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ON STATISTICAL o-LIMIT SETS IN
A DISCRETE DYNAMICAL SYSTEM

BABLU BISwWAS

Abstract. Following the concept of statistical convergence, in this paper we introduce two more
subtle notions, viz. statistical @ -limit set and statistical @ -cluster set than the general ®-limit
set in a discrete dynamical system of a continuous function and study some properties related to
these two points.

1. Introduction

Discrete dynamical systems are used to model many phenomena coming from
different subjects, viz. Biology, Economics, Engineering etc. and the idea of ®-limit
set is an important and interesting concept defined in a dynamical system. The notion
of w-limit sets have been studied in different aspects in the literature ([1], [2], [3], [4],
[51, [6], [14] etc.). It helps us to gain an idea about the behaviour of the dynamical
system. Let (X,7) be a compact metric space and f : X — X is a map. For some
point x € X, the forward orbit of x is given by

Orb™ (x) = {f'(x):i € Z,i > 0}.

Here, f° is the identity map on X. Similarly, the backward orbit of x is given by,
Orb™ (x) = {x_i}i=0 C X, where f(x_;) =x_;1, for i >0.

For a sequence of points {x,}, the -limit set is the collection of all accumulation
points of {x,}. Itis given by

o({x,}) :nzﬁo{xk k>n).

If {x,} is the orbit of a point x € X for a map f : X — X, then the ®-limit set is given
by,
o(x.f)= 0 {4 () k= n}.
n=

Our aim is to study the concept of @-limit points in a more subtle way. For this purpose
we adopt the notion of statistical limit points to describe the @-limit sets in this article.
In discrete dynamical system, orbits are some sequences of real numbers. We can say
that any orbit spends “almost all” the time in some ¢€-neighbourhood of an ®-limit
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point. The term “almost all” in general means that only a finite number of elements
of the orbit may remain out side the €-neighbourhood of that point. As a result in
some practical problems this property does not hold good. The relaxation of the term
“almost all” is more realistic in case of statistical convergence, because in this case an
infinite number of elements may remain outside the €-neighbourhood of a statistical
limit point.

The concept of statistical convergence was introduced by Fast [9] and Steinhaus
[22] using the idea of natural density [18] and later it was developed by many mathe-
maticians ([7], [8], [10], [12], [13], [16], [17], [19], [21], [23], [24], [25], [26] etc.).

A subset S of the set of natural numbers N is said to have natural density 6(S), if

lim ——= =

n—e R
,where S(n) = {k <n:k €S} and |S| denotes the cardinality of the set S. A sequence
{xx} in X is said to be statistically convergent to some element & € X if for every
>0, 0({keN:y(x, &) >¢€})=0.

Fridy [11] studied the concept of statistical limit points and statistical cluster
points and established some interesting properties of these two types of limit points.

According to Fridy [11], a subsequence {x,, } of a sequence {x,} is said to be of
density zero or thin subsequence if ({n; :k € N}) =0 and {x,, } is said to be non-thin
if either 8 ({ny : k € N}) > 0 or density of the set {n; : k € N} does not exist.

A number A is called a statistical limit point of a sequence {x,} if there is a non-
thin subsequence of {x,} that convergesto A and a number u is said to be a statistical
cluster point of {x,} if for every € >0, {k € N: y(x¢,1t) > €} does not have density
Zero.

It is shown that the set of statistical cluster points of a bounded sequence is non-
empty and if this set contains only one point then the sequence is statistically conver-
gence to that point. These ideas motivate us to study @ -limit sets of a dynamical system
using statistical convergence as a tool. We also study the concept of invariant sets [6]
which are central to control theory and to validation of systems, such as programs ,
physical systems or hybrid systems. In this connection we recall that a set A C X is
said to be invariant under a map f: X — X if f(A) C A and is strongly invariant (i.e.,
s-invariant) if f(A) =A.

2. Statistical o -limit set

In this section we introduce two notions; viz. statistical @ -limit set and statistical
o -cluster set according to the concepts of statistical limit point and statistical cluster
point and study some properties of the two sets.

