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ON THE GENERALIZED HURWITZ-LERCH ZETA
FUNCTION AND GENERALIZED LAMBERT TRANSFORM

VIRENDRA KUMAR

Abstract. Raina and Srivastava [20] introduced a generalized Lambert transform. Goyal and
Laddha [8] have introduced generalizations of the Riemann zeta function and generalized Lam-
bert transform. In the present paper, we introduce generalizations of the Hurwitz-Lerch zeta
function and Lambert transform in a diverse direction. We derive generating functions involving
generalized Hurwitz-Lerch zeta function. Connections between the generalized Lambert trans-
form and generalized Hurwitz-Lerch zeta function are established. An inversion formula for the
generalized Lambert transform is obtained. Some examples and special cases to illustrate our
results are also mentioned.

1. Introduction

Several scholars including Bhonsle [1, 2], Gupta and Agrawal [5], Goyal and Va-
sishta [6], Goyal and Jain [7], Kumar [13, 14, 15], Srivastava [21, 22, 23], Srivastava
and Tuan [25], Srivastava and Yiirekli [26] and Yakubovich and Martins [32] have stud-
ied and explored Laplace, Meijer, Stieltjes, Hankel and H -function transforms at large
in the form of generalizations, convolution and connecting theorems. In this paper we
study the generalized Hurwitz-Lerch zeta function and generalized Lambert transform,
and establish connections between them.

Now, we mention some relevant definitions.

DEFINITION 1. The generalized (Hurwitz’s) zeta function is defined by [3, p. 24,
Eq. (1]

=3

C(s, a) = (a+n)"", (1)

n=0

where Re(s) >0 and a # 0, —1, —2,..., so that, evidently,
C(Sv 1): Zn_szc(s)7 (2)
n=1

where {(s) is the Riemann zeta function [3, p. 32, Eq. (1)].
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DEFINITION 2. The Hurwitz-Lerch zeta function ¢(z, s, a) extends (1) further.
This is defined by [3, p. 27, Eq. (1)]:

oo

¢(z, s, a) = 2(a+n)—szn7 3)
n=0
where |z] < 1,a#0, —1, —=2,....
Equivalently, the function ¢(z, s, a) has the integral representation

1

0 5 0) = iy /0 Tel e (1—ze ),

provided that Re (@) > 0 and either |z] < 1, z# 1, Re(s) >0 or z=1, Re(s) > I.

DEFINITION 3. Goyal and Laddha introduced the generalized Riemann zeta func-
tion in the following manner [8, p. 100, Eq. (1.5)]:

©0 n

Ou(z s, @)=Y (a+n)" (W = )

n!’
n=0 .

where u € C, a€ C\Z; ; s € C when |z| < 1; Re(s—u) > 1 when |z| =1.
Equivalently, the function @ (z, s, @) has the integral representation

L —a -
" =—— 1 “(1— K dr
0h(a s @) = g T e e

provided that Re (a) > 0; Re(s) > 0 when |z] <1 (z# 1);Re(s) > 1 when z=1.
Obviously when u =1 in (4), it reduces to (3) which reduces to (1) when z =1
and (2)whenz=1and a=1.

DEFINITION 4. The generalized Hurwitz-Lerch zeta function is hereby introduced
and defined in the following manner:

0w’ (@5 @)= X (at k)™ (e o5 (5)
k=0 ’

where a € C\Z;, s € C,Re(u) > 1, Re(or) > 0 and either [z| <1, z#1, B >0,
Re(s) >0 orz=1,Re(s—pu)>0.
The function q);f P (z, s, a) defined by (5) is a new generalization of (3).
Substituting o« = 1 and 8 = 0 in (5), we obtain (4).

