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ALTERNATING EULER SUMS AND BBP-TYPE SERIES

ANTHONY SOFO

Abstract. An investigation into a family of definite integrals containing log-polylog functions
with negative argument will be undertaken in this paper. It will be shown that Euler sums play
an important part in the solution of these integrals and some may be represented as a BBP type
formula. In a special case we prove that the corresponding log integral can be represented as a
linear combination of the product of zeta functions and the Dirichlet beta function.

1. Introduction, preliminaries and notation

In this paper we investigate a family of integrals with polylogarithmic integrand
containing some parameters. It will be shown that the solution of some of these fam-
ilies of integrals may be expressed as a BBP-type representation containing harmonic
numbers and include some classical constants such as the Riemann zeta function and
the Dirichlet beta function. In particular we investigation a family of integrals of the
type

x*1n? (x)
X 1 + )C2

where a > -2, p e Ny, g€ N, ¢ € Ny and for the domain of x € (0,1). We also study
the integral

I(a,p,q,t)= Lit(—x4‘1+2)dx, (1)

J(p,q.t) =1(0,p,q.t) (—x**2)dx )

1+2

on the positive half line x > 0. In general for a mathematical constant K a BBP-type
formula has the form

=) 1 k
g‘ o g’ nk+ P
where o, k, p are integers, the base, length and degree of the BBP-type formula and f3;

are rational numbers. Recently the following results have been published. In [1], we
find the alternating series,

o 2 2 1
”—,ZO 4 \an+1 ant2 an+3)
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In [8], we have

ey 2 2 |
G_4n§0 4" <(4n—l—1)2 (4n—|—2)2+(4n+3)2>

oo ( 1)n+l 8 4 1
32;2"0 64" ((4n—|— 1)’ " (4n+2)° ! (4”+3>2> .

g@zgi(_l)n<3nn)< 1 )

3n—2 3n-—1

and [23] has published,

10+42V5 & (1) 1 1
50 ZO $10n <¢2(5n+2)+¢4(5n—|—3))

where the golden ratio ¢ = <1 + \/§> /2. These types of representations are known as
BBP-type series and many other papers have recently been published [1], [2], [5], [20],
[22], [23] extending and generalizing various aspects of BBP type series. Some other
related papers dealing with Euler sums are [3], [10], [12], [13], [14] and the excellent
books [19] and [21]. The following special functions will be used in the analysis of the
integral (1). The polylogarithm function Li,(z) is, for |z] < 1

Liz) =Y . 3)

The classical Hurwitz zeta function

1
a):ré)(n+a)p

for Re (p) > 1 and by analytic continuation to other values of p # 1, where any term
of the form (n+ a) = 0 is excluded. The well known result

€& +n(z)=24(2)

connects the zeta function ¢ (z) = ¥;v_, &, with the Dirichet eta function 7 (z) and

the Dirichlet lambda function A (z). The zeta function has a simple pole at z = 1. The
Dirichlet beta function, 3 (z) or Dirichlet L function is given by, see Finch [7]

g an Re (z) >0 (4)
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where 3 (2) = G is Catalan’s constant. The Dirichlet beta function can be represented
in powers of 7 at positive odd integer values of z, such that

(=D)"E (2m) 2l

ﬁ (2m + 1) = 22m+2 (zm)!

where E (-) are the Euler numbers generated by

sech (z) 2z+1 Z

The Dirichlet beta function can be analytically extended to the whole complex plane,
has no singularities in the complex plane and is given by the functional equation

B(l1—z)= (%)Zsm(zZ)F(z)ﬁ(z).

For real values of x, y(x) is the digamma (or psi) function defined by

y(x) = - {logT ()} =

We know that for n > 1, y(n+ 1) — w(1) = H, with y(1) = —y, where ¥ is the
n
Euler Mascheroni constant y(n) is the digamma function and H, = Y, % is the nth.

j=1
harmonic number with n € N. The polygamma function

d* S 1
VR = V) = (DR S

and has the recurrence

(=1 k!

v e+ 1) =y + =5

The connection of the polygamma function with harmonic numbers is,

m -
Al “)=C(M+1)+(m,) W (24 1), A {-1,-2,-3,..}.

m L (l —tZ)
In"' dt. o)
) t

1—

The multiplication formula for the polygamma function is

Y (mz) = 8,0n (m p+l ZV’ ( ) (6)
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where m € N and 6, is the Kronecker delta. We expect that integrals of the type (1)
may be represented by Euler sums and therefore in terms of special functions such as
the Riemann zeta function. The paper of [23] gives some examples for the representa-
tion BBP and Euler type sums. The following papers [15], [16], and [17] also examined
some integrals in terms of Euler sums. Some examples will be given highlighting spe-
cific cases of the integrals, some of which are not amenable to a computer mathematical
package.

