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LOCATION OF ZEROS OF THE POLAR
DERIVATIVE OF A POLYNOMIAL

B. A. ZARGAR, M. H. GULZAR AND S. A. MALIK*

Abstract. In this paper, we infer bounds for the moduli of the zeros of the polar derivative of uni-
variate complex polynomial and provide some more general results, which yields some classical
bounds as special cases.

1. Introduction

Geometrical relationships between the zeros and the coefficients of a polynomial
have been frequently explored since the time of Cauchy and have deeply influenced
the development of mathematics throughout the centuries. A classical problem in the
geometry of polynomials is to locate the zeros of a given polynomial by determining
discs and annuli in complex plane in which all its zeros are situated. The problem of
locating these regions which contain all or some zeros of a polynomial gains importance
in this theory due to non availability of any general method for finding these zeros and
over a period large number of results have been obtained in this direction by researchers.
Among them the Enestrom-Kakeya Theorem ([4], [5]) given below is classical and well
known in the theory of location of zeros of polynomials.

n
THEOREM 1.1. An nth-order polynomial p(z) = Y, a,z" has all its zeros in the
v=0
disk |z| < 1 if its coefficients satisfy the following monotonic condition
ap 2 a1 2 ap2... 2 ay = ap > 0.

The Enestrom-Kakeya Theorem has been extended and generalized in many ways
by researchers see ([ 1], [2], [3]).

For a complex number o, consider the operator D, which maps a polynomial
p(z) into D p(z) =np(z)+ (@ —z)p'(z). This operator is known as polar derivative of
p(z) with respect to o and note that Dy p(z) is a polynomial of degree at most n — 1.
It generalizes the ordinary derivative of p(z) in the sense that

. Dap(z)
lim 2422 — ()

uniformly with respect to z for |z] <R, R > 0.

Concerning the moduli of zeros of the polar derivative of a polynomial P. Ramulu
and G. L. Reddy [6] proved the following results.
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THEOREM 1.2. Let p(z) = 2 a7’ be a polynomial of degree n and Dyp(z) =

np(z) + (ot —z)p'(z) be the polar derlvatlve of p(z) with respect to real o such that
an—1 =220y 2 3a,-3... 2 (n—2)ay = (n— l)a; = nay.
If a =0 then all the zeros of Dop(z) lie in

ay—1 +nlag| — nag

|an—1]

2| <

THEOREM 1.3. Let p(z) = 2 a,z" be a polynomial of degree n and Dyp(z) =

np(z) + (a—2)p'(z) be the polar derlvatlve of p(z) with respect to real o such that
ap—1 <2ay-2<3a,-3... < (n—2)ap < (n— 1)a; < nay.
If a =0 then all the zeros of Dyp(z) lie in

nlag| +nap — a, -1

lz] <
|an—1|

Later on G. L. Reddy et al. [7] generalized the above theorems by proving the
followings results.

THEOREM 1.4. Let p(z) = 2 a,z" be a polynomial of degree n and Dyp(z) =

np(z) + (ot —z)p'(z) be the polar derlvatlve of p(z) with respect to real o such that
(i+2)aaia+[n—(i+ Dais = (i+ Doaaip+ (n—i)a; fori=0,1,2...,n—2.
Then all the zeros of Do p(z) lie in

noay, + a,— + |oa; +nag| — (aa; +nap)
|noay, + an—1| '

|Z| S

THEOREM 1.5. Let p(z) = 2 a,z" be a polynomial of degree n and Dyp(z) =

np(z) + (. —2z)p'(2) be the polar derlvatlve of p(z) with respect to real o such that
(i+2)oaia+[n—(i+Dai < (i+1D)aaip1+ (n—i)a; fori=0,1,2...,n—2.

Then all the zeros of Do p(z) lie in

(aa; + nag) + |aa; + nag| — (noay, + an—)

7l <
ol < [noa, + a, |
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2. Main results

In this paper we present generalizations of all the above results and find regions
containing all the zeros of the polar derivative of a polynomial. In fact, we prove the
following results.

