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A NOTE ON ¢g-MKZ OPERATORS USING GENERATING FUNCTIONS

HONEY SHARMA AND RAMAPATI MAURYA *

Abstract. This paper is based on new generalization of g-analogue of the MKZ type operators
using generating functions. We study approximation properties of the proposed operator using
Korovkin type theorem. Further, we estimate the rate of convergence of these operators by using
the modulus of continuity. In the last, we introduce and establish the uniform convergence of
2D -generalization of the ¢-MKZ operators using generating functions.

1. Introduction

The classical MKZ operators are defined in [8] as follows:

M,(f;x) :éf(%c) (n—]:k)xk(l—x)nﬂ’ if xe10,1),
M,(f;1) = f(1), if x=1,neN,

for f € C[0,1]. Later, Cheney and Sharma [3] modified these operators as the Bernstein
power series to discuss the monotonicity properties. In 2005, Altin, Dogru and Tagdelen
[2] introduced a new version of MKZ operators using generating function as follows:

Ak n k
. Crnt) x
PNER) kzof(ak,ﬁbn) (1)

oo

L,(f;x) =

for 0 < akikfbn <A, A€ (0,1), where {h,(x,1)},en is a generating function defined in
terms of the sequence of functions {Cy ,(¢) }ren, as follows:

ha(x,1) = i Cint) 5.
k=0

The authors have studied the approximation behavior of the sequence of the operators
{L,}, under the following conditions:

(1) hn(x7t) = (1 _x)hn+l(x7t)a
(2) ank,nJrl(t) = ak+1,an+l,n(I)a

b
(3) by — oo, Z+1—>1 and b, #0, Vn €N,

n

(4) Cu(t) >0, V1 eICR,
(5) A1 .0 = Ak pt1+ Gn,s \(bn\ <m<e and ap,=0.
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During last two decades, approximation by using quantum calculus has been an
interest area for many researchers [1]. In 2000, T. Trif [6] introduced the g-MKZ
operators for f € C[0,1]. Further, with a slight modification in these operators, Ddgru
and Duman [5] defined the ¢g-MKZ operators for f € C[0,d], a € (0,1), as follows:

n

My q(fix) =[] - Zf( CEp ) [n;:k]qu’ g€ (0,1), neN.

s=0

2. Construction of the operator

Motivated by [2], here, we introduce a generalization of g-MKZ operators based
on some generating function and study their approximation properties.
For g € (0,1) and {A, 4(x,?) },en the sequence of generating functions for the sequence
of functions {C} () }xen, such that

nq)Cl ZCZn

For A€ R and A € (0,1), we consider a generalization of ¢-MKZ operators using
generating functions as follows:

~ 1 hl Ak n q
My (f3x) = ' cl (1) X 1
na(f3%) g (X,1) kz;)f<ak,n+bn) ent) 1
for 0 < @ +h < A, under the following assumptions:

(1) ug(x,t) = (1— g™ %) hys g(x,2), 2)
(2) q bn+l kn+1(t) :ak+l,nCZ+1’n(t)7 (3)

by
(3) lim by e, b“ —1 and b, #0,VneN, )

q% si—00 n
(4) (1) >0, Vi €ICR, 5)
(5) @rrin=arp+1+ On, [@n] <M <o and ag, = 0. (6)

. n n+k

REMARK 1. By taking h,4(x,1) = W, arn = q"klq, CZ’”(I) = [ X L,

by = [n]4, the assumptions (3)—(6) are satisfied and proposed operators will be con-
verted into ¢g-MKZ operators considered by Dogru and Duman [5].

REMARK 2. By taking ¢ = 1, the operators {M, ,} turn out to be MKZ operators
given by Altin et al. [2].
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LEMMA 1. The moments of the generalized operators 1\71,“1 for the test functions

1
e = (ﬁ) , i=0,1,2 are as follows:

K bt q"x
X = )
'q by (1— ‘lon)
2

M S2 x :q2n+1bn+2bn+l X +bn+l& q”x .
I\ (1—-5)2° by, by (1—qx)(1—q"2x) b, b, (1—q""lx)

Proof. For i =0, result is trivial.
For i = 1, using the definition of the new generalized operator, the moment can be
obtained directly as follows:

~ K 1 -
Mg x| = an G, (1) x*
’q<1 — S ) bn hn,q(xat) kgtl o
1 X -
" by hag (1) kEOak“’” Clia) 2
- q"bny X
= bn hnq(xt kg kn+l
_ bn+1 q X i
b, 1— n+1x hrHrl g\ X t k=0
e g
bn l_qn+1x

Finally for i = 2, we have following computations:

