(2) = fans1i)|ALni(z) <

i€ne.z

N M

In conclusion, we have V n > Ng,

Z|f ZnJrll)‘Alnl( ) < 2 |f(z) — (ZnJrll)‘Alnl( )

i€l
+ 2 |f(z) — f(Zn+1,i)|An,i(Z)
i€nes
JELE_,
S22

Hence (Q124+1(f:2))» converges uniformly to f on [—1,1]. O

As written in [5], this kind of interpolation is referred to as Hermite-Fejér interpo-
lation.

Is this result still valid if we consider the Chebyshev polynomials of second, third
or fourth kind defined in (10) instead of the first kind? The answer is that this result
is no more valid on the interval [—1,1] for the Chebyshev polynomials of the second,
third and fourth kind but on the interval [— %ﬁ, %ﬁ} , [= @ AL -1, @] , respectively.
The fact is that contrary to the Chebyshev polynomials of the first kind for which we
have abound on [—1,1] X N (|T,,(z)| < 1, Vn € N, Vz € [—1,1]), this is not the case for
the other families Uy, Vy,, W,. |Uy,(2)| is not bounded on [—1,1] x N around z = —17
and z=1" as

lim |U,(2)|=n+1,

z——111—

[Vi(z)| is bounded on [—1,1] x N around z =1~ but not around z = —17" as

lim [Va(2)| =1, Jim [Va(z)| =2n+1,
z——1

z~>17
and |W,(z)| is bounded on [—1,1] x N around z = —1" but not around z =1~ as

lim [W,(z)| =1, lim [Wy(z)] =2n+1.
14»17

z——1F
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3. Main contributions: Approximation using the zeros of the
2nd - 3rd gpd 4t kind Chebyshev polynomials as nodes

Forall n=0,1,2,..., Uy(z), Vu(z) and W,(z) defined in (10) are polynomials of
degree n with leading coefficient 2". We state and prove the following.

LEMMA 2. The polynomial Aj ,(z), A3,i(z), Aani(z) for the Chebyshev poly-
nomials of the second, third and fourth kind are given, respectively, by

Un i en i 2
+1(2)sin 6,41, ) ’ (15)

Ay (7)) = 1—|—21% i — 32z i (
2,n,t() ( +1, n+l7l) (n+2)(Z—Zn+l,i)

where 0,,41; and zny1,; are given by (11),

As0i(2) = (L4 21 (=201 = (=200 Qansri — D)V (2) (16)
i 2(n+3)2(z— znt1,)? 7

where z,1; is given by (12),

(I =zni1) (L =2y 1= (2= 201 1.0) Qzarri+ D)W (2)
2(n+3)*(z— zut1.)?

Ay pi(z) = V)

where z,,1; is given by (13).

Proof. We prove the result for the second kind Chebyshev polynomials whereas
the same procedure remains valid for the third and fourth kind Chebyshev polynomials.

(n+2)cos(n+2)6,41
Sin2 en-‘rl,i

Un+l(z) = 2n+an+l(Z)7 Ur;+l(Z"+17i) =

)

—3zpr1i(n+2)cos(n+2)0,41
sin* 6,41 .

Ur/z/Jrl(Zn+l7i) =

Therefore "
Upi1(@ne1i) — 3zas1y

!/ - .2 9
Uni1(zns1i)  sin® 0,11

and then since cos?(n+2)0,;1x = cos’*(n —k+1)r = ((—1)"* 12 =1,

A2 pi(z) = (1 —2(z— Zn+1,i)l;z7i(zn+l7i)> l,2,7,-(z)
= <1 — (2= 2n+1,) U;2/+1(Zn+l7i)> ( Un11(2) sin® On+1,i )2
Uy (zng1i) ) N (4 2) (2= zog 1) cos(m4-2) 6,11
3Znt1, Ups1(2)sin® 0,41, 2
= (1 - (Z—Zn+1,i) 5 )( )
sin® 6,11,/ \(n+2)(z2— znt1.4)c08(n+2) 6114

O

Upt1(2)sin 0,41 >2

( nt-1,i ) (n+2)(z— znt1,)
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LEMMA 3. Forn=0,1,2,...,

2 2 3
Aopi(z) 20, Vz € [__f 2v2 , A3pi(z) 20, Vz € l_£’+
. 373 ” 2
3
As4pi(z) 20, Vz e l_l’gl '

