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GENERALIZATIONS OF PICARD’S THEOREM

WITH MOVING HYPERSURFACES

FEI LI AND LIU YANG ∗

Abstract. We generalize the classical Big Picard Theorem to holomorphic mappings of several
complex variables into the complement of moving hypersurfaces in general position (NOT just
point-wise general position) in Pn(C).

1. Introduction and the results

Let Δr denote the disc of radius r in the complex plane. For simplicity, we will
denote the unit disc by Δ. Picard’s big theorem and little theorem are related about the
rang of meromorphic function, which are stated as follows:

THEOREM A. (Little Picard Theorem) Every holomorphic map f : C→ P1(C)\
{0,1,∞} of the complex line into the Riemann sphere with three punctures is constant.

THEOREM B. (Big Picard Theorem) Every holomorphic map f : Δ \ {0} →
P1(C) \ {0,1,∞} of a punctured disk into a sphere with three punctures can be ex-
tended to a holomorphic map f : Δ → P1(C) \ {0,1,∞} of the disk into the Riemann
sphere.

For the case of higher dimension, several generalizations of the big Picard theorem
are obtained.Base on Kobayashi’s fundamental work [11], Kiernan [10] generalized
Big Picard Theorem to the following result.

THEOREM C. ([10]) Let S be an analytic subset of the complex manifold M
whose singularities are normal crossings and let X be a hyperbolically imbedded sub-
space of the complex space Y. Then any holomorphic map f : M \ S → X can be ex-
tended to a holomorphic map f : M → Y.

Fujimoto [4, 5] and Green [7] established the following Picard-type theorems.

THEOREM D. ( [4, 7]) Let f be a holomorphic mapping from Cm into Pn(C). If
f omits 2n+1 hyperplanes in Pn(C) located in general positon, then f is constant.

Mathematics subject classification (2020): 32H25, 32A19, 32Q45, 32H02.
Keywords and phrases: Picard Theorem, holomorphic mappings, normal mappings, Kobayashi hyper-

bolicity.
∗ Corresponding author.

c© � � , Zagreb
Paper JCA-18-11

149

http://dx.doi.org/10.7153/jca-2021-18-11


150 F. LI AND L. YANG

THEOREM E. ([5]) Let S be a regular thin analytic subset of a domain D in Cm.
Then every holomorphic mapping f of D\S into the complement of 2n+1 hyperplanes
in general position in Pn(C) can be extended to a holomorphic mapping of D into
Pn(C).

Later, Eremenko extended the above result to the case of hypersurfaces.

THEOREM F. ([2]) Let X be a closed subset of Pn(C) and let Q1, · · · ,Q2t+1 be
hypersurfaces in Pn(C) located in t -subgeneral position with respect to X . Then every
holomorphic mapping f : C → X \∪2t+1

j=1 Qj is constant.

In 2002, Noguchi and Winkelmann [13] obtained the result says that Let X ⊆
Pn(C) be an irreducible subvariety of dimension k, and Q1, . . . ,Q2k+1 be distinct
hypersurfaces cuts of X that are in general position as hypersurfaces of X . Then
X \∪2k+1

j=1 Qj is complete hyperbolic and hyperbolically imbedded into X . This together
with Theorem C implies the following.

THEOREM G. Let S be an analytic subset of a domain D⊂Cm, whose singulari-
ties are normal crossings. Let X ⊆ Pn(C) be an irreducible subvariety of dimension k.
Let Q1, · · · ,Q2k+1 be 2k+1 hypersurfaces of Pn(C) on D located in general position
with respect to X . Let f be a holomorphic mapping of D \ S into X . If f omits each
Qj for all 1 � j � 2k+1, then f can be extended to a holomorphic mapping of D into
Pn(C).

Furthermore, there is a natural problem: Are the Picard type theorems valid for
holomorphic mappings involving moving targets ? Our main result will be given after
we fix some notation and definition.