LEMMA 1. The function (P;f P (z, s, a) has the integral representation

“

provided that Re(a) > 0, Re(a) > 0, Re() > 1 and either |z| <1, z# 1, B >0,
Re(s)>0o0rz=1,Re(s—pu)>0.
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Proof. Substituting ¢ = (a + akzﬁ) in the following known result [3, p. 1, Eq.
3l

—c 1 e 7[ ‘71
= — e ' dt, Re(s) >0,
F(s)/o ()

we get

. 1 °2 ‘
(Cl+ OCkZﬁ)is = m/ ei(quakzﬁ)[ t‘sildl‘, RC(S) > 0.
0

Substituting such form of (a + otkz#)~* in (5), we get

o B Lt ] S (kg
% (z,&a)—W/ot L {kzokT}dt

and we easily arrive at (6) by using the following binomial expansion:

z

=(1-27" J7<1. O (7)

DEFINITION 5. The generalized Lambert transform is hereby introduced and de-
fined in the following manner:

P _ [Pt
Fip) = GLM(f0)) = | roggtr—z (0 ®)
provided that Re(u) > 1, Re(p) >0, 6 >0, Re(§) >0, |x| <1, f(r) € Q and
Re(y+&) > —1, where Q denotes the class of functions f(r) which are continuous
for ¢ > 0 and satisfy the order estimates:

o) (t—0+)
0(1%) (1 — o).

The integral transform defined by (8) is a new generalization of the Lambert trans-
form [31].

Obviously for { =1 and o =0, (8) reduces to the generalized Lambert transform
introduced and defined by Goyal and Laddha [8] in the following manner:

Fip) = GLM{f(0)} = [ o= s ot ©)

Substituting 4 =& =1 in (9), it reduces to the generalized Lambert transform
introduced and defined by Raina and Srivastava [20] which further reduces to the well
known Lambert transform [31] when x =1.
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DEFINITION 6. The author introduced a general class of functions defined in the
following manner [10] (see also [11, 12, 16, 17]):

hm, d, 8j

Vn(x) :Vn [p7 T, k» w, g, km7 aj, bh o, ﬁ7 5, x}
. (_p)n lt—[ [(h’ﬂ)n+km] (d+an+ﬁ)7r(x/2)"k+dw+q
=1y —" : )
n=0 H [(gj)n+a/] I1 [(d)om5+br]
j=1 Jdr=1

where

(i) p, k,w,q, B, 0, km, aj, by (Im=1,....t; j=1,....5; r=1,...,u) are
real numbers.

(i) t, s and u are natural numbers.

(iit) hy, g; =1 (m=1,....,t; j=1,...,s), d may be real or complex.

(iv) a> 0, Re(t) >0, Re(d) > 0, x is a variable and A is an arbitrary constant.

(v) The series on the right hand side of (10) converges absolutely if # < s or r = s
with |p(x/2)4 < 1.

For details of convergence conditions of the series on the right hand side of (10)
one may refer to the paper [11].

REMARK 1. The general class of functions defined by (10) is quite general in na-
ture as it unifies and extends a number of useful functions such as unified Riemann-zeta
function [8], generalized hypergeometric function [3], Bessel function [4], Wright’s
generalized Bessel function [24, 30], Struve’s function [4], Lommel’s function [4],
generalized Mittag-Leffler function [27], exponential function, sine function, cosine
function and MacRobert’s E -function [3] etc. (see, e.g. [10, 12]).

2. Main theorems

In this section, we prove the convergence conditions of the generalized Hurwitz-
Lerch zeta function defined by (5). We further derive new generating functions in-
volving the generalized Hurwitz-Lerch zeta function and establish relations between
generalized Lambert transform defined by (8) and the generalized Hurwitz-Lerch zeta
function defined by (5). We obtain also an inversion formula for the generalized Lam-
bert transform.

THEOREM 1. If
(i) a#0, —1, =2,..., Re(ut) > 1 and Re (o) > 0 and either
(ii) |z] <1, z#1, B>0andRe(s) >0 or
(iii) z=1 and Re (s — u) > 0,
then the series (5) is absolutely convergent.

Proof. We apply D’ Alembert’s ratio test to prove the theorem 1. Let

Zk

Uk() = (a+akz?)™ (1) 77
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Then
Ui (2)| | (g +ed) (F+1)z
U@ | | (¢4+a(l+1)P) (1+1)
Now, we observe that
Uk+l(Z) _ ‘Z|
koo | Up(z) .