._
—
MXC/

(agn)? G, (1) 2

2
—
=
=
=
T
[N

M

e qnbn+1CZ—1,n+1 (1) &

—
S
=
N
[
=
N
[~
—
=
-~
=
o~
Il
-

bny1 1 »
- Qs iy (1)
(bn)2 hn,q(x,t) kza +1n k +1()
nb X i
BRAOY: Y (@1 +9) €Ly (0) 2

=~
Il
=]

Il
<
=
S
)
+
5=
=
N

2 ak,n+lC]Zn+1 (t) xk + ¢n Z Cllc{nJrl (t) xk>
k=1 k=0
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(anrlb"""Z 2 CZ—I,n+2 (t) xk + ¢” 2 CZ,n+1 (t) xk>
k=1 k=0

=g qn“bn X an (t)xk—HP an (t)xk)
(b)? hn,q(x,z>< - kgo kit "kgo bt

2
_ onrl bui2 buyy X but1 ﬂ q'x

bn bn (1 - qn""lx)(l - qn+2x) bn bn (1 - qn+1x) '

REMARK 3. For ¢ € (0,1) one can observe that lim, ...[n],4=1/(1—¢g). In
order to study the convergence properties of the operator, we take ¢, € (0,1) such
that lim,—.¢g, = 1, so that lim,_. ﬁ = 0. Such a sequence can always be con-

structed. For example, we may consider ¢, = 1 — 1/n, 1 —1/n*. Clearly in each case
limy oo 77— =0

We consider W,, as a subspace of the space C[0,A], A € (0,1) satisfying the con-
dition:
X
1—x

|f(S)—f(x)|<w<f7'1L_S_

>7 Vx, s € [0,A],

where @ is the modulus of continuity.
For the space of function W, Altin, Dégru and Tagdelen [2] proved the following
result:

THEOREM 1. ([2]) Let A, : Wy — C[0,A] be the sequence of positive linear op-
erators satisfying the condition

5)e)- ()
lim ||A,, —) ) - (= -0, i=0,1,2.
nee (((1 —5) (1—x) Cl0,4]
Then
,}ij}cHAn(f) — fllefo.a) =0,
Sforall f € Wy and ||.|| is supremum norm on the space C|[0,A].

THEOREM 2. Let iqn} be the sequence as defined by Remark 3. Then for all
f € Wy, the operators M, 4, (f;x) converges uniformly to f.

Proof. By using Theorem 1, it is sufficient to prove that the following equation

holds:
i ((25) ) - ()

By using definition of the operator A7I,,7qn and Lemma 1, result for i = 0 is obvious.

lim

n—oo

=0, for i=0,1,2.
Cl0,A]
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For i =1, we have

~ s X
M —x | - —
H n’q"<1—sx> 1—x

Using the assumption (5) as n — oo, we get

bpyi gy X
by 1—¢g*'x 1—x/|

= sup
Cl0,A]  xe[0,4]

~ S X
o (1) -] -
H RV l—x Cl0,A]
Finally, for i = 2, we have
2 2
~ S X
i, 7) S
f1<(1_s)2 (1-x)? Cl0,4]
byi2 by qﬁ”“x2 _ x? by ﬁ GnX

bo by (1—git'x)(1—gp™x) (1=x) " by bal—gi™'x

= sup
x€[0,4], 0<g,<1

bui2 buyy _1 x? + bny1 @ X
b, by (1-x)2 by by1—x

< sup
x€[0,A]

Using the assumptions (5) and (6) as n — oo, we get

’ M ((1 . s>2;x> o izx>2

3. Rate of convergence
THEOREM 3. Let {q,} be the sequence as defined by Remark 3. Then for all
f € Wy, we have

=0. O
Clo.4]

Mg, (f3%) = fllcoa) < (L+VT)o(f,8,),
here,

xefoAl L (1=x)2" 1—x "

1
bn+l bn+2 bn+l + & bn+1:| 2

+

5":{1_217,1 by by | by by

Proof. Forall x,s € [0,A] and f € Wy, we have

)

Mg, (%) = f| < Myg, (1£(s) = f(x)]:x)
g Mn,qn (CO <f7

X
1—x

S
1—s
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< nqn< o(f, 5 )< }S“';nﬁ|>;x>
o(f,6:)M, ,q,,<<1+@>;x

1 Ak X

:w(f’6n)[l+5_n<mk§6 -

b, 1—x
By Cauchy-Schwarz inequality and Lemma 1, we have

cln () xk>} .

