lournal of
|assical
nalysis

Volume 17, Number 2 (2021), 199-213 doi:10.7153/jca-2021-17-13

RELATIVE (p,q,r)L-TH ORDER ORIENTED
SOME GROWTH PROPERTIES OF WRONSKIAN

TANMAY BISWAS AND CHINMAY BISWAS*

Abstract. In the paper we establish some new results depending on the comparative growth prop-
erties of composite transcendental entire and meromorphic functions using relative (p,q,7)L-th
order and relative (p,q,t)L-th lower order and wronskian generated by one of the factors.

1. Introduction, definitions and notations

Let us consider that the reader is familiar with the fundamental results and the
standard notations of the Nevanlinna theory of meromorphic functions which are avail-
able in [6, 9, 14, 15]. We also use the standard notations and definitions of the the-
ory of entire functions which are available in [13] and therefore we do not explain
those in details. Let f be an entire function defined in the open complex plane C.
The maximum modulus function M¢(r) corresponding to f is defined on |z| = r as
My(r) = max;_,|f(z)|. If f is non-constant then it has the following property:

PROPERTY (A). [2]: A non-constant entire function f is said have the Property
(A)if forany ¢ > 1 and for all sufficiently large values of r, [M(r)]> < M(r®) holds.
For examples of functions with or without the Property (A), one may see [2].

When f is meromorphic, one may introduce another function 7¢(r) known as
Nevanlinna’s characteristic function of f, playing the same role as M¢(r).

The integrated counting function Ny(r,a)(N¢(r,a)) of a-points (distinct a-points)
of f is defined as

"nye(t,a) —ng(0
Nf(r,a)z/o nylt,a) ~ny(0,0) tnf( .4) dt+ns(0,a)logr,
Vi n Z, —n ’ —
(Nf(r,a)z/o ny(ta) —nyp(na) p iy (ra) dt—|—nf(0,a)logr),

where we denote by ns(r,a) (7if(t,a)) the number of a -points (distinct a-points) of f
in |z] <7 and an e -point is a pole of f. In many occasions Ng(r,e) and Ny(r,eo) are
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denoted by Ny (r) and N (r) respectively. The function Ny(r,a) is called the enumera-
tive function. On the other hand, the function m ¢(r) = mg(r, o) known as the proximity
function is defined as

2
1 i
my(r) = 5 [ log* Lf(re") e,
0

where log™ x = max (logx,0) for all x > 0 and an c-point is a pole of f. Analogously,
m%(r) =my(r,a) is defined when « is not an co-point of f.

Thus the Nevanlinna’s characteristic function 7¢(r) correspondingto f is defined
as

Typ(r) = N¢(r) +mg(r).

When f is entire, T¢(r) coincides with mz(r) as N¢(r) = 0. However, for a meromor-
phic function f, the Wronskian determinant W (f) = W(ay,as,...,ax, f) is defined as

ap ay - ap f
G & dy f
W(f)= : o )

where ay,as,...,a; are linearly independent meromorphic functions and small with
respect to f (i.e., Ty, (r) = S(r,f) for i =1,2,3... k). From the Nevanlinna’s sec-
ond fundamental theorem, it follows that the set of values of @ € CU {eo} for which
0(a; f) > 0 is countable and ¥, .., 6(a; f) + 6(oo; f) < 2 (cf. [6, p. 43]), where

) N(ra;f) . .
o(a;f) =1—limsup———= = liminf ———~=
( ) F—so0 p Tf(r) r—oo Tf(r)

If in particular ¥, ., 6(a; f) + &(o0; f) =2, we say that f has the maximum deficiency

sum. Moreover, if f is non-constant entire then T(r) is strictly increasing and contin-

uous function of r. Also its inverse Tf_l : (T¢(0),00) — (0,0) exists and is such that
Ty (r)

lim Tf_l(s) =0, Also the ratio o) A5 7o is called the growth of f with respect

to g in terms of the Nevanlinna’s characteristic functions of the meromorphic functions
f and g. However, let us consider that x € [0,) and k € N. We define

(4] 13

expx = exp(exp®~x), and logkx=1log(logh~!x).

We also denote log[o] X=X, log[_” X =expx, exp[o] x=x and exp[’l] x =logx. Further
we assume that throughout the present paper [, p, g, m and n always denote positive
integers and r € NU{—1,0}. Now considering this, we just recall that Shen et al. [12]
defined the (m,n)-¢ order and (m,n)-¢@ lower order of entire functions f.