2. Analysis of integrals
Consider the following.

THEOREM 1. Let (p,q,t) € No, a > =2, the following integral,

1
I(a,p,q,t) = /x%;(zx)u,(—x“ﬁz)dx 7
0
z
= / (tan6)“In” (tan ) Li, (— tan*?*2 6)d 6
0

B 0 4 (—1)/*!
] S (dg+2)n+2j+at+ 1)

®)

()

where H,’ are nth. generalized harmonic numbers of order t.

Proof. For x € (0,1), from (3) and a Taylor series expansion

n x(4q+2)n 1

TR

n=0

Lit(—x4q+2) — 2 (_l)

t
n=1 n

It is known that the Cauchy product of two convergent series, see Bromwich and Wat-

son, [4]
(2 anx"> (2 b,,x") = 2 o’
n=0 n=0 n=0

where ¢, = ¥_a;by;, it then follows that

. 4g+2
x“Liy (—x*+2) e n+1H Z 1)/ at2ni2j+a
1+x2 S =

and therefore

x1n? (x) Li, (—x*+2)

2
3 _ 2 (_l)nJrlH}Et) Zq (_1)j+lx(4q+2)n+2j+alnp (.X) )
I+x

n=1 Jj=0
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Integrating both sides for x € (0,1), we have, after reversing the order of summation
and integration, which is justified by the uniform convergence theorem

1

1
In” ( A2 2 : .
/xa 1 2 )dx: 2‘ (_l)nJrlHrEf) 2 (_1),/+1 /x(4q+2)n+21+a1nl’ (x)dx
0 1+x n=1 j=0 0
(1) pt 3 (1) H, Zq L
= |— p_
n>1 =0 4(]—1—2)11—1—2]4-614—1)17Jr1

and this is the BBP-type representation for the integral (7) containing harmonic num-
bers of order 7. The second integral in (7) is obtained by the substitution x=tan6. [J

The next corollary deals with an alternative representation for the integral (7).

COROLLARY 1. For (p,t) €y, a> —2,and g€ R > —% then

1
x*1n? (x)
1+ x2
0

“D"pt ¢ 5D ()
= To2pt2 2 HY

13
n>1 n

I(a,p,q;t) = Liy (—**2)dx

where H 1(7 )1) .1 are shifted harmonic numbers of order p+ 1.
+1)pegt

Proof. A Taylor series expansion of

—1)" x(4g+2)n o
Li, (—x*12) = D (-1~ and L _ Y (—1)/ x%

t 2
=1 n 14+x 0

allows us to write, after reversing the order of summation and integration, which is
justified by the uniform convergence theorem

1

](a7p7q7t) — Z ﬂ Z (_1).f/x(4q+2)n+2j+a In? ()C) dx

=1 >0 0

(-1
png'l Jgo (4g+2)n+2j+a+ 10"
(-1)Pp! « (1) C(p+1,5((4g+2)n+a+1))

2p+2
2°p n>1

" ~{(p+1,2((4g+2)n+a+3))

(—1)" p! (_I)P(—l)" V/(p)((‘I“‘%)”‘F “3)
22p+2

v (g + P+ =)
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From the identity (5) we obtain the required identity

Dpt g D (e (p+1)
I(avpqut) = 2217“!’2 2 n[ n( %) —1 _I_Ii'll(yq-‘r%)"raT73 ’ D

n>1

REMARK 1. For (p,q) € Ny, we see from (8) and (9) the remarkable Euler sum
identity

( 1)./+1
Z ( 1)n+1Hr(lt) Z T
=1 =0 ((4g+2)n+2j+a+1)Y
_ 1 (=D" () (p+1)
= (H (o4 rert ~ Pard) e )

The next corollary deals with some special significant cases of the integral (7).

REMARK 2. For the special case ¢ =0, (p,t) € Ny we have

1
x*1n? (x)
1+x2

C(=D)'p! o (=) HPHD (p+1)

nz

I(a,p,0,t) = Li; (—x?)dx

[SE

(1" H

———— (10)
Sien+a+1)pt!