DEFINITION 1. If {x,} is the orbit of a point x € X for amap f:X — X, then
the collection of all statistical limit points of {x,} is said to be the statistical @-limit
set of {x,}. Accordingly, the collection of all statistical cluster points of {x,} is the
statistical @ -cluster set of {x,}.
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We denote the statistical @-limit set and statistical @-cluster set of {x,} by
y(x, f) and @.(x, f) respectively. Also @(x, f) denotes the ordinary -limit set.

Immediately the following results follows from [11].

—
jas)

EOREM 1. If {x,} is the orbit of a point x € X foramap f:X — X, then

(@) or(x, ) < 0(x. /).

(b) 0c(x./) € (5, f).

() @i(x,f)  ou(x. ).

(d) wy(x,f) need not be a closed set.

(e) w:(x,f) is aclosed point set and hence compact in X .

NI {xn} and {y,} are orbits of two points x and y such that x; = yy. for almost
all k € N, then

o (x, f) = oy (y, f) and @c(x, f) = @c(y, f)-

(g) Forthe orbit {x,} of any point x € X there exists an orbit {y,} of some point
y € X such that

(i) oy, f) = wc(x,f) and x; = yi for almost all k and

(ii) {yn:n €N} C Orb™(x).

(h) If the orbit of some point x € X for a function f:X — X is bounded, then
oc(x, f) # ¢.

The following result can be verified from [15].

THEOREM 2. If {x,} is the orbit of a point x € X for amap f:X — X, then
y(x, f) is an Fg set.

In the following we study the invariant property for the sets @ (x, f) and @y (x, f).

THEOREM 3. Fora point xo € X and a continuous function f:X — X, @.(xo,f)
is s-invariant.

Proof. Let A = w.(xo, f).

Case I: If ANOrb™(xg) = ¢, then the result is trivially true.

Case II: Let x € ANOrb™ (xo) and choose € > 0. Since f is continuous, there
exists a real number 0 with 0 < 0 < & for which

u € y(x,0) implies that f(u) € y(f(x),€). (1)

Again, x is a statistical cluster point of Orb™ (xg). So, for T = {k € N: f*"(x) €
Y(x,0)} we have 6(T) #0.

Consider S = {k € N: f*(xo) € y(f(x),€)}. If k € T then f*(xy) € y(x,8).
Using (1) we have, f*(xo) € y(f(x),€). Clearly, k € S and consequently T C S. So,
O(T) # 0 implies that §(S) £ 0. i.e., f(x) € w:(x,f) = A and thus f(A) CA

We now prove A C f(A). Let y € A and € be arbitrary. Then

6{neN: f"(x0) € y(v,€)} #0.
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Let U={neN: f"(xo) € y(y,€)} = {n1,n2,...}. Then f™(xg) € y(y,€) forall k€ N.

Since A is compact { ™ !(xq)} has a statistical cluster point z, say in A ([11],
Theorem 3, page: 1191). Since f is continuous at z, there exists a real number ¢ with
0 < & < & for which

u € y(z,€) implies that f(u) € y(f(x),€). 2)

Let V = {n—1: /% (xy) € ¥(z,€)}. Then §(V)#0 and p € V implies that
prleU.

If peV, then fP(x) € y(z,€ ). Using (2) we have f7*!(xo) € y(f(z),€) for
some p+1€cU.

Since, (V) #0, 7" (x0) € ¥(f(2),€) N¥(y,€) for infinitely many p+1 € U.
This implies that f(z) =y and thus y = f(z) € f(A). So, A C f(A) and hence A =
f(A). Therefore, we conclude that @, (x, f) is s-invariant. [

The following Corollary follows from the first part of the proof of the previous
theorem.

COROLLARY 1. Forapoint xo € X and a continuous function f:X — X, w;(xo, f)
is invariant.

REMARK 1. It is a fact that @;(x,f) may not be s-invariant. The claim can be
justified by the following example described in [11].