DEFINITION 1. [12] Let ¢ : [0,+e) — (0,+o0) be a non-decreasing unbounded
function and m > n. The (m,n)-¢ order p"(f, @) and (m,n)-¢ lower order
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A (£ @) of entire function f are defined as:

loo™ M loe™ M

) (£, @) = limsup X&) 3 (£ o) — fiming 28 M)

r—= log" o(r) == loghl p(r)
If f is a meromorphic function, then
(m,n) : log[mil] Tf(r) (m,n) BN log[mil] Tf(r)
p"(f,0) = limsup ——————=;  A"Y(f, ) =liminf ————=.
r—e log"g(r) = log"g(r)
Further for any non-decreasing unbounded function ¢ : [0, 4+e0) — (0, +o0), if we
assume lim log!" p(ar)

r— o0 log[”] (p(r)
inequality T¢(r) <logMy(r) < 3T¢(2r) {cf. [6]}, one can easily verify that [12]

=1 for all a > 0, then for any entire function f, using the

log"l M
p(mn)(f7 @) = limsup M = limsup
e logl o(r

log!"l M
209 (£, @) = liming 28 M) o plos” T
r—o0 log["] (P(r) r—o0 log["] (P(r)

when m > 1.
If we take m = p, n=1 and @(r) = logl9 !l r, then the above definitions reduce
to the following definitions :

DEFINITION 2. The (p,q)-th orderand (p,q)-th lower order of an entire function
f are defined as:

loa!?! pp log!?! M1
p P49 (f) = limsup M; AP () = liminfu
F—oo log[q] r r—oo log[q] r

If f is a meromorphic function, then

loglP=1T loglP=1T
pP9(f) = limsup u; APa)(F) = hminfu.
F—so00 log[q] r r—oo log[q] r

Definition 2 avoids the restriction p > ¢ of the original definition of (p,q)-th
order (respectively (p,q)-th lower order) of entire functions introduced by Juneja et
al. [7]. However the above definition is very useful for measuring the growth of entire
and meromorphic functions. If p =1 and ¢ = 1 then we write p"!)(f) = p)(f) and
AED(F) = AO(f) where p)(f) and AU (f) are respectively known as generalized
order and generalized lower order of entire or meromorphic function f. For details
about generalized order one may see [11]. Also for p =2 and g = 1, we respectively
denote pD(f) and A2V (f) by p(f) and A(f) which are classical growth indicators
such as order and lower order of entire or meromorphic function f.

In this connection we just recall the following definition of index-pair where we
will give a minor modification to the original definition [7]:
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DEFINITION 3. An entire function f is said to have index-pair (p,q) if b <
p P9 (f) < oo and pP~14=1(f) is not a nonzero finite number, where b =1 if p=g¢
and b = 0 for otherwise. Moreover, if 0 < p(M) (f) < oo, then

plrra(f) =0 n<p,
praN(f)=0  n<q..
p(p+n,q+n)(f) -1 neN

Similarly for 0 < (P9 (f) < co, one can easily verify that

Arr(f) e n<p,
APa=n)(£) =0 n<gq,.
Alptnain)(fy =1 neN

Analogously one can easily verify that Definition 3 of index-pair can also be ap-
plicable to a meromorphic function f. However, the function f is said to be of regular
(p,q) growth when (p,q)-th order and (p,q)-th lower order of f are the same. Func-
tions which are not of regular (p,q) growth are said to be of irregular (p,q) growth.

For entire functions, Somasundaram and Thamizharasi [ 10] introduced the notions
of the growth indicators L-order and L-lower order where L = L(r) is a positive con-
tinuous slowly increasing function, which means that lim,_... L(ar)/L(r) = 1 for all
a > 0. The more generalized concept of L-order and L-lower order for entire function
are L*-order and L*-lower order. Their definitions are as follows:

DEFINITION 4. [10] The L*-order p}* and the L*-lower order kj%* of an entire
function f are defined as

2 * 2
BT r) e s o)
log[rel(n)] '

L* 1
= lims .
Py 1 r_wljp r—e log[rel(r)]

When f is meromorphic one can easily verify that

log T loge T
0gTy(r) . 7L hmmfiOg 7(r)