THEOREM 1. Let p(z) = 2 ayz’ be a polynomial of degree n and Dyp(z) =

np(z) + (o —z)p'(z) be the polar derzvattve of p(z) with respect to real o such that,
for some k> 1

nag <20a+ (n—1—o)a; < (n—1ay
<doas+(n—3-3a)az < ... <2a,»

3aaz+(n—2—-2a)a; < (n—2)ay
[k(noay +ay—1) — (n— 1) oay—1].

NN

Then all the zeros of Do p(z) lie in

k(noan + an—1) + |aa; + nag| — (eay + nag)

lz4+k—1] <
|noay, + an—1|

COROLLARY 1. Let p(z) = Z ayz’ be a polynomial of degree n andDyp(z) =

np(z) + (o — Z) '(z) be the polar derzvattve of p(z) with respect to real o such that,
for some k >

0<nayg<20ay+(n—1—0a)ay < (n—1)a; <3aa3+ (n—2—-20)ar < (n—2)ay
<doag+(n—3-30)a3 < ... < 2a,-2 < [k(naa, + a,—1) — (n—1)oa,—1].

Then all the zeros of Dy p(z) lie in
lz+k—1|<k

REMARK 1. Theorem 1 is a generalization of Theorem 1.4. For k =1 we get
Theorem 1.4.

REMARK 2. On setting k =1 and & = 0 in Theorem 1 we get Theorem 1.2.

THEOREM 2. Let p(z) = 2 ayz” be a polynomial of degree n and Dyp(z) =

np(z) + (o — Z) '(z) be the polar derzvattve of p(z) with respect to real o such that,
for some k >

nag =20ay+ (n—1—o)a; = (n—1)ay
>doas+(n—3-3a)az > ... >2a,»

3aa3+ (n—2—-20)ay > (n—2)ay
[k(noay, +ay—1) — (n—1)oa,—].

VoV

Then all the zeros of Do p(z) lie in

|aa) +nao| + (aa; + nag) — k(noa, + an—)

7+k—1|<
| < [noa, + a, |
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REMARK 3. Theorem 2 is a generalization of Theorem 1.5. For k =1 we get
Theorem 1.5 also for & =0 and k =1 we get Theorem 1.3.

n
COROLLARY 2. Let p(z) = Z a,z” be a polynomial of degree n and Dyp(z) =

np(z)+ (o — Z) '(z) be the polar derlvatlve of p(z) with respect to real o such that,
for some k >

nag =2aay+ (n—1—o)a; = (n—1)a; 2 30azs+ (n—2—-2a)ay = (n—2)az
>4d0as+(n—3-3a)az > ... < 2a,-3 = [k(naa, +ay—1) — (n— 1)oa,—1] > 0.

Then all the zeros of Do p(z) lie in

2(aay + nag) — k(naa, +ap—1)

k—1]<
|Z+ ‘ noa, + a,—1

Next we find lower bounds for the moduli of the zeros of D¢ p(z) under the same
conditions on the coefficients. In fact, we prove the followings theorems.

THEOREM 3. Let p(z) = 2 ayz’ be a polynomial of degree n and Dyp(z) =

np(z) + (o —z)p'(z) be the polar derlvatlve of p(z) with respect to real o such that,
for some k> 1

nag <20ay+ (n—1—o)a; < (n—1)ay
<doas+(n—3-3a)az < ... <2a,»

3aa3+ (n—2—-20)ay < (n—2)ay
[k(noay +ay—1) — (n— 1) oay—i].

NN

Then all the zeros of Do p(z) lie in

|ocay + nag| — k(naa, +a,—1) + (0 + nag)

z+k—1|2>
| > [noa, + a, |

Combining Theorem 1 and Theorem 3, we get the following result.

