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WIJSMAN LACUNARY INVARIANT STATISTICAL CONVERGENCE
FOR TRIPLE SEQUENCES VIA ORLICZ FUNCTION

MUALLA BIRGUL HUBAN* AND MEHMET GURDAL

Abstract. In this paper, we generalized the Wijsman lacunary invariant statistical convergence
of closed sets in metric space by introducing the Wijsman lacunary invariant statistical ¢ -
convergence for the sets of triple sequences. We introduce the concepts of Wijsman invari-
ant ¢ -convergence, Wijsman invariant statistical ¢ -convergence, Wijsman lacunary invariant
5 -convergence, Wijsman lacunary invariant statistical a -convergence for the sets of triple se-
quences. In addition, we investigate existence of some relations among these new notations for
the sets of triple sequences.

1. Introduction and background

The idea of statistical convergence was first introduced by Fast [6] and Steinhaus
[28] independently in the same year 1951 and since then several generalizations and
applications of this concept have been investigated by various authors, namely Fridy
[7], Giirdal and Huban [10], Giirdal and Pehlivan [1 1, 12], Nabiev et al. [17], and many
others (see [4, 8, 24]).

Statistical convergence depends on the natural density of subsets of the set N of
positive integers. The natural density 6(A) of a subset A of N is defined by

6(A):}Er°10n_l\{k<n:keA}\

where |[{k <n:k € A}| denotes the number of elements of A not exceeding n. A se-
quence (x;) C R is said to be statistically convergent to ¢ € R if, for each € > 0, the
set {k € N: |x; — £| > €} has the zero natural density.

The concept of convergence of sequences of points has been extended by sev-
eral authors [19, 20, 29, 30] to convergence of sequences of sets. One of such ex-
tensions considered in this paper is the concept of Wijsman convergence. Nuray and
Rhoades [ 18] extended the notion of Wijsman convergence of sequences of sets to that
of Wijsman statistical convergence and introduced the notion of Wijsman strong Cesaro
summability of sequences of sets and discussed its relations with Wijsman statistical
convergence. B

In this study, we introduce the concepts of Wijsman invariant ¢ -convergence, Wi-
jsman invariant statistical ¢ -convergence,Wijsman lacunary invariant ¢ -convergence,
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Wijsman lacunary invariant statistical (5 -convergence for the sets of triple sequences.
Also, we investigate existence of some relations among these new ¢ -convergence con-
cepts for the sets of triple sequences.

We now recall the following basic concepts from [2, 15, 19, 26, 27] which will be
needed throughout the paper.

Let o be a mapping of the positive integers into themselves. A continuous linear
functional ¢ on /., the space of real bounded sequences, is said to be an invariant
mean or a 0 -mean if it satisfies the following conditions:

(i) @(x) > 0, for the sequence x = (x,,) with x, >0 forall n € N,

(ii) ¢ (e) =1, where e = (1,1,1,...) and

(iii) @ (Xg(n)) = @ (x,) forall x € L.

The mapping o is assumed to be one-to-one and such that 6 (n) # n for all
n,m € Z", where 6™ (n) denotes the m th iterate of the mapping ¢ at n. Thus, ¢
extends the limit functional on c, the space of convergent sequences, in the sense that
¢ (x,) = limx, for all x € c. In the case o is translation mappings ¢ (n) =n+1, the
o -mean is often called a Banach limit. The space Vs of the bounded sequences whose
invariant means are equal may be defined, as follows;

Vo={x€ls: lim — = L, uniformly i .
o {)C mll}I!om Zxck unirormly n m}

In [27], Schaefer proved that a bounded sequence x = (x,) of real numbers is o -
convergent to L if and only if

lim — 2 Xk (m

p~>oopk

uniformly in m.
Let (X,p) be a metric space. For any point x € X and any non-empty subset A of
X, the distance d(x,A) from x to A is defined by

d(x,A) = ilelfxp (x,a).

DEFINITION 1. Let (X,p) be a metric space. For any non-empty closed subsets
A; Ar C X; we say that the sequence (Ay) is Wijsman convergent to A if

klim d(x,Ax) =d (x,A)

We now recall that the concept of statistical convergence for triple sequences was
presented by Sahiner, Giirdal and Diiden [23] as follows:

A function x: NxNx N — R (or C) is called a real (complex) triple sequence.
A triple sequence (xjk;) is said to be convergent to L in Pringsheim’s sense if for every
€ > 0, there exists ng(&) € N such that |x;; — L| < & whenever j,k,I > no.
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DEFINITION 2. A subset K of N x N x N is said to have natural density 83(K) if
im ‘Knkl ‘
nkl—o nkl

63(K) =P —

exists, where the vertical bars denote the number of (n,4,1) in K suchthat p <n, g <k,
r < 1. Then, a real triple sequence x = (x,,) is said to be statistically convergent to L
in Pringsheim’s sense if for every € > 0,

8 ({(n,k,l) ENxNxN:p<n,qg<kr<l, |qu,—L| >e}) =0.