= 1 —_—
pf TP log[ret]” 7/ r—es log[reln)]’

If we take m = p, n=1 and @(r) = logld U r-expl*!/ L(r), then Definition 1
turn into the definitions of (p,q,¢)L-th order and (p,q,#)L-th lower order of an entire
function f which are:

log!” M (r)
logl! r+ expld L(r)’

[p]
/lf(p7q7 ) = liminf log ™ M;(r)
r=="logldl r 4 expl L(r)

PF(p.g.t) = limsup
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If f is a meromorphic function, then
tog 1 T(r)
logl® r+expl L(r)’

loglP=1T
l%(p,q, ) = liminf og 7(r)
' == logld r+expll L(r)

pF(p,q,t) = limsup

In order to compare the relative growth of two entire functions having same non zero
finite (p,q,t)L-th order, one may introduce the definitions of (p,q,#)L-th type (respec-
tively (p,q,t)L-th lower type) of entire functions having finite positive finite (p,q,#)L-
th order.

DEFINITION 5. [4] Let f be an entire function with non-zero finite (p,q,#)L-th
order pf(p,q,t). The (p,q,t)L-th type denoted by of(p,q,t) and (p,q,r)L-th lower

type denoted by 6%( p,q,t) are respectively defined as follows:

losP=1 pp
O_}(PMIJ) = limsup og ¢ (r) ; ,
r—oo [log[q_l] r- exp[tJrl] L(r)}pf (p.at)

and

losP—1 pg
G4 (p,q.1) = liminf og £(r) -
F—so0 [log[‘f’l] r.exp[t+l]L(r)]pf, (psad)

Mainly the growth investigation of entire or meromorphic functions has usually
been done through their maximum moduli or Nevanlinna’s characteristic function in
comparison with those of exponential function. But if one is paying attention to evaluate
the growth rates of any entire or meromorphic function with respect to a new entire
function, the notions of relative growth indicators [2, 8] will come. Extending this
notion, one may introduce the definitions of relative (p,q,?)L-th order and relative
(p,q,t)L-th lower order of a meromorphic function f with respect to an entire function
g in the following way:

DEFINITION 6. [4] Let f be a meromorphic function and g be an entire function.
Then relative (p,q,t)L-th order denoted as p”*)(f) and relative (p,q,)L-th lower

order denoted as kg(p 4L (F) of f with respect to g are defined by
log” 7,7 (T4(r))
logl! r+ expld L(r)’

1 [17] T
A,éng)L(f) — llmlnf Og ( f( )) .
r—ee log[ ql r+ exp[ 1L (r)

p " (f) = timsup

Since the natural extension of a derivative is a differential polynomial, in this paper
we prove our results for a special type of linear differential polynomials viz. the wron-
skians. Actually in the paper we establish some new results depending on the compar-
ative growth properties of composite transcendental entire and meromorphic function
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using relative (p,q,¢)L-th order and relative (p,q,#)L-th lower order of meromorphic
function with respect to another entire function and that of wronskian generated by one
of the factors.

2. Lemmas
In this section we present two lemmas which will be needed in the sequel.

LEMMA 1. [1] Let f be meromorphic and g be entire then for all sufficiently
large values of r,

Trog(r) < {1 +o(1>}loT&T

LEMMA 2. [5] Let f be an entire function which satisfies the Property (A), B >
0,0 >1and o> 2. Then

BTy(r) < Ty(ar®).

LEMMA 3. [3] Assume that f is a transcendental meromorphic function with
Yt 20(a; f)+6(e0; f) =2 and let g be a transcendental entire function having the
maximum deficiency sum with regular (m,p) growth where m > 1. Then

logh”! T, /! W(g )(TW( (7))

lim =1
= 1ogh T (7))

LEMMA 4. Let f be transcendental meromorphic function which satisfies the
constraint ¥, 1., 0(a; f) +0(e0; f) =2 and g be a transcendental entire function hav-
ing the maximum deficiency sum with regular (m,p) growth where m > 1. Then the
relative (p,q,t)L-th order and relative (p,q,t)L-th lower order of W(f) with respect
to W(g) are same as those of [ with respect to g ie.,

P W () = pe (1) and A0S W (F) = AP (),

Proof. In view of Lemma 3, we obtain that

log[p]T ( (r))
(p.g:t)L

W(f)) = li
Pw(gy (W(f))= lim 10g[]r+exp[’]L(r)

— logP TN (Tp(r) . ogl Tl (T ()
m - lim

r=elogldl r+expld L(r) r—e log[l’]Tg (T¢(r))
= pP 4 (f) - 1= p ().