= (=1)"p!

and if we choose a as an odd integer a =2m — 1, m € N, say a = 1, we can obtain the
representation

(=1’ p! (—1)"< (p+1) <p+1>)
1(1,p,0,¢) = 3 P — g
( p ) 22p+2 et nt z 7_%

and using the multiplication formula (6)
1

(p+1) _ () ot
H, 77(P+1)+2p+1H +2p 1

I\)\'—-

we have the simplification

. 2l p+l) 2p+1Hr(lp+1)
_ GV g (2D
1(1,p,0,0) = “5575= 2 . ay
=t +27H (=1)P pin (p+ 1)

[SE

From (10) and (11) we haveforr e N> 2, p € Ny

1 (‘UHH ppptl) (p+1) (_l)nHHr(tt)
nonp+1)=5 T<2Hn Hy >+n>1m’

n>1
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re-ordering the counter in the third sum yields

n+1
nonp+1)—np+i+1) =7 % (H}EP-"-I)_iH(p-&-l))

n=>1 n

(_1)n+1 Hr(lt)
np+1

n>1

where 1 (0) = 1 and 1 (1) = In2. In the case p+ 1 =1 we find the new Euler sum

identity, for t € N

(_1)n+lH(’)
= =27 (n@)-n*@),

3

t
n>1 n

since we know, for integer t > 2

(t)
H, 1
= (C@)+8 )
ngtl nt 2( )
it follows that
H’(-’t) —1 2 1 2
Y = =27 () -n20) + 5 (£ +E20).
n=1
For the case a =0, g = —% we have
L D (5" (v 04

andfor p=1,1r=4

I<O,1’_%’4>
7 9 5
_ gg(4)G+§§(2)ﬁ(4)— 5B(6).

In the next corollary we give two more special cases.

1
In(x) _ .
()/1+X2L14(—x)dx

COROLLARY 2. For peN, t=1, a> -2, and q € N then

1
x*1n?
I(a,p,q,1)=— %x(zx)ln(l + XM 2)dx
2q (_l)jJrl

; . (12)
s S ((4g+2)n+2j+a—17""
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ForpeN,t=0,a> -2, and q € N then

/1 xat+4q+2 lnp )

(11 2) (1 +4472)

I(a,p,q,0)
0

st (v (Y +3) - (B +1))

2j+a+1 2j+a+l 1 2j+a+1
+ 35T (agr 2y (VAP)(2&q+2)+_§> "VAP)<z&q+z)*‘1>>

2q
=3 (-
j=0

13)

Proof. For the case 7 = 1, we notice that Li; (—x**2) = —In(14x**2) and (12)

follows from (8). For the case ¢ = 0, we notice that Lip(—x**2) = —%. A
Taylor series expansion produces
e 2 +1 % j (4g+2)n+2j
SDNCH D WEEE
(14x2) (1 +x4a+2) | =

in which case

I( 221 j+l Z (_l)n+ln
a,p,q,0 .
far Si((4g+2)n+2j+a+ 1)

A partial fraction decomposition and simplification leads to (13). [J

Some examples follow.
EXAMPLE 1. Let (a,p,q,t) = (1,5,0,0)

101,5,0,0)= 326 (6) = T2¢(5).

Let (a»P»CIJ) = (2727170)
1249 1 n’ 5 11 17
1(2.2.1 e SN TR (17 CO N (aiall BN CON
12,2,1.0) = 3675 =3 864+1m%8<w> (u) AT

7 19 13
T (yo (¥ _ (B
+l&%8<w> (u) v (12))

) L 1
ZZEQFJ)n<mn+3P mn+5f%_®n+7f>.
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Let (a,p,q,t) = (0757—%,2)

1 7
I —2.2) =84 —40m? ——n*B(4)— —n°
(0,5, 7 ) 8403 (8) — 407~ (6) 2n B(4) 256” G
5L D™ e e
==y 2 (H —-H .
2125’1 n? i-i i

1 1
. In’ xLi (—x)
_ 5 _ 2
= /ln (tanO)le(—tane)dG —/de
0

—_ ’1+1 . . . . .
where G= 3 ((2n1421)2 is Catalan’s constant, f3 (-) is the Dirichlet beta function.
n=0 :

Let (a7p7q7t) = (0707072)7

[ Liz(—) (1) 5
(0,0,0,2) / 2 ax =
/ I+x < (2n+1)
e (=)
=32 ()

B 1173 22 L+ 5m? 3, 35
=2GIn2 3 81 <4L13< 5 ) —1In2 1 2 164’(3)).

