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A NOTE ON q–MKZ OPERATORS USING GENERATING FUNCTIONS

HONEY SHARMA AND RAMAPATI MAURYA ∗

Abstract. This paper is based on new generalization of q -analogue of the MKZ type operators
using generating functions. We study approximation properties of the proposed operator using
Korovkin type theorem. Further, we estimate the rate of convergence of these operators by using
the modulus of continuity. In the last, we introduce and establish the uniform convergence of
2D -generalization of the q -MKZ operators using generating functions.

1. Introduction

The classical MKZ operators are defined in [8] as follows:

Mn( f ;x) =
∞

∑
k=0

f

(
k

n+ k

)(
n+ k

k

)
xk(1− x)n+1 , if x ∈ [0,1),

Mn( f ;1) = f (1), if x = 1, n ∈ N,

for f ∈C[0,1] . Later, Cheney and Sharma [3] modified these operators as the Bernstein
power series to discuss the monotonicity properties. In 2005, Altin, Dögru and Taşdelen
[2] introduced a new version of MKZ operators using generating function as follows:

Ln( f ;x) =
1

hn(x,t)

∞

∑
k=0

f (
ak,n

ak,n +bn
) Ck,n(t) xk

for 0 � ak,n
ak,n+bn

� A, A ∈ (0,1) , where {hn(x,t)}n∈N is a generating function defined in

terms of the sequence of functions {Ck,n(t)}k∈N0 as follows:

hn(x,t) =
∞

∑
k=0

Ck,n(t) xk.

The authors have studied the approximation behavior of the sequence of the operators
{Ln} , under the following conditions:

(1) hn(x,t) = (1− x)hn+1(x,t),
(2) bnCk,n+1(t) = ak+1,nCk+1,n(t),

(3) bn → ∞,
bn+1

bn
→ 1 and bn �= 0, ∀n ∈ N,

(4) Ck,n(t) � 0, ∀t ∈ I ⊂ R,

(5) ak+1,n = ak,n+1 + φn, |φn| � m < ∞ and a0,n = 0.
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During last two decades, approximation by using quantum calculus has been an
interest area for many researchers [1]. In 2000, T. Trif [6] introduced the q -MKZ
operators for f ∈C[0,1] . Further, with a slight modification in these operators, Dŏgru
and Duman [5] defined the q -MKZ operators for f ∈C[0,a] , a ∈ (0,1) , as follows:

Mn,q( f ;x) =
n

∏
s=0

(1−qsx)
∞

∑
k=0

f

(
qn[k]q
[n+ k]q

)[
n+ k

k

]
q
xk , q ∈ (0,1), n ∈ N.

2. Construction of the operator

Motivated by [2], here, we introduce a generalization of q -MKZ operators based
on some generating function and study their approximation properties.
For q∈ (0,1) and {hn,q(x,t)}n∈N the sequence of generating functions for the sequence
of functions {Cq

k,n(t)}k∈N0 such that

hn,q(x,t) =
∞

∑
k=0

Cq
k,n(t) xk.

For A ∈ R and A ∈ (0,1) , we consider a generalization of q -MKZ operators using
generating functions as follows:

M̃n,q( f ;x) =
1

hn,q(x,t)

∞

∑
k=0

f

(
ak,n

ak,n +bn

)
Cq

k,n(t) xk (1)

for 0 � ak,n
ak,n+bn

� A , under the following assumptions:

(1) hn,q(x,t) = (1−qn+1x)hn+1,q(x,t), (2)

(2) qnbn+1C
q
k,n+1(t) = ak+1,nC

q
k+1,n(t), (3)

(3) lim
q→1,n→∞

bn → ∞,
bn+1

bn
→ 1 and bn �= 0, ∀n ∈ N, (4)

(4) Cq
k,n(t) � 0, ∀t ∈ I ⊂ R, (5)

(5) ak+1,n = ak,n+1 + φn, |φn| � M < ∞ and a0,n = 0. (6)

REMARK 1. By taking hn,q(x,t) = 1
(1−x)n+1

q
, ak,n = qn[k]q , Cq

k,n(t) =
[

n+ k
k

]
q
,

bn = [n]q , the assumptions (3)–(6) are satisfied and proposed operators will be con-
verted into q -MKZ operators considered by Dŏgru and Duman [5].