In a similar manner, l‘f‘f(’g)’t)L(W( 7)) = AP Ot gy,
This completes the proof of the assertion. []
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3. Theorems

THEOREM 1. Suppose that f is a transcendental meromorphic function for which
Yt 0(a; f) +0(o0 f) =2, and let g be an entire function and h be a transcendental
entire function having the maximum deficiency sum with regular (a, p) growth such that

p[f(m7n7t) < A}Ep’q’t)L(f) < p}(lp’q’t)L(f) < oo where g >m and a > 1. If h satisfies the
Property (A), then

log" T, (Tyog(r))
im — =
r==log”” Ty, w(h )(TW(f)( r))

when for some o < A, (Pl (f), there holds

expl L(M,(r)) = ofexp! U[(logle" 1 r)expl T L(r)] %}

)

as r — oo,

Proof. Let us suppose that ¥y > 2 and § — 1+ in Lemma 2. Since Th_l(r) is
an increasing function of r, it follows from Lemma 1, Lemma 2 and the inequality
T,(r) <log® My (r) {cf. [6]} for all sufficiently large values of r that

i (Trog () < T {1+ 0(1)} Ty (M ()]
ie., Ty (Trog(r)) < [ H(Ty (Mg ()]
e., 1087 T, (Trog(r) < logh? T, (T (M, (r))) + O(1) (1)
ie., log[”]T (Trog(r)) < (p M’)L(f)Jre)[log I My (r) +exp" L(M ()] +0(1) (2)
ey 1@ 1,7 (Tyog (1) < (i (f) + &) llogl™) My (r) + expl! L(M, ()] +0(1)
ice., logh T, (T7ug(r) < (0”5 (f) +-€)
< expl = (1og" 1 r)explt L)) PE 0 0) g expl! Lty ()] +0(1). )
Also in view of Lemma 4, we obtain for all sufficiently large values of r that

—ml — e 7L( Pg1)L w _
log!” ]TW(lh)(Tw(f)(r))>eXp[ U(oglt=Y ryexpt 1 L(r )] wiy W)—)

i.e., loglP= Tv;(lh)(TW(f)(r)) > expl™ U[(loglt~ ) expl+1) L(r)](%g"“mL(f)—S), )
Now from (3) and (4) we get for all sufficiently large values of r that
log?” 7, (Tyog (1))
logl "7y, | (T ()
(") + &) lexpY[(log" ! ) explr L(r)] P ) )
h expl™=1[(logl*=! ) explt+1 L(r)] K () )
expl’l L(M, ()] + O(1)

1 AL o )
expl=1[(loglt= 1 r)expli+1 L(r)] B (1))

_|_
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Since py(m,n,1) < 2, (P4L( £} we can choose &(> 0) in such a way that
pLim,n,t)+e< APIH(f) —e. (©6)

Now let for some o < A, (Pl 5y,
expl! L(M, (r)) = o{exp™[(logld= 1 r)expl T L(r)]*} as r — co.
As a < ?L}Ep’q’t)L(f) we can choose £(> 0) in such a way that

o< AP — g 7)

Since expl! L(M,(r)) = o{exp™[(loglt=Ur)expl T L(r)]*} as r — o we get on
using (7) that
expl'l L(My(r))
expl 1 [(logl 11 7) expi 11 ()]
expl'l L(My(r))
expln—1[(logl?~1 r)expli+1 () B (1)=e)

—0asr— oo

ie., — 0asr— oo, (8)

Now in view of (5), (6) and (8) we obtain that

L logl T (T ()
g7 I T Ty ()

Thus the theorem follows. [

=0.