Let Q be a fixed hypersurface of degree d in Pn(C), which is defined by a homo-
geneous polynomial P(x0, . . . ,xn) ∈ C[x0, . . . ,xn], i. e.

Q = {[w0 : · · · : wn] ∈ Pn(C); P(w0, . . . ,wn) = 0}.
Denote by HD the ring of all holomorphic functions on D. For any positive integer
number d, set

Td = {(i0, . . . , in) ∈ N
n+1; i0 + · · ·+ in = d}.

A moving hypersuface ( on D ) Q(z) be of degree d in Pn(C) generalize, to every
z0 ∈ D, a fixed hypersurface given by

Q(z0) =
{
[w0 : · · · : wn] ∈ Pn(C); ∑

(i0,...,in)∈Td

ai0···in(z0)w
i0
0 · · ·win

n = 0
}
,

where the coefficients ai0···in(z) are holomorphic functions on D without common ze-
ros.

DEFINITION 1. Let Q1(z), · · · ,Qq(z) (q � t+1) be moving hypersurfaces in Pn(C)
and X ⊆ Pn(C) be a closed set. We say that moving hypersurfaces are in pointwise
t -subgeneral position with respect to X , if for each z ∈ D, the fixed hypersurfaces
Q1(z), · · · ,Qq(z) are in t -subgeneral position with respect to X . We say that moving
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persurfaces are in t -subgeneral position with respect to X , if there exists z0 ∈ D such
that the fixed hypersurfaces Q1(z0), · · · ,Qq(z0) are in t -subgeneral position with re-
spect to X .

Unfortunately, when the hyperplanes are moving, Little Picard theorems are not
valid even in case the moving hyperplanes are in pointwise position. This can be
seen easily from the nonconstant holomorphic mapping f (z) = [1 : exp(z) : exp(2z)]
of C into P2(C) which omits the moving hyperplanes H1(z) = {x0 = 0} , H2(z) =
{x1 = 0} , H3(z) = {x2 = 0} , H4(z) = {exp(z)x0 + x1 + exp(−z)x2 = 0} , H5(z) =
{x0 +2exp(−z)x1 +3exp(−2z)x2 = 0} located in pointwise general position on C.

On the other hand, the Big Picard Theorem was extended to the case of holo-
morphic mappings into the complement of moving hypersurfaces in pointwise general
position.

THEOREM H. ([8]) Let S be an analytic subset of a domain D ⊂ Cm with
codimension one, whose singularities are normal crossings. Let f be a holomor-
phic mapping of D\ S into Pn(C). Assume that f omits 2n+1 moving hypersurfaces
{Qj(z)}2n+1

j=1 in Pn(C) in point-wise general position on D. Then f can be extended to
a holomorphic mapping of D into Pn(C).

THEOREM I. ([14]) Let f be a holomorphic mapping of a domain D \ S into
X , where D is a domain in Cm, S is an analytic subset of D of codimension one
whose singularities are normal crossings, and X is an irreducible subvariety of Pn(C).
Let Q1(Z), · · · ,Qq(Z) be q moving hypersurfaces of Pn(C) on D located in pointwise
subgeneral position with respect to X . Assume that f does not intersect each Qj(Z) on
D\ S for all 1 � j � q. If q � 2dimX +1, then f can be extended to a holomorphic
mapping from D into Pn(C).

Following this line, in in this paper we prove some big Picard-type theorems for
holomorphic mappings into the complement of moving hypersurfaces in general posi-
tion in the complex projective space.

THEOREM 1. Let S be an analytic subset of a domain D⊂ Cm with codimension
one, whose singularities are normal crossings. Let X ⊆ Pn(C) be an irreducible sub-
variety of dimension k. Let Q1(Z), · · · ,Q2k+1(Z) be 2k + 1 moving hypersurfaces of
Pn(C) on D located in general position with respect to X . Let f be a holomorphic
mapping of D into X . If f omits each Qj(Z) on D\ S for all 1 � j � 2k +1, then f
can be extended to a holomorphic mapping of D into Pn(C).