REMARK 2. By taking q = 1, the operators {M̃n,q} turn out to be MKZ operators
given by Altin et al. [2].
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LEMMA 1. The moments of the generalized operators M̃n,q for the test functions

ei =
(

s
1−s

)i

, i = 0,1,2 are as follows:

M̃n,q(1;x) = 1,

M̃n,q

(
s

1− s
;x

)
=

bn+1

bn

qnx
(1−qn+1x)

,

M̃n,q

(
s2

(1− s)2 ;x

)
= q2n+1 bn+2

bn

bn+1

bn

x2

(1−qn+1x)(1−qn+2x)
+

bn+1

bn

φn

bn

qnx
(1−qn+1x)

.

Proof. For i = 0, result is trivial.
For i = 1, using the definition of the new generalized operator, the moment can be

obtained directly as follows:

M̃n,q

(
s

1− s
;x

)
=

1
bn

1
hn,q(x,t)

∞

∑
k=1

ak,n Cq
k,n(t) xk

=
1
bn

x
hn,q(x,t)

∞

∑
k=0

ak+1,n Cq
k+1,n(t) xk

=
qnbn+1

bn

x
hn,q(x,t)

∞

∑
k=0

Cq
k,n+1(t) xk

=
bn+1

bn

qnx
1−qn+1x

1
hn+1,q(x,t)

∞

∑
k=0

Cq
k,n+1(t) xk

=
bn+1

bn

qnx
1−qn+1x

Finally for i = 2, we have following computations:

M̃n,q

(
s2

(1− s)2 ;x

)

=
1

(bn)2

1
hn,q(x,t)

∞

∑
k=1

(ak,n)2 Cq
k,n(t) xk

=
1

(bn)2

1
hn,q(x,t)

∞

∑
k=1

ak,n qnbn+1C
q
k−1,n+1(t) xk

= qn bn+1

(bn)2

1
hn,q(x,t)

∞

∑
k=0

ak+1,n Cq
k,n+1(t) xk+1

= qn bn+1

(bn)2

x
hn,q(x,t)

∞

∑
k=0

(ak,n+1 + φn) Cq
k,n+1(t) xk

= qn bn+1

(bn)2

x
hn,q(x,t)

( ∞

∑
k=1

ak,n+1C
q
k,n+1(t) xk + φn

∞

∑
k=0

Cq
k,n+1(t) xk

)
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= qn bn+1

(bn)2

x
hn,q(x,t)

(
qn+1bn+2

∞

∑
k=1

Cq
k−1,n+2(t) xk + φn

∞

∑
k=0

Cq
k,n+1(t) xk

)

= qn bn+1

(bn)2

x
hn,q(x,t)

(
qn+1bn+2x

∞

∑
k=0

Cq
k,n+2(t) xk + φn

∞

∑
k=0

Cq
k,n+1(t) xk

)

= q2n+1 bn+2

bn

bn+1

bn

x2

(1−qn+1x)(1−qn+2x)
+

bn+1

bn

φn

bn

qnx
(1−qn+1x)

. �

REMARK 3. For q ∈ (0,1) one can observe that limn→∞[n]p,q = 1/(1− q) . In
order to study the convergence properties of the operator, we take qn ∈ (0,1) such
that limn→∞ qn = 1, so that limn→∞

1
[n]qn

= 0. Such a sequence can always be con-

structed. For example, we may consider qn = 1−1/n , 1−1/n2 . Clearly in each case
limn→∞

1
[n]qn

= 0.

We consider Wω as a subspace of the space C[0,A], A ∈ (0,1) satisfying the con-
dition:

| f (s)− f (x)| � ω
(

f ,

∣∣∣∣ s
1− s

− x
1− x

∣∣∣∣
)

, ∀x, s ∈ [0,A],

where ω is the modulus of continuity.
For the space of function Wω Altin, Dögru and Taşdelen [2] proved the following

result:

THEOREM 1. ([2]) Let An : Wω →C[0,A] be the sequence of positive linear op-
erators satisfying the condition

lim
n→∞

∣∣∣∣
∣∣∣∣An

((
s

(1− s)

)i

;x

)
−

(
x

(1− x)

)i∣∣∣∣
∣∣∣∣
C[0,A]

= 0, i = 0,1,2.

Then
lim
n→∞

||An( f )− f ||C[0,A] = 0,

for all f ∈Wω and ||.|| is supremum norm on the space C[0,A] .