EXAMPLE 1. Let {x;}ren be an orbit of some point x under a map f where,
1
"= for k =27"1(2¢ +1). For this orbit,

ax.f) = {:p e,

Here, x; = 1 if and only if & is an odd integer. So, if y € w;(x,f) and y # 1, then
y = xp; for some positive integer k. This implies that f(y) = 1 and consequently
f(a(x,f)) consists of only two points. Hence @y (x, f) € f(a(x,f)).

THEOREM 4. Forsome point xo € X and for a function f:X — X if yo € @c(x0,f),
then @c(yo, f) C 0c(xo, f)-

Proof. Let wq(xo, f) =A and yo €A. Since f(A) C A then Orb™ (yo) C w.(xo, f).
Again @, (xo, f) is closed. So, (o, f) C ®(x0,f). O

The property of weak incompressibility was first observed by Sarkovski. He
proved in [20] that it is an inherent property of @-limit sets. It was originally stated
as a property of invariant sets, but Barwell et al. [4] modified the definition slightly to
remove the necessity of invariance.
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DEFINITION 2. [4] A set A C X is said to have weak incompressibility if for any
proper non-empty open subset U in A, f(U)N(A—U) # ¢ . Equivalently, if for any

proper non-empty closed subset D in A we have DN f(A—D) # ¢.

Here we verify this property for w-cluster point sets.

THEOREM 5. For xo € X, o(xo, f) has weak incompressibility.

Proof. Let A = m.(xo,f) and D be a non-empty proper closed subset of A. If
possible let DN f(A—D)=¢.

Then, there exists two open sets U and V such that UNV = ¢ with D C U and
f(A—D) C V. This implies that A—D C f~1(V). -

Since f is continuous, f~!(V) = W (say), is open in X. So, f(W) = f(W)=V
and consequently f(W)NU =¢.

AsDCU and A—D CW wehave ACUUW with ANU # ¢ and ANW # ¢.

Since f(A) C A, there exists some natural number p such that f"(xp) € UNW
for all n > p. Clearly, f"(xo) € W for infinitely many n > p. Also f"(xg) € U
for infinitely many n > p. Then for infinitely many n > p, f"(xo) € W implies that
fn'H ()C()) ev.

For S={neN: f"(xo) € W} we have §(S) # 0 otherwise, ANW = ¢ and this
will lead to a contradiction.

Similarly, for T = {n € N: f""!(xo) € U} we have §(T) #0.

We know that if a number sequence has a bounded non-thin subsequence, then the
sequence has an statistical cluster point ([11], Theorem 3, page: 1191). So, W has a
statistical cluster point ¢, say. Clearly, o € W and this implies that f(o) € f(W).

Let € > 0. Since f is continuous at o € X, there exists a 1 > 0 such that x €
N(c,n) implies that f(x) € y(f(o),€). As, a is a cluster point of W, §{n € N:
V(" (¥0), @) < M} #0.

Again, by continuity of £, y(f"(xo),) < n implies that y(f""(x), f()) < €.
So, {n € N:y(f"(x0), ) <n} C {neN:y(f" ! (x0),f(x)) < €} and consequently,
S{neN:y(f"xo), f(cr)) <€} #0. Thus, f(e) is a cluster point of U and f(c) €
U . This gives a contradiction. So, we can conclude that DN f(A — D) # ¢ and hence
. (xo, f) has weak incompressibility. [J

REFERENCES

[1] S.J. AGRONSKY, A. M. BRUCKNER, J. G. CEDER, AND T. L. PEARSON, The structure of ® -limit
sets for continuous functions, Real Anal. Exchange, 15, 2 (1989/90), 483-510.

[2] F. BALIBREA AND V. JIMENEZ LOPEZ, A characterization of the ® -limit sets of planar continuous
dynamical systems, J. Differential Equations, 145, 2 (1998), 469-488.

[3] F. BALIBREA AND C. LA PAZ, A characterization of the o -limit sets of interval maps, Acta Math.
Hungar., 88, 4 (2000), 291-300.