~ , 1 1 = lan x \ 5
|My.q,(f3%) = f] gw(f;5n){1+5—n<m %(bn _l—x) CZﬁn(t)xk> ]

= o(f,6,) |:1 + ain(sn,qn (x,1))2

[ E—

where
= (a 2
S t n_ C (1) x*
nan(6:1) T 7qn(xt IZ ( b, 1—x> k=”( )
_ s2 _ s X2
=M, M ;
( 1—5)? ) ﬂ"(l—s")*(l—x)z
:< n+lbn+2 bn+1
by (1—q2‘+1X)(1—q3+2X)
. buy1 <Pn GnX 2x bpy qnx n x*
by by (1—qx) 1—x by (1—gix)  (1-x)2)
Therefore,
bn+2 bn+l x2
sup Sn.g,(x,1) = sup (qﬁ”“
x€[0,A], 0<gn<1 " x€[0.A], 0<gn<1 by by (1—gi™x)(1— i)
n busi 0n  qux 2x buy1 qnX n X
by b ( "Jrl) 1—x b, (l—qZJrlx) (l—x)2
2n+1 bny2 bnyy x?

< sup (q
w0A], 0<gu<t N Dn ba (1—gptx)(1—gntx)

bn+l % qu + .x2
b, by, (l—qZ'Hx) (1 —x)2
<(1+ buy2 byt x? T ﬂ but1 x
by b, J(1—x)2 by by 1—x

bn+2 bn+l ¢n bn+1
TI1 —
[ o by b b

+

=78},
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here,
T X2 X
= max { ———, ——
xeoA] | (1=x)2" 1—x ]’

1
5, — {1 n byt by ﬂbn+1:| 2'

b, by +b,, by

Finally taking supremum norm, we have

. 1 1
g (£39)  Fllco < 0080) |1+ 5:Csup S, )
n xel0,A]

< (1+VT)o(f,8,).
Hence the Theorem. [

Further, we employ the elements of the modified Lipschitz class Lip,,(c) as con-
sidered by Altin et al. [2] to estimate the rate of convergence of the operators {M, ;} .
A function f € C[0,4] is said to belong to modified Lipschitz class function, i.e.
f € Lipy(a) if
o

s ol , Vs, x € [0,4],

1f(s) = f(x)] <M’l——s_1——x

where M >0 and 0 < o < 1.

REMARK 4. For ¢, s € [0,A], 0 <A < 1, we have

t s t—s
- = > |t —s. 7
= T—s '(l—t)(l—s) J#=sf ™
This implies
t s ¢
t—s]% <|—— ,
it ‘l—t 1—s

which proves that Lipy (o) C Lipy,(r).

THEOREM 4. Let {q,} be the sequence as defined by Remark 3. Then for all
f € Lipy/(ax), we have

Mg, (F) = Fllcio.n) < MT28,°,

where T and 6, are same as in Theorem 3.

Proof. Let f € Lipy(cr) and 0 < o < 1. By linearity and monotonicity of the
operators M, 4, , we have

Mg, (f:X) = f| < Mg, (|f(s) — £(x)]:x)

o
~ s ¥
< My, (M T g ;x), Vax, s € [0,A]
1 S Ak,n X o ¢
- Mi — - — an t
hnvqn ()C,t) k=0 bn 1—x k7n( ) X
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By using Holder’s inequality with p = %7 q= 23 5 in above inequality, we have

oo 2 (03
N R N € S R AOR

P g, (x,1 far 1—x

~—

DIR

=MS,q4,(x,1)2.

Now taking the supremum on both sides of the above equation, we have

Mg, (f) = fllcioa] < M sup Sy, (x,0)%
x€(0.4]

- MT?8,% O

4. 2D -generalization of the operators 1\71,17,1

In this section, we give 2-dimensional generalization of the operators Mn,q and
obtain the moments for these operators as given below.

Let 0 < g, <1 forall n € N such that lim,~. g, =1 and A, B be a real numbers
with 0 < A, B < 1, we have rectangular domain

D={(x,y);0<x<A, 0<y<B}.

Now, for all real valued continuous functions f defined on D and considering the
assumptions made for the operators {M,,,}, we define

1 1
hn,q,, (x’ I ) hqum (y7 t2)

2 e aj ai;. .
XY, Ef( - L ) I (i, ) Xy (8)
k=0 j=0

Mnam(fix,y) =

agn+ qkbn ’ ajm+ b

where

Linim(ty, 1) = L (1) Cy (12).