THEOREM 2. Let {qn} be the sequence as defined by Remark 3. Then for all
f ∈Wω , the operators M̃n,qn( f ;x) converges uniformly to f .

Proof. By using Theorem 1, it is sufficient to prove that the following equation
holds:

lim
n→∞

∣∣∣∣
∣∣∣∣M̃n,qn

((
s

(1− s)

)i

;x

)
−

(
x

(1− x)

)i∣∣∣∣
∣∣∣∣
C[0,A]

= 0, for i = 0,1,2.

By using definition of the operator M̃n,qn and Lemma 1, result for i = 0 is obvious.
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For i = 1, we have∣∣∣∣
∣∣∣∣M̃n,qn

(
s

1− s
;x

)
− x

1− x

∣∣∣∣
∣∣∣∣
C[0,A]

= sup
x∈[0,A]

∣∣∣∣bn+1

bn

qn
nx

1−qn+1
n x

− x
1− x

∣∣∣∣.
Using the assumption (5) as n → ∞ , we get∣∣∣∣

∣∣∣∣M̃n,qn

(
s

1− s
;x

)
− x

1− x

∣∣∣∣
∣∣∣∣
C[0,A]

= 0.

Finally, for i = 2, we have∣∣∣∣
∣∣∣∣M̃n,q

(
s2

(1− s)2 ;x

)
− x2

(1− x)2

∣∣∣∣
∣∣∣∣
C[0,A]

= sup
x∈[0,A], 0<qn<1

∣∣∣∣bn+2

bn

bn+1

bn

q2n+1
n x2

(1−qn+1
n x)(1−qn+2

n x)
− x2

(1− x)2 +
bn+1

bn

φn

bn

qn
nx

1−qn+1
n x

∣∣∣∣
� sup

x∈[0,A]

∣∣∣∣
(

bn+2

bn

bn+1

bn
−1

)
x2

(1− x)2 +
bn+1

bn

φn

bn

x
1− x

∣∣∣∣.
Using the assumptions (5) and (6) as n → ∞ , we get∣∣∣∣

∣∣∣∣M̃n,qn

(
s2

(1− s)2 ;x

)
− x2

(1− x)2

∣∣∣∣
∣∣∣∣
C[0,A]

= 0. �

3. Rate of convergence

THEOREM 3. Let {qn} be the sequence as defined by Remark 3. Then for all
f ∈Wω , we have

||M̃n,qn( f ;x)− f ||C[0,A] � (1+
√

T )ω( f ,δn),

here,

T = max
x∈[0,A]

{
x2

(1− x)2 ,
x

1− x

}
,

δn =
[
1−2

bn+1

bn
+

bn+2

bn

bn+1

bn
+

φn

bn

bn+1

bn

] 1
2

.

Proof. For all x,s ∈ [0,A] and f ∈Wω , we have

|M̃n,qn( f ;x)− f | � M̃n,qn(| f (s)− f (x)|;x)
� M̃n,qn

(
ω

(
f ,

∣∣∣∣ s
1− s

− x
1− x

∣∣∣∣
)

;x

)
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� M̃n,qn

(
ω( f ,δn)

(
1+

∣∣ s
1−s − x

1−x

∣∣
δn

)
;x

)

= ω( f ,δn)M̃n,qn

((
1+

∣∣ s
1−s − x

1−x

∣∣
δn

)
;x

)

= ω( f ,δn)
[
1+

1
δn

(
1

hn,qn(x,t)

∞

∑
k=0

∣∣∣∣ak,n

bn
− x

1− x

∣∣∣∣ Cqn
k,n(t) xk

)]
.

By Cauchy-Schwarz inequality and Lemma 1, we have

|M̃n,qn( f ;x)− f | � ω( f ,δn)
[
1+

1
δn

(
1

hn,qn(x,t)

∞

∑
k=0

(
ak,n

bn
− x

1− x

)2

Cqn
k,n(t) xk

) 1
2
]

= ω( f ,δn)
[
1+

1
δn

(Sn,qn(x,t))
1
2

]
,

where

Sn,qn(x, t) =
1

hn,qn(x,t)

∞

∑
k=0

(
ak,n

bn
− x

1− x

)2

Cqn
k,n(t) xk

= M̃n,qn

(
s2

(1− s)2 ;x

)
− 2x

1− x
M̃n,qn

(
s

1− s
;x

)
+

x2

(1− x)2

=
(

q2n+1
n

bn+2

bn

bn+1

bn

x2

(1−qn+1
n x)(1−qn+2

n x)

+
bn+1

bn

φn

bn

qn
nx

(1−qn+1
n x)

− 2x
1− x

bn+1

bn

qn
nx

(1−qn+1
n x)

+
x2

(1− x)2

)
.