Proof. Case of Ay p;
2
If Zn-&-l,i = 0, then Az’n’i(z) — (Un+l(z)> 2 O

(n+2)
Suppose zpi1i # 0. Azni(z) =0 if 14222, —325,01, =2 0. 1+222,,,—
14222,
32znt1i =0 if 2= Nipi = ;rznsz,l L. We consider the function g>(z) = _“gizz, If
€ [—1,0] then ga(z) < —%ﬁ and z €]0,1] implies g2(z) > 23& Therefore, we
deduce, taking into account that z,,1; € [—1,1] and Ny ,; = g2(zn+1,4). that 1Ny, ; ¢
|- %ﬁ’ %ﬁ[ Hence the linear term 1+22n+1, 3210 = —3znr1i(z — M) is

positive on the interval | — 2\/— 2‘/_[. In fact, if z,41; > 0, therefore 1y,; > 0,
that is, 1y ,; > M and then z —1q,,; < i — Ni i <0 which yields —3z,41i(z—
Nini) >0. Slmllarly, if z,41,; <0, therefore Ny ai <0, thatis, 0y ,,; < —M and then
0< —M —Nipi < 2Z—MNipi Which yields —3z,41(z— N1 i) > 0. As conclus1on,
Arni(z) 20, Vz € [~ 22 2]

Case of Az

Ion+1i=%,thenA3ni( ) = ((23%%) = 0.

SUPPOSG Zn+1,i 7é 7 then 1 — n+1 i (Z n+1, t)(22n+1 i ) =0if z= Mani =

2
Tntl,i " fntl it

27411 ylelds g3( )
—? for z€ [—1,1/2[ and g3(z) > 1 for z €]1/2,1]. Therefore we deduce taking into

Z+1

. The study of the variations of the function g3(z) =

account that an i € [—1,1] and M2 = g3(2n+1,i). that M2, ; €] — %, 1[. Hence the
linear term 1 — n+1 i— (2= zn410) Cang1,i— 1) = = 2zn41i — 1)(1— len ,) is positive
on the interval | — \/T— 1[. In fact, since z2 —z-+1 >0 on R, if ntl,i > 2, therefore
Moni >0, thatis, 77,; > 1 and then z—12,,; < 1 — 12, <0 which yields —(2z,,11,—
V3

1)(z—"N2,i) > 0. Similarly, if z,41; < %, therefore 1,,,; < 0, that is, Ny ,,; < —%
and then 0 < - \/§ — M2 <zZ— N2,n,i which yields _(2Zn+1,i - 1)(2_ n2,n,i) P 0. As
conclusion, A3,,l( ) >0, Vze [—i 1].

Case of Ay

The proof follows from the latter case. In fact, since W, (z) = (—1)"V,(—z) due
to the uniqueness of a family of polynomials orthogonal with respect to a given weight
function, if {z,41;, i=0,1,...,n} are the zeros of V,,+1( ) and {{,+14,i=0,1,...,n}
the zeros of W,,.1(z), then C,,HJ = —Zn+14, i=0,1,..
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Let us denote by A3, (z,7) and A4, ;(z,7) the respective expressions of A3, ;(z)
and A4 ,(z) in which z,11,; is replaced by 7. Then, A3, (z) := A3,,(z,2n+1,) and
A4ni(z) == Asi(z,801,4). By using the equality A4, ;(z,7) = A3 ,i(—z,—1) which
can be proven by direct computation using equations (16) and (17), we deduce that

7]

Ay i(2) = As0i(2, G 1) = A3 (=2, = Cur1i) = A3 ni(—2,2041,1) 20, Vz € {— L, 2

since A3 ,,i(z,2n41,) 20, Vz € [—@, 1. O

THEOREM 2.

(a) If f€C]— 2\[ 2‘[] then the Hermite interpolation polynomials Q2 2n+1(f32)
(at the zeros Z,,+1,l, i=0,1,...,n, of the Chebyshev polynomial U,1(z) given

by (11)) which satisfy (9) converge uniformly on [— 23—‘5, %ﬁ] to f.

(b) If f€C[— ‘[ 1] then the Hermite interpolation polynomials Q32,+1(f32) (at
the zeros Zn+17,, i=0,1,....n, of the Chebyshev polynomtal Vu1(z) given by

(12)) which satisfy (9) converge uniformly on [— 2 1] to f.