THEOREM 4. Let p(z) be a polynomial of degree n and Dyp(z) = np(z) + (00 —
2)p'(z) be the polar derivative of p(z) with respect to real o such that, for some k > 1

nag <20ay+ (n—1—o)a; < (n—1)a; <3caz+ (n—2-20)ay < (n—2)az
<doas+(n—3-30)a3< ... < 2a,2 < [k(naa, +a,—1) — (n—1)oa,—1].

Then all the zeros of Dy p(z) lie in

|ocay + nag| — k(naa, + a,—1) + (aa; +nag)
|noan, + a,— |

k(noan + an—1) + |aay + nag| — oay — nag

|noay, + ay—1| '

<lz+k—1]

S



LOCATION OF ZEROS OF THE POLAR DERIVATIVE OF A POLYNOMIAL 5

Taking k = 1 and the coefficients to be positive, we get the following result from
Theorem 4.

COROLLARY 3. Let p(z) = 2 ayz" be a polynomial of degree n and Dyp(z) =

np(z) + (a—2)p'(z) be the polar derlvatlve of p(z) with respect to real o such that

0<nayp <20+ (n—1—a)a; < (n—1)a; <3aaz+(n—2—-20)ax < (n—2)az
<doag+ (n—3-3)az < ... < 2a,-2 < [k(naa, +an—1) — (n—1)oa,—1].

Then all the zeros of Do p(z) lie in

2(aa) +nag) — k(noan + ap—1)
noa, + a,—q

<zl € L

THEOREM 5. Let p(z) = 2 ayz’ be a polynomial of degree n and Dyp(z) =

np(z) + (o —z)p'(z) be the polar derlvatlve of p(z) with respect to real o such that,
for some k> 1

nag =20a+ (n—1—o)a; = (n—1)ay
>doas+(n—3-3a)az > ... >2a,»

3aa3+ (n—2—-20)ay > (n—2)a
[k(noay, +ay—1) — (n—1)oa,—].

VoV

Then all the zeros of Dy p(z) lie in

|aa) + nao| + k(naa, + a,—1) — (aa; + nap)
|noay, + ay 1| '

lz+k—1]>
Combining Theorem 2 and Theorem 5, we obtain the following result.

THEOREM 6. Let p(z) be a polynomial of degree n and Dy p(z) = np(z) + (o —
2)p'(z) be the polar derivative of p(z) with respect to real o such that, for some k > 1

nag =20ay+ (n—1—0o)a; = (n—1)a; 2 30azs+ (n—2-20a)ay > (n—2)az
>4daas+ (n—3-3a)az > ... =2 2a,_2 = [k(naa, +ap—1) — (n— 1) oay_1].

Then all the zeros of Do p(z) lie in

|ocay + naog| + k(naa, + a,—1) — (aa; +nag)
|noan, + a,— |

< |aa) + nag| + oay +nag — k(noa, + ay—1) .
|noay, + an—1|

<lz+k—1]

Taking k = 1 and imposing positive monotonic conditions on coefficients in The-
orem 6, we get the following result.
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COROLLARY 4. Let p(z) = 2 ayz" be a polynomial of degree n and Dyp(z) =
np(z) + (ot —z)p'(z) be the polar derlvatlve of p(z) with respect to real o such that

nag = 2aay+ (n—1—o)a; = (n—1)a; 2 30azs+ (n—2—-2a)ay > (n—2)az
>d4oas+(n—3-3a)az > ... =2 2a,—2 = [k(noa, +ay—1) — (n— 1)oa,—1] > 0.