THEOREM 5. Let {MZ’;#’”} be the sequence of operators defined by (8), we have

(i) Moam(Lix,y) =1,

N S1 bpr1  qhx
qu:qm — i, #7

(”) n.m (l s1 X y) bn 1— qZJrlx

N 52 bnt1 @y
M’im’im iX, — m ,
(it) M (1—32 ) y) b 1—gpt'y
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2

2
D) M S bpi2 bnt1 X
v quqm 1 X, ) _ 2n+1Yn+ n
( ) n,m ((1—51)2 y qn b, by (1_q2+1x)(1_q2+2x)

n+1 (Pn C]Z
b, b, ( n+1 )
2
Vi _ S bim+2 by y
y quqm 2 X, ) — 2m+1Ym+ m
( ) n,m ((l _ S2)2 y m bm bm (1 _ L]%Jrlx)(l q’rﬁ+2y)
m+l (Pm q’,ﬁy

+

2

+
bym b ( m+1y)
2 2 2
. ~ N S b 2 b +1 X
Vi M(1n711m 1 + 2 X, ) _ 2n+1Yn+ n
( ) i ((1 - 51)2 (1 _52>2 Y n bn bn (1 — q2+1)€)(1 — qﬁ"'zx)
busi 0n X 2! bu+2 b1 ¥
b ba(1=gitx) "~ ™" bn bw (1—gnTy)(1—gi )

bt Om Y

+ .
bm bm (1 - q,r,quly)

Proof. Using the moment estimates obtained for the operators A7In,q in Lemma-1,
the proof can be given as below:

i PXAE
h n,qn ('x tl k= hmﬁlm (y7 t2 /

J=0

(i) Mnim(Lx,y) =

2 CQm t2

hm dm (y7 t2 j:

=3

(et Syt )(hmqm@,tzz )

bn+1 qnx
by 1—qgitlx’

Further, we have

2
(ZV) M’im’im Sl X,y
n,m (l — 31)2
| T P 1 S
= — Z e Ck,n(tl) Xk ——— XE)CJ-M(IQ) y

g, (,11) G\ Dn Pon g (9,12) =

1 1 had 1 d ,
= (—27 2 @i Cl (1) x") * (h— PRGHCY yf)
m,qm

b; hnv’in('x’tl) =0 (»,12) j=0

o
21 bnt2 ot X busi O qpx

" by by (1= (1—¢ %) by by (11— X))
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Similarly, one can give the proof for (iii) and (v). Now, we have

2 2
(vi) M am il + % X,y
A (1=s81)2  (1—s52)2

1 < i\ 1 > :
= Z(L) CZz(tl)x"*hi D, Cln(1) y

hn,qn(x»tl)k:o b mgm(Vs12) =0

oo 2
n ajvm dm j
) chn 1) xk* h Z( bum ) Cj,m(t2) ¥

m,qm (y7t2) j=0

—(;mzamq@w ) (h; ABEY

m,qm (y? t2) j=0

1
an l * C‘Im l
(e S ) (g Sacion)

J

+h 7(1”()6 1

_ 2ntl bny2 buyy x? bny1 % GnX
by by (1—gfT'X)(1—¢ %) bp by (1—g )
2m+1 bm+2 berl y2 bm+l (P_m ‘l;ﬁy O

+am .
b b (L—gut'y)(L=gi?y)  bm bu (1—gi'y)

Let @ be the full modulus of continuity as given in [4]. Using the definition of
W as given by Altin et al. [2], we consider Waz) as the space of real valued continuous
functions f € C(D), satisfying the following condition:

2 )
l—sp 11—y ’

V(x,y), (s1,52) € D.

51 X

|f(s1,82) = f(x,y)] < w(f,min{

1—s1 1—x
Now, we have the following theorem to establish the uniform convergence of the oper-
ators {M""} .
THEOREM 6. If f € W2 and lim,_...q, = 1, the equality
lim_ |85 (f3x,3) ~ £ (59 o) = O

holds.

Proof. By using the moment estimates obtained in the Theorem 5, we have

[|Mnam (1x,y) = 1 |epy = 0,
~ 51 X
qu‘Im iX, _
‘ ((1—s1>”) (1-%)

‘ i

bt gy x

by 1—¢'*'x 1—x

= sup
C(D) (x,y)eD, 0<gn<1

b

Mgnnll‘Im ( 2 X, ) _ '
m\(T=s) ™) "=y

= sup

bt qmy Y ‘
C(D)  (xy)eD, 0<gnu<1

bm 1 —qfﬁ“y 1 -y




_|_

2 2 2 2
~ N S X y
M%hf]m 1 2 . _
" <(1_Sl)2 (1_52)2’x,y) <(l—x)2 (I_Y)z)

— 2+
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C(D)
sup g buy2 bpyt : x? __ X2
(x.y)€D, 0<gn,qm<1 by by (1 — qﬁ+ x)(l — qz+ x) (1 —x)2
b1 Gn X 21 b2 Dy Y

n q m m
by by (1—gpt'x) ™" b b (1—gpny)(1—qin™?y)

Y buii O qny
b b (1=gi*'y) [

(1-y)

Now, by applying the Korovkin’s type theorem given in [7], we have the desired re-

sult.
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