THEOREM 2. Let g be a transcendental entire function with 'Y, 8(a;g)+ 0(e0;g)
aoo
=2 and k be a transcendental entire function having the maximum deficiency sum with

regular (m,l) growth. Also let f be a meromorphic function and h is an entire function

such that p,ip’q[) (f) < oo, 7L (Lnt)L (g) >0 and pL(m,n,t) < oo where m>q. If h
satisfy the Property (A), then

im log!?+ ! Thil(Tfog(r)) < ng(m,n,t)
1m <
r—e]oglll Tu7(11< ) (Tiw (o) (r)) +expll L(My(r)) ~ A k(l,n,t)L ()

)

when expl) L(My(r)) = o{log!" T_( )(TW( (r)} as r— oo.
Proof. From (2) for all sufficiently large values of r,we have

log[p] WTpog(r)) < (ph(p,q,t)L(f) +€)[logld! My(r) + exp!” L(Mg(r))+O(1)]

i.e. 1o T, (Trog (1)) < (" (f) + ) - 1og¥ My (r)
+(p P () + ) - lexpl! L(M (1)) + O(1)]
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i.e. logl T, (Tyog () < (7 (f) + ) - logl®) My (r) [( (p’q’t)LE

(PP () + €) - lexpl) L(M, (r) + O(1)

_|_
(PP () +e) - ogl?) My (r)

. - expl! L(M,(r)) +0(1
i.e 1oglP T (Troe (r)) < (p}(lp’q’t)L(f)_;_g).10g[q]Mg(r){l+ " L( [1],( ) +0( )}
log My(r)

i.e. logl" U T (Tyog () < log(pyP M (f) +€) +log+!) My(r)

expl! L(M,(r))+0O(1) ]
logl?! My(r)

+log[l+

Taking log (1 + expl! L(M"(r))+0(l)> ~, LM, (1) +O() we get for all sufficiently

logld! Mg (r) logld! Mg (r)
large values of r,

loglP ™1l T, (Trog(r)) < log[qH]Mg(") +10g(plsp7q7t)L(f) +e)
expl! L(M,(r)) +0(1)
10g[tI] My(r)

IOg[pH] (Tfos( r))

expl! L(M, (1) + O(1) +log¥ My (r) -log(p" q=’>L<f>+e>}
log M(r) -log* T My (r) |

<log™ M,y (r) |1+

IOg[pH] (Tng( r))
1] (g . (pat)L
exp!! L(Mg(r)) + O(1) +1log"" M, (r) - log(p, (f)+e)
logl My (r) -1oglt 1 M, (r) '

<logl*2 My (r)log [l +

Again using log(1 +x) ~ x for x — P LMD +0() Hog My (r)log(py" " (1) o)

q+1
I logh! My (r)
k=q

we get from above for all sufficiently large positive numbers of r ,

logl 1 1,7 (Tyeg (1)) < 10g*2 M (1)
+exp“ L(M,(r))+0(1)+10g My (r) - 1og(p " (f) +¢)

q+1
T logh M, (r)
k=q
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Continuing this process, we get

loglP M= A T (T, () < logl?t™=4 My (r)

L X0l L(My(r)) +0(1) +log ) My (1) -log(p," " (/) +)

q+m—qg—1
kH log M, (r)
=q

i.e., logPt= A T (T (1)) < log™ My(r)
. expl! L(M, (r)) + O(1) + log®) My (r) - Tog(p\ " " () + €)

m—1
I log My (r)
k=q

i.e., oglP ™ AT (Tyoe(r)) < (pE(m,n,t) +€)[log" r+expl! L(r)]

. expl! L(M, (r)) + O(1) + 1ogl®) My (r) - Tog(p\ " () + €)

m—1 : ®)
T log M, (r)
k=q
Again in view of Lemma 4, we have for all sufficiently large values of r that
— Int)L n
log!) Ty b (T () = (i (W (2)) — &) log r+ exp L(1)]
log!! Ty, L, (Tiy ) (1)
i.e., log" r+expl! L(r) < Wiy WO (10)

(K" ()~ e)
Hence from (9) and (10), it follows for all sufficiently large values of r that

pL(m,n.t)+e

log[P+m_q] Th_l(Tfog(r)) < <W
| —

) tog Ty (T ) (1)

N expl’ L(M,(r))+0(1)+ log[q] M,(r)- log(plip’q’t)L(f) +¢€)

m—1
IT logh M, (r)
k=q

logl?tm=d T,V (Tyoq (1))
.e,
log! Ty, L (T ) (r)) +expl) L(My(r))

(k)
(pé(m,n,t) + & log[l] Tv;(lk)(TW(g)(r))