Recently, Mursaleen and Edely [16] presented the idea of statistical convergence
for multiple sequences, and there are several papers dealing with double and triple
statistical and ideal convergence (see literature [1, 5, 9, 13, 21]). Also, the readers
should refer to the monographs [3] and [14] for the background on the sequence spaces
and related topics.

In several literary works, statistical convergence of any real sequence is identified
relatively to absolute value. While we have known that the absolute value of real num-
bers is special of an Orlicz function [22], that is, a function ¢ : R — R in such a way
that it is even, non-decreasing on R™, continuous on R, and satisfying

¢(x) = 0 if and only if x = 0 and ¢ (x) — oo as x — oo.

Further, an Orlicz function (5 :R — R is said to satisfy the /\, condition, if there exists
an positive real number M such that ¢ (2x) < M.¢(x) for every x € R™.

DEFINITION 3. ([25]) Let 5 :R — R be an Orlicz function. A sequence x = (x,)
is said to be statistically ¢ -convergentto L if for each € > 0,

11P%){k<n:$(xk—L)>sH:0.

Furthermore, a new type of sequence called triple lacunary sequence was intro-
duced in Esi and Savas [5]. The triple sequence 63 = 6,4, = {(jp.kq,lr)} is called
triple lacunary sequence if there exist three increasing sequences of integers such that

j0:07 hp:jp_jpfl — 0 as p — oo,
ko =0, hy=ky—ky 1 — oo asq— oo,
and
lo=0,h=1—1_| —oc0asr— oo,
Let kp g = jpkylr, hpgr= hphgh, and 0, is determined by
Ipgr = {0k 0) jpmt < J < pikgor <k <kgandl,_y <1< 1},

Sp = ,Sq = y Sr= 77—
Pyt 7 ke Ly

Let D C N x N x N. The number

and s, 4. = SpSyS-

8% (D) = lim !

lim 2 [{(j:k ) € Ipgr: (7. 4:1) € D}

is said to be the 6, , --density of D, provided the limit exists.
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2. Main results

Following the above definitions and results, we aim in this section to introduce
some new notions of Wijsman invariant statistical convergence with the use of Orlicz
function, lacunary and triple sequences and obtain some analogous results from the new
definitions point of views.

DEFINITION 4. A triple sequence x = (xj) of real numbers is said to be 03-
convergence to L if

1 2 o4

lim 2 2 D Xoi(m).ot(n).ol(o) = Ly

Par== Par i 2 =1i=1

uniformly in m,n and o.

DEFINITION 5. A triple sequence {A jkl} is Wijsman invariant convergent to A if
foreach x € X

pP4q,r

1
lim — d(x,A - >:d x,A),
P r—> pqr j,k,lgiu olm-otin.otte) o)

uniformly in m,n and o, and is written A j;; — A (W3V5).

DEFINITION 6. Let ¢ : R — R be an Orlicz function. A triple sequences {4y }
is Wijsman strongly invariant 5 -convergent to A if for each x € X

pq,r

tim S G (d (2 g otimo) ~d(4)) =0,

) U
uniformly in m,n and o, and is written A ji; — A <W3¢VG> .

If double sequence {A j; } is taken instead of a triple sequence {A;y} and ¢ (x) =

|x|, then the concept Wijsman strongly invariant ¢ -convergence is reduced to Wijsman
strongly invariant convergence.

DEFINITION 7. Let ¢ : R — R be an Orlicz function. A triple sequence {4}
is Wijsman invariant statistically (5 -convergent to A if for every € > 0 and for each
xeX

. 1
lim —
Psa.;r—> pqr

{sphsarsr ¢(a(voimomain) ~da) > e =0
or

0 ({(p7q7 r) e NxNxN: a(d <.x7A0—j(m)7gk(n)7o'l(())> —d(x,A)) > 8}) =0

uniformly in m,n and o, and is written A ji; — A <W3¢SG> .
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DEFINITION 8. 63 = 0, be alacunary triple sequence. A triple sequence {A jkl}
is Wijsman lacunary invariant convergent to A if for each x € X

. 1
lim
Pigsr—o0

2 d (X’Aof(mxok(n)’o’(o)) =dx4)
p.q,r JkLEL g.r

uniformly in m,n and o, and is written Ay — A (W3V?).