(c) If fe€[-1 ‘/—} then the Hermite interpolation polynomials Q4 2,11(f32) (at
the zeros z+14, i =0,1,...,n, of the Chebyshev polynomial Wy1(z) given by

(13)) which satisfy (9) converge uniformly on [—1, \/Tg} to f.

Proof. Let € > 0.

(a) Let f € €[— 2\[ 2\[] and z € [—23—‘57 2\3—@} Proceeding as in the proof of
Theorem 1, we show that

€
2 |f( ) (Zn-&-lt)‘AZnt( )<§a
i€he;
and for i € J,¢ ., we also have m lsz |1 +213+11 32Zu11,] < 6. Since

)

] which is closed, there exist M; and M,
| <Myand Ug,(2) <1/(1-2%) < Ma.

f(z), 1/(1—2?) are continuous on [— 3
positive real numbers such that |f(z) — f(zx
It follows that

<
2V2 2V2
3
11,

Y, @)= flens1a)

U, 2
i@ <My 3 |1+223+1.i_322n+17i‘( = ))

i€lne. / il ’ (n+2)(z—2n41,
6M1M2 2 6M1M2(n + 1)
62n+22 82(n+2)2 -
But

O6M | M. 1
1im M1 >(n+1)

n—es §2(n+2)2
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then for § >0, 3 N € N such that V n > Ne, %&H) < § implies

> 1f (@) = f(ans10)A2ai(z) <

i€Jnez

N M

In conclusion, we have V n > Ng,

n
Z ZnJrl l)

()\ 2 |f() (Zn+ll)‘A2nl()

1617164
+ Y 1f(@) — fEnr1i) A2 ni(2)
i€e.
8+8—e
S22

Hence (Q224+1(f3z))n converges uniformly to f on [—ME M}

(b) Let f € %[—i, 1] and z € [— \/— ,1]. We proceed as in (a) using the fact that
A30i(z) 20, ¥z € [-¥2,1] and V2, (2 >| << 5=
(c) Let f € €[-1, 23] and z € [—1 i] We proceed as in (a) taklng into consid-

1
eration that A4 ,,;(z) >0, Vz € [—-1, \/— and’ (2 ’< =

LEMMA 4. Let z,x, k=0,1,...,n—1 be the zeros of U,(z). Then the set {z, y, n €
N, k=0,1,...,n— 1} is dense in [—1,1].

Proof. Let a,b € [—1,1]. We want to show that there exist two positive integers
k,n,k < n, such that

n—kn< arccosb < n—k < arccosa
n+l1" T Sn41 T

a < cos

)

since arccos is a decreasing function on [—1,1]. But Q (the set of rational numbers)
is dense in R (the set of real numbers) and [—1,1] C R. It follows that there exist two
integers p,q >0, p < g such that

arccosb _ p _ arccosa
<= .

T g  n
Taking n=¢g—1 and k =g — p— 1, we have the result. [J
REMARK 2.
1. Using the same approach, we prove that the zeros of V,(z) and W,(z) are also

dense in [—1,1]. The density in [—1,1] implies the density in every interval
[a,b] C [-1,1].
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2. We consider a function g € €[a,b], a,b €ER. ¢ : [—1,1] — [a,b], t — % (b—
a)t+ %(a + b) is an increasing bijection with @(—1) =a and @(1) = b. Then
@' [a,b] = [-1,1], z— E-9L Therefore, g € ¢'[a,b] if and only if gop €
%'[—1,1]. And we deduce that g,(t) = Q) 2n+1(g 0 @;t) converges uniformly on
[~1,1] to go@. We conclude that g, 0 ¢! converges uniformly on [a,b] to g.
This means that our results can be extended to every continuous function on a
subinterval of R.