Thus, the series (5) is absolutely convergent if
lz] < 1

witha#£0, —1, =2,...,Re(u) > 1,Re(a) >0, B >0 and Re(s) > 0.
To check the convergence of the series (5) when |z| = 1, we compare this series
with the series Y7 i » where 28 = Re (s — p) > 0.
Now, we have
lim kl+5 (:u“)k r(k)ku |: lim k1+5 1 r(”+k) kﬂ |
koo T(k)kH (a+ ok)Sk!| k—e T(u) T(k)KE (a+ ok)k|
Using the following result [3, p. 47, Eq. (5)]in (11)

—alog z F(Z + a)

(1)

lim e =1,
[ I'(z)
we get
lim k1+5 (nu)k r(k)kﬂ — lim k1+5 kH |
koo T(k)kt (a+ ok)k!] k== T(n)  k(%+a)%|
| 1
=] 1im =
‘ D) koo [k =10 (& 4 1)

Now, we observe that the series (5) is absolutely convergent if Re (s — i) > 0 with
a#0, -1, -2,...,Re() > 1 andRe(ex) >0. O

Re(u) > 1 and A # 1, then we have the following
generating function:

3 (W) 0% P (e, Atn, a) — 0B A, a—1). (12)

Proof. Using the result (5), we have

SR X "
_ —A—n
Z (x, A+n, a)— = Z kg{)a—kakxﬁ) (W 7oy

i a-+ akd) [imn(m) i] mrs

3
II
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Now, applying the result (7) in (13), we get

o n oo -2 k
t t X

By-A (1 _ _ -

:E (x, A +n, a)n! kEO(a—l-akx ) (1 p l3> (W)« 0

After a little simplification, we easily arrive at the generating function (12), pro-
vided that || < |a| and A #1. O

() =1 and Re (A +u) > Re(v) > 0, then we have
the following bilateral generating function:

Z (x Adtu—v+n, a)n'
RN Byv—A—u(y X !
_ngz)(a—komx ) (U)n Y 2Fy <7L, u; v; a—l—anxﬁ)’

where »F) (a, b; v; z) stands for the Gauss’s hypergeometric function [3].

Proof. We have

gb % 08 P(x, Avu—vtn, a);—n!

- ga(a - akxﬁ)vflfu(ﬂ)kz—]: Li) (A():)(:)n (a n (txkxﬁ )" %1
- ]go(aJr okxP ) A (), k]: Fy ()L, u; v m>
:}%(ajtanxﬁ)v‘k‘”(u)n ;Cl—r: »Fy (l, u; v; m> ;

provided that || < |a|,Re(u) > 1 and Re(A +u) >Re(v) >0. O

THEOREM 4. If p # 1, Re(U) > | and the conditions mentioned with (10) are
satisfied, then we have the following bilateral generating function:

=

" k dw
2 (P 0 °(x, ptn, @) Va(y) %Z‘Pu’ i <x7 P, a+p(%> ) @) h

n=0
X A i Im=1[(hm)n+km}(d+ on+B)~°

=0 Hj‘:l [(gj)nJraj} Hlle [(d)an8+b,} .
(14)
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Proof. Substituting the value of V,(y) in the left hand side of (14) with the help
of (10), we get

S ()6 “Cx oot @) )

n=0
— < tn
= 5 (o0 o s prtm )y (15)

S [(h )n+km](d+(xl’l—|—ﬁ) y nk+dw+q
g / 1[(gj)n+a,]Hrzl[(d)an5+br] (2) :

Using the result (5) in (15), we get

n

S () 0k “(x pot, @) Vo)

)nHm 1[( m)n+k,,,](d+ Otn-l—ﬁ) ( )nk+dw+q
HV [(gj)nJruj]Hrzl[(d)anéerJ 2

oo )Cl n
« [2 o] Z(WFYZXG)(H")(H)Zﬁ}%]

I
>
Nk
“c

=0
o\ & e [ >n+km](d+om+ﬁ>*’
; <2> * z H/ 1[(gj)n+a,} [( an6+h]

n=0

& o e "1
(a+71x%) P ()i lZ {a—i—ylx“} n—] (16)

Applying the result (7) in (16), we get
tn

S ()6 “Cx oot @) Vo) -

o [Tyt [(hm)nsx,)(d+an+B)"F
Hj’:l[(gj)nJruj} H?:l[(d)omé-&-br]

o0 / VK p
N p(3)"t
xE(a—H/lx ) (”)ll!{l+a+ylx0

=0
_ (P, & e[k, J(d+ an+B)°°
a <2> )anz) Hj’—l[(gj)n-%aj} H?:l[(d)an5+hr]

-p I
: (17)

xE[{a—i—p( ) t}—H/lx"] (W

Now, we use the result (5) in (17) and arrive at the desired result (14). [

THEOREM 5. If F(p) is the generalized Lambert transform of f(t), then the
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inversion formula for this transform is

SU+0)+£-0))
1

1 Yioo -
=—./y. {F(l—n)%’ (x, 11, c:xu} " e(myan,  (18)

270 Jy—ioo
provided that f € Q, >0, u™S)=1f(u) € L(0, o), f(u) is of bounded variation in

the neighbourhood of the point u=t, Re(t) > 1, |x| <1, Re({) >0, Re(p) >0, 0 >
0, Re(1—m) > 0 and g(n) is given by the equation

n) =/Om p " 'F(p)dp.