From Lewin ([11], p. 164, 296) we have that

Re <L13<1;_i)>:%1n32 506 )—@1 n2

and therefore

L+ 3in® 3m
1(0,0,1,2) =241 L 12GIn2 — —— — —In" 2.
(7 sy ) m<l3< ) >)+ 48 4

Sofo and Nimbran [18] have shown that the imaginary part of the trilogarithm:

W (3) := Im (Ll (f’)) - ZM

n>1 22 n3

2 n+1 2 N 2 N 1
S 22" (4n—3Y°  (4n—-2) @n—17>)’

and finally we have

1r? 2
I 2)=4 262 — —— — Tp2p,
(0,0,0,2) = 4W (3) +2G %6 " 3
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Let (a»P»CIJ) = (07072»1)

1
Lij (—x10 20
1(0,0,2,1):/%&:%-51 ( )

X 5+8a
0

_S 1y 1 1 N 1 1 N 1
- "\10n+1 10n+3 10n+5 10n+7 10n+9

where o = (1 —\/5) /2.
Let (a,p,q,1) = (=2,1,0,4)

L) ]

/ 4 dx = /cot2 (x)In (tan 8) Liy(— tan’ 0)d6
1+x2

0 0

7 1
=16G— 16w +6§ (2)+38(3) + gC (4)+32In2+ 77‘6{ (5)—
—68(2)B (4)—40p(6).
In the next theorem we consider the integral (7) on the positive half line x > 0.

THEOREM 2. For (p,t) €N, ¢>0

oo

dx= [g(wp.q.)dx (14)
0

In? (x) Li, (—x**2)
1+x2

J(p.q.t) =

—n T

In” (tan 0) Li, (— tan*?*2 0)d 6

Il
—~ <

1+(—1>”*’“)I(0,p,q,r) (15)
L 1 .

Lz g+ 2o /Wz, ®
(t—2j)! 1 +x2

—

j=0
where
In? (x) Li, (—x*+2)
1+x2

1(0,p,q,t) is given by (8) or (9) M(2j) is the Dirichlet Eta function and %] is the
Floor function.

g(x;p,g,t) = ; (16)
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Proof. We begin with

wlnp 4q+2)d = J
b = ; b 7t
J(p.g.t 0/ 1+x x O/g(XPq )dx

and put

oo 1

J(p,q,t)=/g(x;p,q,t)dx=/g(x;p,q,t)der/g(x;p,q,t)dX-
0 0 1

We notice that g (x; p,q,?) is continuous, bounded and differentiable on the interval x €
(0,1], with lim ¢ (x;p,q,t) = lin}g (x;p,q,t) = 0. Now we make the transformation
x—0 xX—

xy =1 in the third integral so that

I 1 1

In? . _
/g(x;p,q,t)dx=/g(x;p,q,t)dx+(—1)p/ 1+(;3th(—y Gat)gy.  (17)
0 0 0

From Lewin ([11], p. 299), Jonquiére’s relation states

1) 1-2j
. o] 1 ,
Lig(~2) + (=1 Lig( — ;) =2y 7((;1_2)2]_)' n(2j) (18)
: = !
15 -2
& (Ing) i '
2j=0 (=2 )'le]( b

where Lis(z) is a polylogarithm, and this formula corrects a minor misprint in Lewin’s
book. The relation (18) can also be written in terms of Bernoulli numbers so that

Lit(—z)—i—(—l)tLit(— —) :tl

Z

i (1—2') (;) B;(2mi) (Inz) > (19)

where B; are the Bernoulli numbers. Now we can substitute (18) into (17), so that

=

1
/g(x;p,q,t)dx = (1 + (—1)’7““) /g(x;p,q,t)dx
0

0

r 1 .
p+t+l L5] (4q—|—2)t 2j ne _)/lnl’+’2f (x) i
= E=2))! 1+x2 ’

The integral
1

lp L 4q+2
1(0,p,q,t) / 1 lj—x )dx
0
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has been evaluated in Theorem 1 and therefore

J(pa.t) = (1+<—1>P+f“)1<o,p,q,t>

1 )
s 2 4q+2)t 2 n(2j /lnp+t_2j (x) dx
= =2 1+x2
and the proof is finished. Note that the integral 1(0,p,q,t) does not contribute to
J(p,q,t) in the case when p+¢+ 1 is an odd integer. The third integral in (14) is
obtained by the substitution x =tan6. [

REMARK 3. It can be noted, from Jonquiére’s relation (19) that we are able to
determine the value of the integral

1
iy (4g+2)
[ ) e (1 0,p.g20) 20)
0

1 .
(4 2y —2J InP+i=2J
,Hz Bar2) ¥ o (020
C(t—2j) I+x

Using the idea that the degree (p +7+ 1), in Theorem 2, can be either odd or even
we extract the following two special cases.