Then all the zeros of Do p(z) lie in

2(aa) + nap) — (noa, + ay—1)

I<lel < noa, + ap—q
n n—

3. Proofs of the Theorems

Proof of Theorem 1. Let p(z) be a polynomial of degree n and Dy p(z) =np(z) +
(ot —2)p'(z) be the polar derivative of p(z) with respect to real o of degree at most
n—1.Then

n—1

Dap(z) = (v )aay + (1—vja)".
v=0

Let us consider the polynomial

H(z) = (1-2)Dop(z)
= —[naa, + a,—1]7" + [(nocan + ay—1) — ((n — D oay—1 4 2a,-2))z
+ (= 1)o@y +2a,2) — ((n—2)0tay_243a,_3)]" > +...
+[(Boas + (n—2)az) — 2aay + (n— 1)ay)]2
+[(2oaz + (n— 1)ay) — (aa; +nao))z+ (aa; + nag).

n—1

Equivalently,

1 n—1

H(z) = —[noan+ ap—1)7" + [naa, + a, 12" — k[noan, + ay—1)7
+ [k(notay, +an—1) — (n— 1)o@, +2a, 2)|2" '+ ...
+[(Boas + (n—2)az) — 2aay + (n— 1)ay)|2

+[(2oaz + (n— 1)ay) — (aa; +nao))z + (aa; + nag).

Then for |z] > 1, i.e. (ﬁ < 1) and by application of triangle inequality, we have,

|H(z)| = |(noay +a,—1)7" 'z +k—1]
+ [k(notay +ap—1) — (n— 1)o@, +2a, 2))2" '+ ...
+[Boasz+ (n—2)az) — 2otar + (n— 1))
+[(2oaz + (n—1)ay) — (aa; +nao))z + (aa; +nao)|.
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This gives,
|H(2)| > [notay + an—1||2" Hz+k—1]
- |Z|n_1 [k(noay, +an—1) — ((n—1)oay—1 4 2a,-2)]

+[((1= Daay1+2a, )~ ((n - z>aa,,_2+3an_3>]§ b

1
-3

+[(Boaz+ (n—2)ay) — (2aa2+(n—l) D)=

+[2oay+ (n—1)ay) — (aa; + nao)]

7"
1
+ (aa; + nao)z — |-

Therefore,
H(z)| > [2]"! [Inaan+an71|\z+k— 1|
— (\k(naan +ap—1)— ((n—1Daa,—1+2a,-2)|

1
+|(n—1V)aa,—1 +2a,-2) — ((n—Z)aan_2+3an_3)|H +...

+1Baas +(n—2)az) - 2ear + (n— ai)| M%a

+1|Q2aay+ (n—1)ay) — (aay + nag)|—— + |aa; + nag|

)

1
| |n 2
that is, for ﬁ <1,

|H(2)| = |2 [|[nowan + an—1||z+k — 1

—{k(naa, + a,—1) — (oa; + nag) + |oca; + napl }
>0

if
[noa, + an—1||z+k — 1| — {k(noa, + an—1) — (aa; + nap) + |oa; + nag|} >0,
ie., if
lnoa, + an—1||z+k—1| > {k(naa, + a,—1) — (0ay + nag) + |oca; +nagl} .

Hence |H(z)| > 0 if

1
lz+k—1|> | {k(naay + an—1) — (ay + nao) + |aay + naol} -

|naa, +an—1

Hence all the zeros of H(z) with |z| > 1 lie in the disk

1
| {k(nacan + an—1) — (oay + nag) + |oa; +naol} .

Ny S || [P —
l2 < |naa, +an—1
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Those zeros with |z] < 1 trivially satisfy the above inequality. Since the set of zeros of
D p(z) is subset of the set of zeros of H(z), therefore it follows that all the zeros of
Dy p(z) lie in

1
lz+k—1|< ‘ {k(noa, + an—1) — (@ay + nap) + |aay + nag|} .