2. Preliminaries

In order to prove Theorem 1, we need some preparations.

DEFINITION 2. Let D be a domain in Cm. A family F of holomorphicmappings
of D into Pn(C) is said to be normal if F is relatively compact in Hol(D,Pn(C)) in
the compact-open topology.
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Let D be a domain in Cm. If z ∈ D and ξ ∈ Cm, then we define the infinitesimal
form of the Kobayashi pseudo-metric for D at z in the direction ξ to be

FΩ
K (z,ξ ) = inf

{ ‖ξ‖
‖ f ′(0)‖ ; f : Δ → D, f (0) = z, f ′(0) is a constant multiple of ξ

}
.

Here ‖ · ‖ represents Euclidean length.

DEFINITION 3. Let Ω be a hyperbolic domain in Cm and let M be a complete
complex Hermitian manifold with metric ds2

M. A holomorphic map f from Ω into M
is said to be normal if there exists a positive constant c such that for all z ∈ Ω and all
ξ ∈ Tz(Ω),

|ds2
M( f (z),d f (z)(ξ ))| � cFΩ

K (z,ξ ),

where d f (z) is the tangent mapping from Tz(Ω) into Tf (z)(M).

LEMMA 1. ([1]) If f is a holomorphic map from a hyperbolic domain Ω in Cm

into Pn(C), then f is normal if and only if the sequence { f ◦ϕ ; ϕ ∈ Hol(Δ;Ω)} is a
normal family.

We need the following lemma, which is an extension of Zalcman Lemma.

LEMMA 2. ([1]) Let F be a family of holomorphic maps of a domain D in Cm

into Pn(C). The family F is not normal on D if and only if there exist sequences
{ fν}∞

ν=1 ⊂ F ,{zν}∞
ν=1 ⊂ D with zν → z0 ∈ D, {ρν}∞

ν=1 with ρν > 0 and ρν → 0
and {uν} ⊂ Cm Euclidean unit vectors, such that

Fν(ξ ) := fν (zν + ρνuνξ )

converges uniformly on compact subsets of C to a nonconstant holomorphic mapping
F(ξ ) of C into Pn(C).

Next, we provide the following lemma by using Theorem 2.3 in [9].

LEMMA 3. ([9]) Let S be an analytic subset of a domain Ω in Cm with codi-
mension one, whose singularities are normal crossings. Let f be a holomorphic map
of Ω\S into Pn(C). If f is normal then it can be extended to a holomorphic map of Ω
into Pn(C).

Throughout this paper, let f be a holomorphic mapping of D into Pn(C) and let
Q(z) be a moving hypersurface of Pn(C) on D with degree d defined by

∑
(i0,...,in)∈Td

ai0···in(z)w
i0
0 · · ·win

n = 0.

For any reduced representation f = ( f0, . . . , fn) of f on U(⊂ D), we define the holo-
morphic function on U

〈f,Q(z)〉 := ai0···in(z) f i0
0 · · · f in

n ,

Moreover, we write f instead of f when the properties are independent of the choice

of a reduced representation, for example, we can consider the function f0(z)d

〈 f (z),Q〉 .
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3. Proofs

First, we prove the following lemma which plays a key role in the proof of our
theorems.

LEMMA 4. Let f be a holomorphic map from a bounded domain D in Cm into
X , where X ⊆ Pn(C) is an irreducible subvariety of dimension k. Let {Qj(Z)}2k+1

j=1 be

moving hypersurfaces of Pn(C) on D located in general position with respect to X . If
f omits each Qj(Z) on D for all 1 � j � 2k+1. Then f is a normal map.

Proof. Set

S := {Z ∈ D; {Qj(Z)}2k+1
j=1 are not in general position}.