Proof. From (8), we have

/mp‘”‘1 F(p)dp=/°<)p‘”‘1 /NLf(t)dt dp
0 0 0 (eCP’x"—x)”
o eyl

19)

Substituting pr =y in (19), we get

g(n) =/Omp’”’l F(p)dp

= /Nt(”+5)1f(t){ /Nyfnefgxo“y (l —xei§x0y> _ﬂdy}dt. (20)
0 0

Using the result (6) in (20), we get

g(m) =T(1—1) 6% °(x, 1—n, Ex%u) /O MO f(r)ar, 21

Now, we apply the Mellin inversion theorem [28] in (21) and get the desired result
(18). O

3. Examples

In this section, we mention two examples connecting the generalized Lambert
transform and the generalized Hurwitz-Lerch zeta function.

EXAMPLE 1. If we take f(¢) =¢7"! ¢~"P" in (8), then

T(y+¢§)

w (Y=l ,—vpty _
GLM* (17" e 'P1) ]

oq (x, yHE, v+ Ex%u). (22)
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Proof. Using the result (8), we have

oo té
GLM* (17! e P") = / N L W
0 (eCPtX —x)li

= / TR o Ep (| o Py gt g (23)
0

Substituting pr =y in (23), we get

GLM* (17! =1 — / YTl (HETIN (] — =YY Ry, (24)

pY+§ 1

Now, we apply the result (6) in (24) and get the desired result (22). [J

EXAMPLE 2. If we take f(r) = e "P" V, () in (8), then

oy ' ()i on )
GLM e Valt)} = AZ ,1[<g,>n+a,}H¢=1[<d>an5+b,}
(§+nk+dw+q+1)

nk+dw+q p E+nk+dw—+q

X 05 % (x, E+nk+dwtq+1, v+ Exp). (25)
Proof. Using the result (8), we have
GLM* (&P V, (1)} = / TPt ey, (1)dt. (26)
" 0 (eCPtXG —x)li n

Substituting the value of V,(¢) in (26) with the help of (10), we get

*[ WPy _ < (=p)" _i[(rm)nsk,(d+on+B)7°
GLM™{ g’ j 1[(gj)n+u,]n (@@ ans,]

k+d - / pt§+nk+dw+q —(v+&ux%) pt(l —Cptxo)—udt.
2" Wtq

27)

Substituting pr =y in (27), we get

GLM*{e """ V, (1)} = A Z Tt ()i, ) (d+ 0n+ B)°°

j 1[(gj)nJraj]H?:l[(d)anéﬂy,}
1
x Qnk+dw+q p§+nk+dw+q

x/°°y(§+nk+dw+q+1)—16—(v+<§ux")y(1_xe—éx"y)—#dy, (28)
0

Now, we apply the result (6) in (28) and get the desired result (25). U
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4. Special cases

In this section, we mention some special cases of the results (14) and (25) as the
general class of functions V,(z) involved in these results is reducible to a large number
of special functions due to its general nature.

(i) Ifwetake p=2, m=1, j=2,r=1,h =1, g =1, g2—1 t=1, k=
I,w=0,g=0,k1=0,a;=0,a,=0, by =0, [3 0,6=1 and?L—(— 1n(l4)and
(25), the general class of functions reduces to the Wright’s generalized Bessel function
[24, 30] and we get the following results respectively:

< .o apy I w—
%(P)n% (x ptn, @) JF () o = 0 7 (x, p atyr nzol"d—l—om—l—l)

and

GLM*{e—thJOC()}_Z ( )n (§+n+1)

, O 1 (e}
p§+"1"(d—|—an—|—l)n' q)ﬂ (.X, &+n+ ,V—|—§X .LL);

where J¢(z) stands for the Wright’s generalized Bessel function [24, 30].