DEFINITION 9. Let (5 :R — R be an Orlicz function and 65 = 0,5, be a lacunary

triple sequence. A triple sequence {Aﬂd} is Wijsman strongly lacunary invariant ¢ -
convergence to A if for each x € X

lim
P hp g

)Y 5(“’ <x7A6-f(m),6k(n),6’(())> —d(x’A)> =0,

j:k’lelpﬁq,r

uniformly in m,n and o, and is written A ji; — A (W;)Vé9 ) .

DEFINITION 10. Let (5 :R — R be an Orlicz function and 83 = 6,5, be a lacu-
nary tgple sequence. A triple sequence {A jkl} is Wijsman lacunary invariant statisti-

cally ¢ -convergentto A if for every € > 0 and for each x € X

lim
par==hp g.r

{(j,k,l) €lpgrid (d <x7A6-f(m)76"(")76’(0)> - d(’“’A>> - SH =0

or

80, ({0 kD) € I8 (4 (5 Agimy ) ot —d (14)) > €}) =0

uniformly in m,n and o, and is written A ji; — A <W3¢Sg3> .

DEFINITION 11. Let ¢ : R — R be an Orlicz function. A triple sequence {A 4 }
is said to be bounded if there exists M > 0 such that ¢ (A1) <M forall j,k,I € N.

We denote the space of all bounded triple sequences by £2,.

THEOREM 1. Let (5: R — R be an Orlicz function and 65 = 6,5, = {(jr ks, 1)}
be a lacunary triple sequence. Then, the following statements hold:

(i) If {A jkl} is Wijsman strongly lacunary invariant (5 -convergent to A, then
{Aﬂd} is Wijsman lacunary invariant statistically (B -convergent to A.

(ii) If (A jkl) €3 and {A jkl} is Wijsman lacunary invariant statistically (5 -
convergent to A, then {Aﬂd} is Wijsman strongly lacunary invariant (E -convergent
to A.
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Proof. (i) Ajuu — A <W3¢V§’ ) . For every € > 0 and for each x € X, then we have

(Jkl)zetlpq,(P < ( o/ (m),ck(n )61(0)> —d(x7A)>

> Y, 6 (4 (% Agiim ckim.oi)) —d(6.4))
k€D gr
6 (g () ok oy o1 0)) ~xA) ) >

>e. H(j,k,l) €lgri ¢ (d Q,AGKW’MMLG’@)) —d(x,A)) > s} ) .

This shows that Ay — A <W3¢Sg3> .

(ii) Suppose that {Aj} belongs to the space (3, and Aj; — A <W3¢Sg3> . Then
we can assume that

8 (@ (¥ Agimy0tnotie)) —d (x.A)) <M

for each x € X and all j,k and /. Given every € > 0 and for each x € X, we have

h;q,r(- Z $<d(x’AGj(m),ck(n),cl(a)>—d(x,A))

JkD)ED g r
1 ~
d ’A j(m), n).ollo) ) — d ,A
hp.g.r (.ﬁk?,)zg,p‘q‘r ¢ ( <x al(m),c*(n),0( )) (x ))
a(d(x,ch(m)ﬁk(,l)‘G/(g))—d(x,A))}g
1 ~
+ d(x,A . —d(x,A
"par Gk, I)EEIpqr ¢ ( <x ol(m >“k(")76’(0)> & )>
(0 (d(xA J(m).ok(n),0l (0 )) d(x,A)) <e
M .
< Ty {(J;k,l) €lpgr: 0 (d <X’Ao'j(m)7o'k(n)70—l(())> —d(x,A)) > g} ’ +e.

This shows that Ay — A (W;’)V(‘,9 ) . O

THEOREM 2. Let (E :R — R is an Orlicz function. Suppose for given 6 > 0 and
every € > 0, there exists

1
——{0<j<p—h0<k<q—L0<l<r—h
pqr

¢ (d (’x’AO'/(m) ( )’0.1(0)> —d(x,A)) = 8}) < o
forall p>po, q=qo, r=ro, m=>my, n=ng, o=o0, then {Ajy} is Wijsman
invariant statistically ¢ -convergentto A



WIJSMAN LACUNARY INVARIANT STATISTICAL CONVERGENCE 125

Proof. Let § > 0. For every € > 0, we choose p(,q(,r(,;mo,no and oy such that
forall x € X,

1
— {0<j<p—170<k<q—1,0<l<r—1:
pqr
¢ (d <x7A()'f(m).()'k( ),0l(0) ) ) }‘ (D
for all p > po, q qo, r07 m>=mgy, n=ng, o=o0q. Itis enough to prove that
there exists p(j, gy, r, such that for each x € X,
1
— {0<j<p—170<k<q—1,0<l<r—1:
pqr
a@Qw%m@&@d@O—d@A0>8H<5 @)
for p=pj, g>qj, r>ry, 0<m<mp, 0<n<ngand 0< o< op.
Since taking po = max { p},p{ } , qo—max{qmq and ro—max{r67 "L2)

holds for each x € X, p > po, q = qo, r > ro and for all m,n and o, which glves the

result. Once mg,ng and oy have been chosen 0 < m < mg, 0 <n < ny, 0<o < oy,
SL ()
mo,ng and og fixed. So, suppose that x R vy, and let