Then S is either a thin analytic subset of D or an empty set. Suppose that f is not a
normal map, then, by Lemma 1, the family F := { f ◦ϕ ; ϕ ∈Hol(Δ;D)} is not normal.
According to Lemma 2, there exist a sequence { fν}∞

ν=1 in F , points zν → z0 ∈ Δ, and
positive number ρν → 0, such that

Fν(ξ ) := fν (zν + ρνξ ) = f ◦ϕν(zν + ρνξ )

where ξ ∈C satisfies zν +ρνξ ∈ Δ, converges uniformly on compact subsets of C to a
nonconstant holomorphicmapping F(ξ ) of C into Pn(C). We write fν = f ◦ϕν where
ϕν = (ϕν1, . . . ,ϕνm) ∈ Hol(Δ;D). Since D is a bounded domain and ϕν ∈ Hol(Δ;D),
we have each sequence {ϕνi}∞

ν=1 is a normal family for i = 1,2, . . . ,m. Without loss
of generality, we assume that {ϕν(z)} converges uniformly on compact subsets of Δ
to a holomorphic mapping ϕ0(z) of Δ into D.

Set Z0 = ϕ0(z0) ∈ D, then the sequence {ϕν(z0)} converges to Z0. Since f does
not intersect Qj(Z), we conclude that either F does not intersect Qj(Z0) or F(C) is
included in Qj(Z0) for all 1 � j � 2n+1 according to the Hurwitz theorem. Hence,
there is a subset I of {1, . . . ,2n+1} such that i ∈ I iff F(C) ⊆ Qi(Z0). Then we have

F(C) ⊆ (∩i∈I Qi(Z0)−∩i�∈IQi(Z0)
)
.

We separate two cases:
Case 1. The fixed hypersurfaces {Qj(Z0)}2k+1

j=1 in Pn(C) are in general position.

If I = /0, we have F ∈ Hol(C,X \∪2k+1
j=1 Qj(Z0)). It follows Theorem B that F(ξ )

is constant. This leads to a contradiction. So we may suppose that I �= /0 and consider
the close set V := ∩ j∈IQ j(Z0) in Pn(C). By the assumption that {Qj(Z0)}2n+1

j=1 are in
general position, we see that the hypersurfaces {Qj(Z0)} j �∈I locate in k− l subgeneral
position with respect to V, where l = #I. So F ∈ Hol(C,V \ {Qj(Z0)} j �∈I). Note that
2k+1 > 2(k− l)+1, we have the conclusion is now evident from Theorem F again.

Moreover, by the proof of Case 1 we get { fν} is a normal family on Δ\ϕ−1
0 (S).

Case 2. The fixed hypersurfaces {Qj(Z0)}2k+1
j=1 in Pn(C) are not in general posi-

tion.
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By the usual diagonal argument, we can find a subsequence of { fν}∞
ν=1 (again

denoted by { fν}∞
ν=1 ) which converges uniformly on compact subset of Δ \ϕ−1

0 (S)
to a holomorphic mapping h. Without loss of generality, we may assume that h(Δ \
ϕ−1

0 (S)) �⊆ Q1(ϕ0(z)).
Assume that the degree of the bypersurface Q1 is d1 and each fν have a reduced

representation
fν(z) = ( fν0(z), . . . , fνn(z)), z ∈ Δ

for all ν = 1,2, . . . . We define a holomorphic mapping gν of Δ into Pn+1(C) induced
by the mapping

gν(z) =
[
1 :

fν0(z)d1

〈fν(z),Q1(ϕν (z))〉 : · · · : fνn(z)d1

〈fν(z),Q1(ϕν (z))〉
]

: Δ → Pn+1(C)

for ν = 1,2, . . . . The above definition is independent of the choice of the reduced rep-
resentation of fν . Correspondingly, we obtain

Gν(ξ ) := gν(zν + ρνξ )

converges uniformly on compact subsets of C to a holomorphic mapping G of C into
Pn+1(C). If we take a reduced representation

F(ξ ) = (F0(ξ ), . . . ,Fn(ξ ))

of F on C, then we can obtain a reduced representation of G on C as follow:

G(ξ ) = (〈F,Q1(Z0)〉(ξ ), Fd1
0 (ξ ), . . . ,Fd1

n (ξ )).