(ii) fwetake p=1,m=1, j=2,r=1,h=1,g=3/2,¢=1,1=1, k=
Z,W—l gq=1,k=0,a=0,a,=0,b;=1/2, =1, B =1/2, § =1 and
A= W in (14) and (25), the general class of functions reduces to the Struve’s
function [4] and we get the following results respectively:

o n

3, (0n 0l "t p s @) Hb)

: yt yd+1°° 1
:"’”6(“””7)(5) e

ST (34+n) T(3+d+n)

and

B —1)'T(E +2n+d+2)
LM*{e "P" Hy( (
G {e alt } nXE) F( +n) T (% +d+n)p§+2n+d+1 22n+d+1

X og °(x, E+2n+d+2, v+ Exp),

where Hy(z) stands for the Struve’s function [4].

(iii) I we take p=1,m=1, j=2,r=1,h =1, g = Y43 gy — V3 7
L, k=2, w=u, qzl,lq:O, a;=0,a,=0,b1=—-1,d=1, o =1, B——l 8:1
and A = % in (14) and (25), the general class of functions reduces to the

Lommel’s function [4] and we get the following results respectively:

S () 0F (x, p, @) sy w(y) =

|
n—0 n:

o y2t yu'+1 oo
:¢u (x;P,a—FT) (u’:l:v’+l ngb(':t\/+3>
n
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and

202 (1) T(E 4 2n4u +2)
(W' £V +1) ) p&tantu+1 pantu'+1 (u’i;’+3>

GLM*{C_th Sy, V/(l‘)} =
n

x @7 % (x, E+2n+u' +2, v+ Exu),

where s,/ ,/(z) stands for the Lommel’s function [4].

(iv) fwetake p=—-2,m=1, j=1,r=1,h =h, g —g, tT=1,k=1,w=
0,g=0,k=0,a,=0, by =—1, [3 =—1,06= 1 and A = ( 1n(14)and(25) the
general class of functions reduces to the generalized Mittag-Leffler function [27] and
we get the following results respectively:

o n i h),
}Z, n 0 (x, p+n, a)EZd()t =04 “(x, p, a—yt ,;)%
and

(h)aT(E+n+1)

GLM*{e """ Ey; (1)} = Z 0 (x, E+n+1,v+8xp),

6P (8)n T(d+ o)

where E o« % () stands for the generalized Mittag-Leffler function [27].

If we put g =1, the generahzed Mittag-Leffler function reduces to the generalized
Mittag-Leffler functlon E" o, 4(2) introduced by Prabhakar [19].

If we put h =1, g =1, the generalized Mittag-Leffler function reduces to the
generalized Mittag-Leffler function E,, 4(z) introduced by Wiman [29].

Ifweput h=1, g=1, d =1, the generalized Mittag-Leffler function reduces to
the Mittag-Leffler function Eq(z) [9, 18].

(v) Ifwetake p=2,r=1,d=1,t=P,s=0,1=1, k=1, w=0, g=

0, k=0, a;=0,by=—1,00=1,B=—1,8=1and A = %@IFE = in (14) and
1
(25), the general class of functions reduces to the MacRobert’s E jfunctlon [3] and we

get the following results respectively:

oo

2 (P)n oy 0(X7 p+n,a)E |:P; (hp); Qs (g0)s _l "

n=0 y m
Hm 1 ( ) " Hl;,zl (hm)n
Hj:l (gj) n=OHJQ:1(gj)n n!

=0, °(x, p, a+yt)

and

GLM*{E_V’” E [P; (hp); O; (80)s —ﬂ }
H ( n=0 P'EJF" n! Hj:l(gj)

where E [P; (hp); O; (80): —%] stands for the MacRobert’s E -function [3].

" e O (x, Ent 1 v+ ExCu),
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REMARK 2. In this paper, an approach has been made to develop the Hurwitz-

Lerch zeta function and Lambert transform in a diverse direction. Generating functions
involving the generalized Hurwitz-Lerch zeta function and several special functions
have been derived. Connections between the generalized Lambert transform of special
functions and the generalized Hurwitz-Lerch zeta function have been established.

Acknowledgement. The author is extremely thankful to the worthy referee for the

valuable suggestions given for the improvement of the present paper.
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