Therefore,

sup
x∈[0,A], 0<qn<1

Sn,qn(x,t) = sup
x∈[0,A], 0<qn<1

(
q2n+1

n
bn+2

bn

bn+1

bn

x2

(1−qn+1
n x)(1−qn+2

n x)

+
bn+1

bn

φn

bn

qn
nx

(1−qn+1
n x)

− 2x
1− x

bn+1

bn

qn
nx

(1−qn+1
n x)

+
x2

(1− x)2

)

� sup
x∈[0,A], 0<qn<1

(
q2n+1

n
bn+2

bn

bn+1

bn

x2

(1−qn+1
n x)(1−qn+2

n x)

+
bn+1

bn

φn

bn

qn
nx

(1−qn+1
n x)

+
x2

(1− x)2

)

�
(

1+
bn+2

bn

bn+1

bn

)
x2

(1− x)2 +
φn

bn

bn+1

bn

x
1− x

� T

[
1+

bn+2

bn

bn+1

bn
+

φn

bn

bn+1

bn

]
= Tδ 2

n ,
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here,

T = max
x∈[0,A]

{
x2

(1− x)2 ,
x

1− x

}
,

δn =
[
1+

bn+2

bn

bn+1

bn
+

φn

bn

bn+1

bn

] 1
2

.

Finally taking supremum norm, we have

||M̃n,qn( f ;x)− f ||C[0,A] � ω( f ,δn)
[
1+

1
δn

( sup
x∈[0,A]

Sn,qn(x,t))
1
2

]

� (1+
√

T )ω( f ,δn).

Hence the Theorem. �
Further, we employ the elements of the modified Lipschitz class ˜LipM(α) as con-

sidered by Altin et al. [2] to estimate the rate of convergence of the operators {M̃n,q} .
A function f ∈C[0,A] is said to belong to modified Lipschitz class function, i.e.

f ∈ ˜LipM(α) if

| f (s)− f (x)| � M

∣∣∣∣ s
1− s

− x
1− x

∣∣∣∣α
, ∀s, x ∈ [0,A],

where M > 0 and 0 < α � 1.

REMARK 4. For t, s ∈ [0,A], 0 < A < 1, we have∣∣∣∣ t
1− t

− s
1− s

∣∣∣∣ =
∣∣∣∣ t− s
(1− t)(1− s)

∣∣∣∣ > |t − s|. (7)

This implies

|t− s|α <

∣∣∣∣ t
1− t

− s
1− s

∣∣∣∣α
,

which proves that LipM(α) ⊂ ˜LipM(α) .

THEOREM 4. Let {qn} be the sequence as defined by Remark 3. Then for all
f ∈ ˜LipM(α) , we have

||M̃n,qn( f )− f ||C[0,A] � MT
α
2 δn

α ,

where T and δn are same as in Theorem 3.

Proof. Let f ∈ ˜LipM(α) and 0 < α � 1. By linearity and monotonicity of the
operators M̃n,qn , we have

|M̃n,qn( f ;x)− f | � M̃n,qn(| f (s)− f (x)|;x)

� M̃n,qn

(
M

∣∣∣∣ s
1− s

− x
1− x

∣∣∣∣α
;x

)
, ∀x, s ∈ [0,A]

= M
1

hn,qn(x,t)

∞

∑
k=0

∣∣∣∣ak,n

bn
− x

1− x

∣∣∣∣α
Cqn

k,n(t) xk
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By using Hölder’s inequality with p = 2
α , q = 2

2−α in above inequality, we have

|M̃n,qn( f ;x)− f | � M

[
1

hn,qn(x,t)

∞

∑
k=0

(
ak,n

bn
− x

1− x

)2

Cqn
k,n(t) xk

] α
2

= MSn,qn(x,t)
α
2 .

Now taking the supremum on both sides of the above equation, we have

||M̃n,qn( f )− f ||C[0,A] � M sup
x∈[0,A]

Sn,qn(x,t)
α
2

= MT
α
2 δn

α . �

4. 2D-generalization of the operators M̃n,q

In this section, we give 2-dimensional generalization of the operators M̃n,q and
obtain the moments for these operators as given below.