COROLLARY 3. Let p =t, then

“ —xHat2)
J(t,q,1) / 1—|—x dx
0
et A g2y o\ m@))
£ gr 20-2j)+2 \ 2j C(zj)B2JE2(f*J')

where By are the Bernoulli numbers and Ey(;_ ;) are the Euler numbers.
Let p+1=t, then

=3

In"~1 (x) Li, (—x*172)
J(t d
a1) / 1+x2 x
0
2q (_1)j+l
=2(-) -1 Y (-1 EY :
g‘l ;)((4q+2)n+2]+1)’

2 =2 (2t—2j—1 . ,
—(t—1)! g q+2) (Zaj  |M@IB(2-2))

where [ (2t —2j) is the Dirichlet beta functions and 1 (2j) is the Dirichlet Eta func-
tion.
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Proof. The proof follows from (15) and in the evaluation of the integral when

P=1,
b 2r—-2j 1=2j 21— j)+1
In (x)dxzz( 1)"“n 3 Eyi
1+22 22(1—j)+2 2j (=)

and when p+1=1¢,

11n2t—2j—1(x)
———dx=—(2t=2j-1)!p(2t—-25). O
[P dx =~ =2j - 1B (21 -2))

Some examples follow.

EXAMPLE 2. Let (p,q,t) = (3,4,5)

.
)L
J(3,4,5) / is(— / (tan ) Lis(—tan'® 6)d6
1+x
0 0
H
13) 5-2j Ry
o Al N sl
- 1+ x2
0
 853457°
- ¥

Let (p,q.1) = (2.3,3)

=

1 In? (x) Liz (—x*)
J(2,§,3) —O/ e — =" dx
33 1 3 5 7

3w (o o303 @ (7
e (v (5) v (3) v (5) ' (5))
2 1 3 5 7

() (o) ()
512\/§<W8W8W8W8
I ey (1)_ ) <§>_ @) §) @ Z))

+2048\/§<W g) YV ilg) Vilg)tTV s
3 3

IR0,

This allows us to also calculate, from (15)

n? (tan @) Li3 (— tan* 0)d6

Il
S — s
—

1
/ 1(1)14—13(4)“ — 47%B (4) + 12808 (6) — 3%7?5 (3)
0

+x2

3n3 1 3 5 7
(00 )
512v2 ("’ g) YV lg) ¥V (8g)™V 8
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2 1 3 5 7
(e (e (3 G (3 e (7
+512\/§<W <8> v <8>+W (8)+W <8>)
I ey (1)_ <4><§>_ @) (ﬁ) @) (Z))
+2048\/§<W ) Vilg)vVilg)TVilsg))

and from (20),

; n? (x) Liz(—x~4
O/%dx: 277B (4) — 640B (6) — —1°C (3)

3r

L (l,,m (1) e (E) e <§
1024+/2 8 8 8
2 1 3 5
LA (G I N W ) Y @) (2
o (7 (5) v (5) v (5
T 5

n (4 2
4096+/2 (W 8

Let (p,q,t) = (2,1,3)

N
oo | —
~—
|
‘Eﬁ
K
7 N
ool W
~_
|
-e/\
K
7N

oo

L _
J(2,1,3) :/ is( x :/ln2 (tan©) Lis(— tan® )d0
0 0

- (v (3)-vo(3))- -2

also
1
In?(x)Liz(—x%) =2 3 (5 o (1 419
0/ S S <W3 (6)_‘”3 (6)) n¢(3)
+37°B (4) + 21608 (6 )—@ £(5)
- gy L 1
‘2";( D" H ((6n+1)3 (6n+3)3+(6n+5)3>
and from (20),
1
lnz(x)Lig(—x76) . 7'[2 3) § . 3) 1 419 3
[EEC 2 ((8) v (1)) - o

3 (4) 2160 (6) - o 7L (5).
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Finally we give the example, (p,q,t) = (0,2,3)

=3

RS IORA6)
S @)

where the golden ration ¢ = (1 + \/§) /2. Similarly we have the result

1

B 50 (P () ()
S () v () -

+58(2)G+5008 (4)

=3 (-1yHY Lo oty
1 " 10n+1 10n+3 10n+5 10n+7 10n+9

Concluding Remarks. We have carried out a systematic study of a family of inte-
grals containing log-polylog functions in terms of Euler sums. We believe most of our
results are new in the literature and have given many examples some of which are not
amenable to a mathematical computer package.
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