4. Some simulations

Plot of andQ, , . on [ -1, 1] for n=1000
19

Plotof[andle”Hon f%ﬁ,%ﬁ for n=1000

-1 -05 0 0.5 1 -08 -06 -04 02 0 02 04 06 08
z z
[=r—2...] — 0
Plotoffand Q, ,, ., on [% NER 1] forn=1000 Plotoffand Q, ,, ., on [ 1, % ﬁ] forn=1000

1.07 1.07

%41 —/

Q4 2nt1

Figure 1: Plots of f, O12n+1, O220+1, O32n+1 and Q4 2,41 for n = 1000

In this section, we simulate the results of Theorems 1, 2. Here we consider the
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function
@) =/ [sin(50)|, x€ =111

In Figure 1, we plot f(z) and Qj2,41(z), j =1,2,3,4 for n = 1000 on the interval of
convergence to visualize the results of Theorems 1, 2. In Figure 2, we plot 02 2,+1(z)
and f(z) on [—1,—23—‘5] and [%, 1]; 0324+1(z) and f(z) on [—1,—0.95], Q4 24+1(z)
and f(z) on [0.95,1] to see the behaviour of the Hermite interpolation polynomials
outside the interval of convergence. We observe from the simulations that there is not
convergence outside the interval of convergence.

Plot of f'and O, 2pspon

2 A
Leg ﬁ] for n=10000 Plotoffand 0, ,, | | on l% JZ, 1‘ for=10000

r0.9995  0.9995-

r0.9990  0.9990-

r0.9985  0.9985-

r0.9980  0.9980-

v T T T T ‘ ‘ ‘ ;
-1 -099  -098 097 -096  -0.95 0.95 096 097 0.98 0.99 1
z :
il el S W YRS %4
Plotof fand Q; 5, , ; on [ -1, -0.95] forn=10000 Plotoffand 0, ,,, ,  on [0.95, 1] forn=10000
a 19
10.9998
10.9996
0.9995-
H0.9994
10.9992
F0.9990 ) 99004
H0.9988
10.9986
T T T T \09984 099857\ T T T T 1
-1 -0.99 -0.98 -097 -0.96 -0.95 0.95 0.96 097 0.98 0.99 1
z :
—/— G ==

Figure 2: Plots of f', 022,41, Q324+1 and Q4,41 outside the interval of convergence
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5. Possible extension

In Sections 2 and 3, we have proved for a continuous function f, the uniform
convergence towards f of the Hermite interpolation polynomials Q;2,+1(f3z), j =
1,2,3,4, satisfying (9). Now we consider a function f € €''[—1,1] and the Hermite
interpolation polynomial Q;»,+1(f32), j = 1,2,3,4, which satisfies

{Q2n+1(f;2n+1,i) = f(znt+1,4), 1=0,1,...,n,
Q/2n+1(f;zn+l,i) = f/(zn+1,i)7 i= Oa 17' - N,

defined by

n

Qjons1(fiz) = if(ZnJrl,i)Aj,n,i(Z) + Y ' (@nt1,0)Bjni(2),

i=0 i=0

where A, i(z), Bjn; and Qjo,41(f52), j = 1,2,3,4, are the polynomial A, ;(z),
By,,i(z) and the Hermite interpolation polynomials Qzy,+1(f;z) with the zeros of T,,41(z),
Un+1(2), Vari1(z) and W,11(z) as nodes, respectively. By direct computation, we ob-
tain

(sin 6p1 1.7 41(2))? L=z, 2
B i(z) = : = i) ’
i) (n+1)2(z—z014) (2 + 1)2(Z_Zn+17i)( @)
Byyi(d) = (sin” 6,1 1,Un11(2))* _ (L-g,)° (Uns1(2))?
2m,i 422z —z0r10) (1422 —zap1) T
(5in 61,008 254V, 1(2)> (1 =21 ) (1 +2ni1) 2
(n+2)2(— 2ur1y) 2(n+3)%(z—2nt14)
. s O
Buni(d) (sin 81,750 2E W1 (2))* (1= g0y ) (1= 2ur1d) (W1 (2))?
40i(2) = - s
" (n+3)2(z—2ns14) 2t PP

If we take for example the functions f(x) = Héw or f(x) = v3+2x+4x2 which
are in €'[—1, 1], we remark from numerical simulations with Maple that the sequence
{Qjon+1(f32)}n, j=1,2,4 and its derivative {Q}72n+l(f;z)}n7 Jj=1,2,4 converge
uniformly to f and f" on [—1,1], respectively, and the sequence {Q3 2,+1(f;2)}» and
its derivative {Q},,,,(f;z)} converge uniformly to f and f” on (1, 1], respectively.
So one possible extension of this work could be to provide theoretical proof of this
convergence guessed by numerical simulation.
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