Let 0 < qn < 1 for all n ∈ N such that limn→∞ qn = 1 and A, B be a real numbers
with 0 < A, B < 1, we have rectangular domain

D = {(x, y);0 < x � A, 0 < y � B}.

Now, for all real valued continuous functions f defined on D and considering the
assumptions made for the operators {M̃n,q} , we define

M̃qn,qm
n,m ( f ;x,y) =

1
hn,qn(x,t1)

1
hm,qm(y,t2)

×
∞

∑
k=0

∞

∑
j=0

f

(
ak,n

ak,n +qkbn
,

a j,m

a j,m +bm

)
Iqn,qm
n,m (t1, t2) xk y j, (8)

where

Iqn,qm
n,m (t1, t2) = Cqn

k,n(t1)C
qm
j,m(t2).

THEOREM 5. Let {M̃qn,qm
n,m } be the sequence of operators defined by (8), we have

(i) M̃qn,qm
n,m (1;x,y) = 1,

(ii) M̃qn,qm
n,m

(
s1

1− s1
;x,y

)
=

bn+1

bn

qn
nx

1−qn+1
n x

,

(iii) M̃qn,qm
n,m

(
s2

1− s2
;x,y

)
=

bm+1

bm

qm
my

1−qm+1
m y

,
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(iv) M̃qn,qm
n,m

(
s2
1

(1− s1)2 ;x,y

)
= q2n+1

n
bn+2

bn

bn+1

bn

x2

(1−qn+1
n x)(1−qn+2

n x)

+
bn+1

bn

φn

bn

qn
nx

(1−qn+1
n x)

,

(v) M̃qn,qm
n,m

(
s2
2

(1− s2)2 ;x,y

)
= q2m+1

m
bm+2

bm

bm+1

bm

y2

(1−qm+1
m x)(1−qm+2

m y)

+
bm+1

bm

φm

bm

qm
my

(1−qm+1
m y)

.

(vi) M̃qn,qm
n,m

(
s2
1

(1− s1)2 +
s2
2

(1− s2)2 ;x,y

)
= q2n+1

n
bn+2

bn

bn+1

bn

x2

(1−qn+1
n x)(1−qn+2

n x)

+
bn+1

bn

φn

bn

qn
nx

(1−qn+1
n x)

+q2m+1
m

bm+2

bm

bm+1

bm

y2

(1−qm+1
m y)(1−qm+2

m y)

+
bm+1

bm

φm

bm

qm
my

(1−qm+1
m y)

.

Proof. Using the moment estimates obtained for the operators M̃n,q in Lemma-1,
the proof can be given as below:

(i) M̃qn,qm
n,m (1;x,y) =

1
hn,qn(x,t1)

∞

∑
k=0

Cqn
k,n(t1) xk ∗ 1

hm,qm(y,t2)

∞

∑
j=0

Cqm
j,m(t2) y j

= 1.

(ii) M̃qn,qm
n,m

(
s1

1− s1
;x,y

)

=
1

hn,qn(x,t1)

∞

∑
k=0

ak,n

bn
Cqn

k,n(t1) xk ∗ 1
hm,qm(y,t2)

∞

∑
j=0

Cqm
j,m(t2) y j

=
(

1
bn

1
hn,qn(x,t1)

∞

∑
k=0

ak,nC
qn
k,n(t1) xk

)
∗
(

1
hm,qm(y,t2)

∞

∑
j=0

Cqm
j,m(t2) y j

)

=
bn+1

bn

qn
nx

1−qn+1
n x

.

Further, we have

(iv) M̃qn,qm
n,m

(
s2
1

(1− s1)2 ;x,y

)

=
1

hn,qn(x,t1)

∞

∑
k=0

(
ak,n

bn

)2

Cqn
k,n(t1) xk ∗ 1

hm,qm(y, t2)

∞

∑
j=0

Cqm
j,m(t2) y j

=
(

1
b2

n

1
hn,qn(x,t1)

∞

∑
k=0

a2
k,nC

qn
k,n(t1) xk

)
∗
(

1
hm,qm(y,t2)

∞

∑
j=0

Cqm
j,m(t2) y j

)

= q2n+1
n

bn+2

bn

bn+1

bn

x2

(1−qn+1
n x)(1−qn+2

n x)
+

bn+1

bn

φn

bn

qn
nx

(1−qn+1
n x)