[4] A.D. BARWELL, CHRIS GOOD, PIOTR OPROCHA AND BRIAN E. RAINES, Characterizations Of
 -Limit Sets In Topologically Hyperbolic Systems, Discrete And Continuous Dynamical Systems, 33,
5 (May 2013), 1819-1833.

[5] A. BLOKH, A. M. BRUCKNER, P. D. HUMKE, AND J. SMITAL, The space of ®-limit sets of a
continuous map of the interval, Trans. Amer. Math. Soc., 348, 4 (1996), 1357-1372.



116

[6]

[7]

[8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]

[26]

B. Biswas

L. S. BLoCK AND W. A. COPPEL, Dynamics in one dimension, volume 1513 of Lecture Notes in
Mathematics, Springer-Verlag, Berlin, 1992.

B. C. TRIPATHY, Statistically convergent double sequences, Tamkang Journal of Mathematics, 34, 3
(2003), 231-237.

E. SAVAS AND P. DAS, A generalized statistical convergence via ideals, Applied mathematics letters,
24,6 (2011), 826-830.

H. FAST, Sur la convergence statistique, Colloq. Math., 2, (1959), 241-244.

J. A. FRIDY, On Statistical Convergence, Analysis, 5, 4 (1985), 301-313.

J. A. FRIDY, Statistical Limit Points, Proc. Amer. Math. Soc., 118, 4 (1993), 1187-1192.

D. K. GANGULY AND BABLU BISWAS, Order statistical convergence in a metric space, Investiga-
tions in Mathematical Sciences, 4, 2 (2014), 11-23.

F. NURAY, E. SAVAS, Statistical convergence of sequences of fuzzy numbers, Mathematica Slovaca,
45, 3 (1995) 269-273.

M. W. HIRSCH, H. L. SMITH, AND X. ZHAO, Chain transitivity, attractivity, and strong repellors
for semidynamical systems, J. Dynam. Differential Equations, 13, 1 (2001), 107-131.

P. KOSTYRKO, M. MACAJ, T. SALAT AND O. STRAUCH, On Statistical Limit Points, Proc. Amer.
Math. Soc., 129, 9 (2000), 02647-02654.

1. J. MADDOX, Statistical convergence in a locally convex space, Math. Proc. Cambridge Philos. Soc.,
104 (1988), 141-145.

H. I. MILLER, A measure theoretical subsequence characterization of statistical convergence, Trans.
Amer. Math. Soc., 374, 5 (1995), 1811-1819.

I. NIVEN, H. S. ZUCKERMAN, An Introduction to the Theory of Numbers, John Wiley & Sons, New
York, USA, 4-th edition, Chapter-11, 1980.

T. SALAT, On statistically convergence sequences of real numbers, Math. Slovaka, 30, (1980), 139—
150.

O. M. SARKOVSKI, Continuous mapping on the limit points of an iteration sequence, Ukrain. Mat.
Z.,18, 5 (1996), 127-130.

1. J. SCHOENBERG, The integrability of certain functions and related summability methods, Amer.
Math. Monthly, 66, 5 (1959), 361-375.

H. STEINHAUS, Sur la convergence ordinaire et la convergence asymptotique, Colloq. Math., 2
(1951), 73-74.

S. PEHLIVAN, M. GURDAL, AND B. FISHER, Lacunary statistical cluster points of sequences, Math-
ematical Communications, 11 (2006), 39-46.

M. GURDAL AND U. YAMANCI, Statistical convergence and some questions of operator theory, Dy-
namic systems and Applications, 24 (2015), 305-312.

U. YAMANCI AND M. GURDAL, Statistical convergence and operators on Fock space, New York J.
Math., 22 (2016), 199-207.

A. A. NABIEV, E. SAVAS, M. GURDAL, Statistically Localized Sequences in Metric Spaces, Journal
of Applied Analysis and Computation, 9, 2 (2019), 739-746.

(Received June 13, 2021) Bablu Biswas

P. N. Das College, Patla
e-mail: bablubiswas100@yahoo.com

Journal of Classical Analysis
www.ele-math.com

jca@ele-math.com