|naa, +an—1
This completes the proof of Theorem 1. [J

n—1
Proof of Theorem 2. We have Dyp(z) = ¥, [(v+1)oa,+1 + (n —v)ay)z”. Con-

y=|

sider the polynomial

S(z) = (1 =2)Dap(z)
—[nocan—kan_ﬂzn—kri;{(j—kl)Ocaj+1—|—[(n—j)—Ocj}aj—(n—j—kl)aj_l}zj,
=
a_1=0
—[noay + a, 1]+ [noa, + (1 + o0 — not)a, | —2a, 27"
+n z{(1+1)0mj+1+[(n—j)—O‘ﬂaj—(n—jJrl)ajI}Zj
j=

-1 n—1

—[naay+ a1 7" + [noay, + ay 117" — knoay + ap— 1)z

+ [k(noway + an—1) + (0 — na)a, 1 —2a, )] ""

HZ‘{ (j+Daajr+[(n—j)— aj}aj—(n—j—kl)aj_l}zj,

i.e.,
S(z) =— (naa, + an,l)z”_l 2+ k=1 +{[k(noan+ay,—1) + (ot — not)a,—; — 2an,2}z"‘1
n—2
+ YA+ Daaji+[(n—j)—ojlaj— (n—j+1)a;1}2'}.
j=0

Then for |z| > 1, i.e. (é < 1), we have

1S()] > 2" Intan + ay-llz-+ k= 1] = k(10 + ay-1) + (0 = nt)an —2a,-2]

n—2

+j26|(j+l)aaj+1+[(”—j)—05j]aj—(n—j+1)aj_1|#}}

> 2" Y |natant-a, 1 ||z+k—1|—[(0tay +nag)+| oay +nao| —k(noay, +a, 1))}

Hence, |S(z)| > 0 if

lz+k—1]> {(aay +nap) + |aa; + nag| — k(nowa, +an—1)}.

lnoa, + ap—1|
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That is, all the zeros of S(z) with |z| > 1 lie in the disk

lz+k—1|< {(aay +nag) + |aay + nag| — k(noa, +an—1)}.

|naa, + a,—|
Since all the zeros of S(z) with |z| < 1 already lie in

1

4+k—1l{ —m8
| < |nata, + ap—1]

{(atay +nap) + |oa; + nag| — k(naa, + a,—1)},
therefore, it follows that all the zeros of S(z) lie in

lz+k—1|< {(atay +nag) +|oa; + nag| — k(noa, +a,—1)}.

|nocan, + a,—1|
Thus all the zeros of Dgp(z) lie in

1

+k—1|{ —
| < |naay, + ap—1|

{(aa; +nap) +|oa; + nao| — k(naa, +a,—1)}. O

Proof of Theorem 3. Let p(z) = i a,z" be a polynomial of degree n and Dy p(z) =

p=|
np(z) + (oc — z)p'(z) be the polar derivative of p(z) with respect to real o of degree at
most n— 1. Then

n—1

Dap(z) = 3 [(v+ Dty + (n—v)a2"
v=0

Now, consider the polynomial

F(z) = (1 -2)Dap(2)
= —[nota, +ap1]7"+ [(noay, +ap 1) — ((n— 1) ata,_ +2a, 2)]" 1 +...
+[(Baaz+ (n—2)az) — (2aay + (n— )ay)|2 + [(2aa;
+ (n—1)ay) — (aay +nag))z + (oay + nao)

n—1 —1

—[naa, + a,1|7" + [noay, + ay 17" — klnaa, + ap 17"
+ [k(noay +ap 1) — ((n— 1) ata, 1 +2a, 1)) +...
+[(3aaz + (n—2)az) — (2oaz + (n— Nay)|2>
+[Qaay+ (n—1)a1) — (aay + nag)]z+ (atay + nag)

= (aa) +nap) + U(z),
where

U(z) = —[noay +ay—1)2" + [noay +a,1)" " — k[noa, +a,—1)2""!

k(nowa, +ay,_1) — ((n— 1) oty +2a, )" '+ ...
(Baaz+ (n—2)az) — (2aaz + (n— 1)ay)|2
(

+
+1
+[(Qaaz+ (n—1)ay) — (aa; +nap))z
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— (ntty + @y )2 e k1]
+ [k(naa, +an—1) — (n—1)aa,—; + 2an—2)]z”*1 4o
+[Baaz+ (n—2)az) — 2oax+ (n— 1)01)]22
+ [(206612 + (n - l)al) - (am + nao)}z.