.
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Similarly, one can give the proof for (iii) and (v). Now, we have

(vi) M̃qn,qm
n,m

(
s2
1

(1− s1)2 +
s2
2

(1− s2)2 ;x,y

)

=
1

hn,qn(x, t1)

∞

∑
k=0

(
ak,n

bn

)2

Cqn
k,n(t1) xk ∗ 1

hm,qm(y, t2)

∞

∑
j=0

Cqm
j,m(t2) y j

+
1

hn,qn(x, t1)

∞

∑
k=0

Cqn
k,n(t1) xk ∗ 1

hm,qm(y,t2)

∞

∑
j=0

(
a j,m

bm

)2

Cqm
j,m(t2) y j

=
(

1
b2

n

1
hn,qn(x,t1)

∞

∑
k=0

a2
k,nC

qn
k,n(t1) xk

)
∗
(

1
hm,qm(y,t2)

∞

∑
j=0

Cqm
j,m(t2) y j

)

+
(

1
hn,qn(x,t1)

∞

∑
k=0

Cqn
k,n(t1) xk

)
∗
(

1
b2

m

1
hm,qm(y,t2)

∞

∑
j=0

a2
j,mCqm

j,m(t2) y j
)

= q2n+1
n

bn+2

bn

bn+1

bn

x2

(1−qn+1
n x)(1−qn+2

n x)
+

bn+1

bn

φn

bn

qn
nx

(1−qn+1
n x)

+q2m+1
m

bm+2

bm

bm+1

bm

y2

(1−qm+1
m y)(1−qm+2

m y)
+

bm+1

bm

φm

bm

qm
my

(1−qm+1
m y)

. �

Let ω be the full modulus of continuity as given in [4]. Using the definition of
Wω as given by Altin et al. [2], we consider W 2

ω as the space of real valued continuous
functions f ∈C(D) , satisfying the following condition:

| f (s1,s2)− f (x,y)| � ω
(

f ,min

{∣∣∣∣ s1

1− s1
− x

1− x

∣∣∣∣,
∣∣∣∣ s2

1− s2
− y

1− y

∣∣∣∣
})

,

∀(x,y),(s1,s2) ∈ D.

Now, we have the following theorem to establish the uniform convergence of the oper-
ators {M̃qn,qm

n,m } .

THEOREM 6. If f ∈W 2
ω and limn→∞ qn = 1 , the equality

lim
n,m→∞

||M̃qn,qm
n,m ( f ;x,y)− f (x,y)||C(D) = 0

holds.

Proof. By using the moment estimates obtained in the Theorem 5, we have

||M̃qn,qm
n,m (1;x,y)−1||C(D) = 0,∣∣∣∣

∣∣∣∣M̃qn,qm
n,m

(
s1

(1− s1)
;x,y

)
− x

(1− x)

∣∣∣∣
∣∣∣∣
C(D)

= sup
(x,y)∈D, 0<qn<1

∣∣∣∣bn+1

bn

qn
nx

1−qn+1
n x

− x
1− x

∣∣∣∣,∣∣∣∣
∣∣∣∣M̃qn,qm

n,m

(
si
2

(1− s2)i ;x,y

)
− yi

(1− y)i

∣∣∣∣
∣∣∣∣
C(D)

= sup
(x,y)∈D, 0<qm<1

∣∣∣∣bm+1

bm

qm
my

1−qm+1
m y

− y
1− y

∣∣∣∣,
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∣∣∣∣
∣∣∣∣M̃qn,qm

n,m

(
s2
1

(1− s1)2 +
s2
2

(1− s2)2 ;x,y

)
−

(
x2

(1− x)2 +
y2

(1− y)2

)∣∣∣∣
∣∣∣∣
C(D)

= sup
(x,y)∈D, 0<qn,qm<1

∣∣∣∣q2n+1
n

bn+2

bn

bn+1

bn

x2

(1−qn+1
n x)(1−qn+2

n x)
− x2

(1− x)2

+
bn+1

bn

φn

bn

qn
nx

(1−qn+1
n x)

+q2m+1
m

bm+2

bm

bm+1

bm

y2

(1−qm+1
m y)(1−qm+2

m y)

− y2

(1− y)2 +
bm+1

bm

φm

bm

qm
my

(1−qm+1
m y)

∣∣∣∣.
Now, by applying the Korovkin’s type theorem given in [7], we have the desired re-
sult. �
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