Since F is nonconstant, so is G. Thus, it follows from Lemma 2 that {gν} is not a
normal family on Δ.

Set A := ϕ−1
0 (S)∪ h−1(Q1(ϕ0(z)) and E := ϕ0(A). Since h−1(Q1(ϕ0(z)) is a

discrete point set on Δ, we deduce that E = S∪ϕ0(h−1(Q1(ϕ0(z))) is a thin analytic
set on Cm.

Fix any z∈Δ, one can always find neighborhoods U and V of Z = ϕ0(z) such that
V ⊂U � Cm and (U−V )∩E = /0, i. e.,

(
ϕ−1

0 (U)−ϕ−1
0 (V )

)∩A = /0. Since Z ∈V ⊂U,

we have that z ∈ ϕ−1
0 (V ) ⊂ ϕ−1

0 (U) (see [6, pp. 28 the proof for Proposition 3.5] ).
Now we take the connected component contains z W1 in ϕ−1

0 (U) and set W2 :=
W1∩ϕ−1

0 (V ). Therefore, z ∈W2 ⊂W1, (W1−W2)∩A = /0. For our purpose, it suffices

to show that
{

f
d1
νi (z)

〈 fν (z),Q1(ϕν (z))〉
}∞

ν=1
converges uniformly on the open set W1 of z. By the

assumptions, the sequence of holomorphic functions
{

f
d1
νi (z)

〈 fν (z),Q1(ϕν (z))〉
}∞

ν=1
converges

uniformly to
h
d1
i (z)

〈h(z),Q1(ϕ0(z))〉 on W1−W2. Thus, if

M := sup
z∈W1−W2

∣∣∣ hd1
i (z)

〈h(z),Q1(ϕ0(z))〉
∣∣∣,
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then

sup
z∈W1−W2

∣∣∣ f d1
νi (z)

〈 fν (z),Q1(ϕν (z))〉
∣∣∣ � M +1

for sufficiently large ν.

Notice that the functions
f
d1
νi (z)

〈 fν (z),Q1(ϕν (z))〉 are holomorphic on W1, so we have

sup
z∈W1

∣∣∣ f d1
νi (z)

〈 fν (z),Q1(ϕν (z))〉
∣∣∣ = sup

z∈W1−W2

∣∣∣ f d1
νi (z)

〈 fν (z),Q1(ϕν (z))〉
∣∣∣

by Maximum Modulus Principle. Therefore, for 0 � i � n, we get that
f
d1
νi (z)

〈 fν (z),Q1(ϕν (z))〉
are uniformly bounded on W1, whence by Montel’s criterion, we have that there is a

subsequence of
{

f
d1
νi (z)

〈 fν(z),Q1(ϕν (z))〉
}∞

ν=1
which is converges uniformly to a holomorphic

function on W1. And thus, {gν} is a normal family on Δ. Contradiction. The proof is
completed. �

We now proof Theorem 1.

Proof. For Z0 ∈ S, we take a bounded domain Ω0(� D) containing Z0. It is easy
to see that S∩Ω0 is an analytic subset of the domain Ω0 of codimension one whose
singularities are normal crossings. It follows from Lemma 4 that f is a normal map
on Ω0 \ S. Therefore, f can be extended to a holomorphic map of Ω0 into Pn(C) by
virtue of Lemma 3. The proof is completed. �

By using Lemma 4 and suitable modification to the proof of Theorem 1, we can
obtain the following Theorem. The details of the proof will be omitted.

THEOREM 2. Let D be a domain in Cm and let S⊂D be either a closed analytic
subset with codimension at least two or a closed subset with (2m− 2)-dimensional
Hausdorff measure equal to zero. Let f be a holomorphicmapping of D\S into Pn(C).
Assume that f omits 2n+ 1 moving hypersurfaces {Qj(z)}2n+1

j=1 in Pn(C) in general
position on D. Then f can be extended to a holomorphic mapping of D into Pn(C).
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