A0 (g) 2 o Ty by (T (1) + expl LM, (1))

i

N expl’ L(M,(r))+0(1)+ log[q] M,(r)- log(plsp’q’t)L(f) +e)

m—1
g Ty o (T (1)) + expll LM ()] - T 10gH! My (1)
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R AR UIO))
e, —
log! Ty b (Tiy(e) () + expl!) L(My (r))

pk(mni)+e 1+0(1)+10g M (r)log(p " () +e)
B A () e exHL( <>>
b expl'l L(My (1)) log"! Ty ) (Twig) () o '
Tk T @ L+~ ta i) ,ﬂqlog My(r)
pé‘(m,n,t)+8
log? "4\ T, ! (Tyog (1)) O
e X
" og" Ty o (T o) (r)) +expl L(M(r)) 14 oL
W(k)\TW(g) 8 +log[]T()(TW()())
1 n o(1) n log(p\P " (f)+¢)

m—1 m—1 m—1

h logM M, (r)  expl! L(My(r))- T log[/"]Mg(r) expl] L(My(r)): 1 llog[kl M (r)

+ = " ()
log T Wk )(TW(g)( ))]

M+ — Lot )

Since expl! L(M,(r)) = o{log! T, Wk )(TW( (r))} as r — oo and g(> 0) is arbitrary we
obtain from (11) that

m logl? ™= T, (T (r)) p(m,n,t)
m < )
= logl Ty (T (1) +expl LML) 20" E(g)

Thus the theorem is established. [

Now we state the following theorem without its proof as it can be carried out in
the line of Theorem 2:

THEOREM 3. Let f be a transcendental meromorphic function with 'Y, 8(a; f)+
O(e0; f) =2, g be an entire function and h be a transcendental entire fun;ion having
the maximum deficiency sum with regular (a,p) growth such that 0 < A, (pat L( f) <
p;(lp o )L(f) < oo and p(m,n,t) < oo where m>n=q. If h satisfy the Property (A),
then

_ loglP =4 T (T (r)) _ Pelmn)

1 ~
’H“’log[p] Tﬁ( )(TW(f)(r)) + exp[t] L(Mg(")) A}Ep’q’t)L(f)

)

when expl) L(My(r)) = o{log!! Tv;(lh)(TW(f)(r))} as r— oo,

THEOREM 4. Let f be a transcendental meromorphic function with 'Y, §(a; f)+
aoo
O(e0; f) =2, g be an entire function and h be a transcendental entire function having
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the maximum deficiency sum with regular (a,p) growth such that p;(lp ’q’I)L( f) < oo and
l(pq[ (fog)=oc0 where a> 1. Then

lim log[l’]T (Tfog(r))
’_’“’log[”]T_( (Tw(s)(r))

— oo,

Proof. If possible, let there exists a constant 3 such that for a sequence of values
of r tending to infinity we have

10g/P T (Tyog () < B - logl? TV;(lh)(TW(f) (r)). (12)

Again from the definition of p(p o [)L(W( f))., it follows in view of Lemma 4 for
all sufficiently large values of r that

log Ty (T (1) < (Pt (W (1)) + ) log r+-exp!! L(1)]

. log Tyb (T () < (o7 () + ) llog r+exp L(r). (13)

Now combining (12) and (13) we obtain for a sequence of values of r tending to
infinity that

(Pp P40l (1) + ) [loght r+ expl! L(r)]
(PP (f) +e),

log[ o, (Tfog( r)<p-
ie., Qth’qt (fog)<B-

which contradicts the condition JLIEP ’q’I)L( fog)=-co. So for all sufficiently large values
of r we get that

1og? 7,71 (T () > B -log" Ty (T 1) (1)),

from which the theorem follows. [

In the line of Theorem 4, one can easily prove the following theorem and therefore
its proof is omitted.