F:Hogjgmo—l,ogkgno—1,0<l<00—1:

5(d (x,AGj(m)7gk(n)7gt((,)> —d(x,A)) >e€
p

Now taking 0 <m <mygp, 0 <n<ng, 0< o< o and
foreach x € X, we get

L {0<]<p—1,0 k<g—1,0<I<r—1

pqr
55(0’ (x,Acum).,ck(n).,c’(a)) _d(’“’A)> 2 SH
$ {o<]<mo—1 0<k<m—1,0<I<0p—1:
5(61 (x’Aom ).0k(n >,o'<o>> dx A)> H

ﬁ;{m0<j p—lLinp<k<g—loo<l<r—1:

$<d (x,AcJ'(m),ck(n),cl(a)) _d(x’A)> > SH

< i+§
pqr 2

and taking p,q,r sufficiently large, we can write
F 6
—+5<96
pqr 2
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which gives (2) and thus, the result follows. [

THEOREM 3. Let (5 R — R be an Orlicz function and 65 = 6,5, = {(jr ks, 1)}
be a lacunary triple sequence. Then {A ,k;} is Wijsman lacunary invariant statistically

(Z) -convergent to A iff {A Jkl} is Wijsman invariant statistically q) -convergent to A.

Proof. Let Ajy — A <W ) Then, for given & > 0 there exists pg,qo,ro such
that for all € > 0 and for each x € X,

{0<j<hp_1,0<k<hq_1,0<lgh,_l :

hPJIJ

$<d <x’A0f<m),ck<n),cl(a)> —d()@A)) = SH <o

for p>po, g=qo, rzroand m=j, 1+1+v, v=0, n=k; 1 +1+w, w>=0,
o=l_1+1+2z,2>0.Lets>hp, t >hy and u > h,. Write s = oth,+e, t = Bhy+ f
and u=yh,+g where 0 <e<h),, 0< f<hyand 0< g < hy, o, B and v are integers.
Since s > hp, t > hy and u > h,, we can write

! {ogjgs 1L0<k<i—1,0<I<u—1:
Stlxl
a(d (x7Ao'J GI((,)> —d(x,A)) 28}’
iu){o (ot 1)y —1,0<k < (B+1)hg—1,0< 1< (y+ 1) hy— 1
¢( % Agim) )Gz(o)>—d(x,A)>>e}’

<j<(e+ Dy —1,fhy <k <(f+1)hg—1,

Il
2=
M=
M= =
1

T
o
o)
Il
=]
>
Il
=}

ghy <1< (g+ Dy —1: Eﬁ(d (X,Ag./(m),ok(n)ﬁ’((,)) —d(x,A)> > s}‘
1
< o (a+1)(B+1)(y+1)hphgh,6
and since for %(xhl, <1, %ﬁh 1 and 1 5 Yhr < 1, we have

1
stu

6 (4 (% Agimoto) —d (x.4)) > €] <8.5.

Thus , by Theorem 2, W;’Sg3 C W3¢Sg. It is easy to see that W;’S(y - W3¢Sg3. This
completes the proof. [

{0<J CL0<k<i—1,0<I<u—1:

From Theorem 3, we have
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THEOREM 4. Let (5: R — R be an Orlicz function and 65 = 6,5, = {(jr ks, 1)}
be a lacunary triple sequence. Then {A jkl} is Wijsman lacunary invariant convergent

to A iff {Aﬂd} is Wijsman strongly invariant ¢ -convergent to A.

When (o (m),o(n),0(0)) = (m+1,n+1,0+1), from Definitions 5-10, we
have the definitions of almost Wijsman, almost convergence, Wijsman strongly almost
¢ -convergence, Wijsman almost statistical ¢ -convergence, Wijsman lacunary almost
convergence, Wijsman strongly lacunary almost ¢ -convergence, Wijsman lacunary al-
most statistical @ -convergence for the sets of triple sequences.

So, similar inclusions to Theorems 1-4 hold between Wijsman strongly lacu-
nary almost ¢ -convergent triple set sequences, Wijsman lacunary almost statistical ¢ -
convergent triple set sequences, Wijsman almost statistical ¢ -convergent triple set se-
quences, Wijsman lacunary almost convergenttriple set sequences and Wijsman strongly
almost @ -convergent triple set sequences.
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