For |z| < 1, we have by using hypothesis

|U(z)| < [noan + an—1||z+k— 1]+ [k(noap, + an—1) — (n — 1) cxan—1 + 2a,-2)| + ...
+|Baaz+ (n—2)az) — (2aar + (n— 1)ay)|
+|2oar + (n—1)ay) — (aay +nayp)|
= |noa, + ay—1||z+k— 1|+ k(naa, + a,—1) — (aa; + nao).

Hence, for |z] < 1,

|F(2)| = [(@a1 +nao) + U (2)|

> |aar +nao| — |U(2)|
> |oay + nag| — [|notay + an—1||z+k — 1|+ k(noa, + ap—1) — (oay + nay)]
>0

if
|aa) + nag| — k(naa, + a,—1) + aay + nag

lz+k—1] <
|noay, + an—1|

This shows that all the zeros of F(z) lie in

|aa + nag| — k(naa, + a,—1) + aay + nag
|noay, + ay 1| '

lz+k—1]>

Since all the zeros of Dy p(z) are also the zeros of F(z). The proof of Theorem 3 is
complete. [J

n—1
Proof of Theorem 5. We have Dyp(z) = Y [(v+ Doay1 + (n—v)a,]z". Con-
v=0
sider the polynomial
S(z) = (1 =2)Dap(z)
n—1
= —[noay +ay-1)" + Y, {(j+ Doajr + [(n = j) = ajlaj— (n—j+ a1} 2,
j=0

a,1:O

= —[naa, +a,—1]7' + [naa, + (1 + o —not)a, | — 2an,2]z”_1

n—2
+ > {(i+Daaj+[(n—j)—ajlaj— (n—j+1)a;1} 7 + (0a; +nao)
j=1



LOCATION OF ZEROS OF THE POLAR DERIVATIVE OF A POLYNOMIAL 11

= —[naa, + a,—1]7" + [noa, + an,l}z"_l — klnaa, + an,l]z”_1

+ [k(notay + ap_1) + (00 — nat)a, 1 —2a, )" '+

n—2

Z {(]+ l)aajH + [(n—]) — ozj]aj— (n—j+ l)aj,l}zj—f— (Olal +na0)
=1

= (aay +nag) + G(z),

where

G(2) = — (noa, + a,1)2" 'z +k— 1]+ [k(nowa, + a,—1) + (00 — net)a, | — 2a,_2]7" "
n—2
+ 2 AU+ Daaju +[(n—j) = ejlaj— (n— j+ aj_1}2’.
=1

For |z] < 1, we have by using hypothesis

|G(2)| < |noay +an—1]|z+k— 1|+ |k(noa, +a,—1) + (00 — not)a, 1 — 2a, 5|
n—2
+ 2 |G+ Daaj+[(n—j)—ajlaj— (n—j+1)aj|
=1
= |naay, +a,_1||z+k— 1| — k(noa, + a, 1) + (oay +nagp).

Hence, for |z] < 1,

IS(z)| = |eay +nao + G(z)|

> |aa) +nag| — |G(2)|

|aay + nag| — [|noay + an—1)|z+k — 1] — k(noa, + ap—1) + (oay + nay)]
0

\

VoWV

if

|ocay + nag| + k(naa, +a,—1) — (0 + nag)

lz+k—1|<
|naa, +an—1]|

This shows that all the zeros of S(z) lie in

|ocay + nag| + k(naa, +a,—1) — (0 + nag)

z+k—1|>
| > |noay, + an—|

Since all the zeros of Dy p(z) are also the zeros of S(z). The proof of Theorem 5 is
complete. [l
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