THEOREM 5. Let g be a transcendental entire function with 'Y, 8(a;g)+ 6(c0;g) =
aeo
2 and k be a transcendental entire function having the maximum deficiency sum with
regular (I,m) growth where 1 > 1. Also let f be a meromorphic function and h is an

entire function such that p,Em’q’t)L(g) < o and ?L}Ep’q’t)L(fog) = co. Then

logh"' T, (Tyog(r))
r_’wIOg[m]T (1)(T ()

— oo,
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THEOREM 6. Let f be a transcendental meromorphic function with 'Y, §(a; f)+
aoo
O(e0; f) =2, g be an entire function and h be a transcendental entire function having

the maximum deficiency sum with regular (a,p) growth such that 0 < A, (pat L( f) <
ph(pqt)L(f) <o and Oy L(m,n,t) < oo where m— 1< q, a> 1. If h satisfy the Property
(A), then

- log) 7,1 Ty (1))

e log[l’] Tv;(lh) (Tw () (expla! [10g["*1] r-expl+1] L(r)]Pé(m,n,t)))

P (f) - ok (mon,1)

<
2 ()

when for some positive o < p[f(m,n,t),
expl! L(Mg(r)) = o([log["_l] r-expl 1l L(r)]*) as r — oo.

Proof. Since 0 < p;(lp o L(f) <o and 7, '(r) is an increasing function of r, it
follows from (1) for all sufficiently large values of r that

logl! T, (Tpag () < (03" () + £) logl®) My (r) + expl L(M ()] +0(1)
i-e., 1og? T, (Tyog (1) < (pA () + ) logh™ | M (r) + expl! L(M, ()] + O(1)
., logh T (Tyog () < (o 7" (£) + €)-
[(G;f(m,n,t) +¢€) [log[”’l] r exp[’H] L(r)}"gL(mv”v’) 4 exp[’] L(M,(r))]+0(1). (14)
Also, we obtain in view of Lemma 4 for all sufficiently large values of r that

loglP T, Tiy (1 (expl® logl" ") - expl ! L(r)]Pe (mn)y

)
> (W ()~ e)llogh Y - expl T L () pE )
+(7Lv(f(f)’[>L(W(f)) — &) exp!! [L(exp®[logl" ! r expl 1] L(r)]pzf(m’"”))}
ie., logl? Tuj(lh) (Tw () (explogl" 1 - expl 1) L(r)]Pé(’”’"’t)))
> (P (f) — &) llogh ™ - expl 1 L(r) P ()
+(P L (f) — &) expl [Lexp [logh" 1 - expl 1 £ ()]s (m))]

- L m,n
log[ ]T Wi )(TW( )(exp[q] [log[" ”r-exp[’“] L(r)]pg( , J)))
> (") = ) llogh - explt Y L (p)]E ),
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Now from (14) and above it follows for all sufficiently large values of r that

log " T (Tyey (1)

log!”! T7<1 Ty (expld) [log" =1 - expli+1) L ()P (m10)))

(P <> >[< F(m,n,1) + )[log" ! r-exp!t 1 L(r) 5 ()
(2" 48 (f) =€) llog ! - expli 1] )P ()

. expl! L(My (r))]

("9 (f) — &) togh - expli 1] () PE ()

. o)

("9 (f) — &) logh - expli 11 () PE ()

<

15)

As a < pé(m,n,t) and expl) L(M, (r)) = o([logl" ! r- expl U L(r)]*) as r — oo, we
obtain that .
!
lim exp! L(My(r)) —0. (16)
r—oo [log[" l]r eXp[H'l ( )]pg mn,t)

Since (> 0) is arbitrary, it follows from (15) and (16) that

[Pl -1
- 1ogl" 7, (Tyey (1))

’_’“’log[p] Tuj(lh)(TW( )(exp[q] [10g[" 1,. exp[zH]L(r)]Pé(mWJ)»

_ o) opmnn).
P (f)

In the line of Theorem 6, one can easily prove the following theorem and therefore
its proof is omitted.

THEOREM 7. Let g be a transcendental entire function with 'Y, 6(a;g)+ 6(e0;g) =
a#eo
2 and k be a transcendental entire function having the maximum deficiency sum with
regular (m,l) growth where m > 1. Also let f be a meromorphic function and h is an

entlrefunctlon such that l (L)L (g) >0, p}(lp’q’t)L(f) < e and GgL(m,n,t) < oo where
— 1< q. If h satisfy the Property (A), then

log” T, (Tyoe(r))

lim L
(Tw g (eXp["][log[" Uy - expli+1l L()]PE (mna)))

e logm

( )
pi" () - ok (m,m.1)
A (g)

when, for some positive o < pé(m,n,t), expl! L(My(r)) = o([log" 1 r-expl 1 L(r)]%)
as r— oo,

<

)
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