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PROJECTIONS OF MUTUAL MULTIFRACTAL FUNCTIONS

Z1ED DOUZI AND BILEL SELMI*

Abstract. The aim of this article is to study the behavior of the relative multifractal spectrum
under projections. First of all, we depict a relationship between the mutual multifractal spectra of
acouple of measures (i, V) and its orthogonal projections in Euclidean space. As an application,
we improve Svetova’s results in [46] and study the mutual multifractal analysis of the projections
of measures.

1. Introduction

In the previous years, there has been great interest in understanding the fractal
dimensions of projections of sets and measures. The first significant work in this area
was the result of Marstrand [25] showed a well-known theorem according to which
the Hausdorff dimension of a planar set is preserved under orthogonal projections. In
[22], Kaufman had employed potential theoretic methods in order to prove Marstrand
result, which has been generalized later by Mattila in [26]. Let us mention that Falconer
et al [19, 20] have proved that the packing dimension of the projected set or measure
will be the same for almost all projections. Other works were carried out in this sense
for classes of similar measures in euclidean and symbolic spaces [7, 21]. However,
despite these substantial advances for fractal sets, only very little is known about the
multifractal structure of projections of measures [2, 6, 15, 16, 17,32, 34, 35, 38, 39, 40,
41, 44, 45].

Recently, mixed (mutual and relative) multifractal spectra have generated an enor-
mous interest in the mathematical literature. Many authors were interested in mixed
multifractal spectra and their applications [1, 4, 5, 10, 12, 13, 14, 23,24, 28,29, 31, 42,
46, 47, 48]. Previously, only the scaling behavior

o 10gH(B(x,r))
r—0 10g r

of a single measure u has been investigated (see for example [8, 30]). However, the
mixed multifractal analysis of measures on R" investigates the simultaneous scaling

behavior
O2U(Br) L logv(B(x.r)
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of finitely many measures p and v. It combines local characteristics which depend
simultaneously on various different aspects of the underlying dynamical system and
provides the basis for a significantly better understanding of the underlying dynamics.
Olsen [31] conjectured a mixed multifractal formalism which links the mixed spectrum
to the Legendre transform of mixed Rényi dimensions. Olsen obtained a general upper
bound and proved that this bound is equality if both measures are self-similar with same
contracting similarities. We note also that Peyriere [33] has also guessed a general
vectorial multifractal formalism that is valid under some Frostman assumptions.

But the natural fractal-like objects that one wants to understand do not come al-
ways from simultaneous functions but from simultaneous measures. This is why, in
[28, 46, 47], a mixed multifractal formalism associated with the mixed multifractal
generalizations of Hausdorff and packing measures and dimensions is proved, in some
cases, based on a generalization of the well-known large deviation formalism. Fur-
thermore, a mixed multifractal formalism has been proved for the Gibbs-like measures.
In general, one needs some degree of similarity to prove the existence of Gibbs-like
measures. For example, in dynamic contexts, the existence of such measures is often
natural. More specifically, given two compactly supported Borel probability measures
u and v on R" and o, B € R, Svetova estimated the size of the iso-Holder set

Euv(o,pB) = {x esupp uNsupp v; oy (x)=a and oy (x) = B},

where oy, (x) =lim,_ W and B(x, r) is the closed ball of center x and radius r.

The mutual multifractal analysis of measures allows relating the Hausdorff and packing
dimensions of this level set to the Legendre transforms of some multifractal functions.
We write for y > 0,

) i 10ZH(Br)
Buy(y) = {xe supp U Nsupp V; }gl(l) log v(B(x,r)) =7

It is clear that

U Eyy (a,ﬁ) c %/JN(Y)'

(a7ﬁ)€R+XR* ’
o

ﬁ _’y
The latter union is composed of an uncountable number of pairwise disjoint nonempty
sets. Then, the Hausdorff and packing dimension of %, () is fully carried by some
subset Eyy (a,ﬁ). Also, Selmi et al. investigated the projection properties of the
v-Hausdorff, and the v-packing dimensions of %, ,(y) in [15, 17]. In this article,
they derived global bounds on the relative multifractal dimensions of a projection of
measures in terms of its original relative multifractal dimensions. It is more difficult to
obtain a lower and upper bound for the dimension of the set %y, v, (y), where V is a
m-dimensional linear subspace of R”.

The purpose of this paper is to improve Svetova’s results and to propose a suffi-
cient condition that gives the lower bound for the Hausdorff and the packing dimen-
sions of %, v, (y). Our first aim is to study the behavior of the mutual Hausdorff,
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packing, and pre-packing dimensions under projections. The second aim is to investi-
gate a relationship between the mutual multifractal spectra and their projections onto a
lower-dimensional linear subspace.

2. Preliminaries

Let us recall the multifractal formalism introduced by Svetova in [46]. Let u
and v be two compactly supported Borel probability measures on R". We denote by
supp i the topological support of .

DEFINITION 1. For g,z,s € R, E CR" and 6 > 0, we define

ZS(E) —supzu (i, 73)) 4V (B(xi, i) ) (2r7)°,

where the supremum is taken over all centered & -packings of E,

—q,t,s 1S
‘@Z,v( ) égg@;]lva( )

and we introduce the mutual packing measure relatively to y and v

PUE) = inf 2@’”‘ (E)).

ECU;E;

In a similar way we define the mutual Hausdorff measure relatively to u and v by
4.,
A s (E mfzu (x1,72)) 1V (B(xi,17))' (217)°,

where the infinimum is taken over all centered & -coverings of E,

A (E >—supffw5< ),

and we introduce the mutual Hausdorff measure relatively to ¢t and v

AL E) = sup A4 (F),

FCE

with the conventions 07 = e for ¢ < 0 and 09 =0 for ¢ > 0.

REMARK 1.

. Ty i .
1. The functions 7, and 2, are metric outer measures and thus measures

on the Borel family of subsets of R”. An important feature of the Hausdorff and
packing measures is that gzﬁ:’v‘ QZZ . and that there exists an integer & € N,
such that %’ﬁ]f,s 5,@‘” * (see [48]).

2. Inthe special case where ¢ =0 or ¢ = 0, the mutual multifractal spectra is strictly
related to Olsen’s multifractal formalism [30].
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3. The mutual multifractal spectra represent the relative multifractal analysis intro-
duced by Cole [9] in the case where s = 0. Other works were carried out in this
sense in probability and symbolic spaces [3, 10, 36, 37, 43].

. —q,l,s s 1.5 . . . .
The functions ?ZW , 20 and A" assign in the usual way a dimension to

each subset E of R". They are respectively denoted by A%’ (E), BY',(E) and b, (E)
and satisfy

bY(E) = inf{s eR; AL (E) = o}, By (E) = inf{s eR; ZU(E) = o},
AL (E) = inf{s €R; PU(E) = o}.
PROPOSITION 1. ([46, 48])

1. There exists a unique number b, (E) € [—eo,+oo] such that

sy 7T
[TRY =
0 if bf'y(E) <s.

2. There exists a unique number B, (E) € [—eo,+oo] such that

‘s OOlfS<BZ’fV(E),
PV (E) =
0 if BY',(E) <s.

3. There exists a unique number A}',(E) € [—oo,+oo] such that

—q,t,s °°lfs<A;~IjtV(E)’
P (E) =
0 if Af'V(E) <s.
Let E CR" and g, € R. We can remark that
biiv(E) < Byy(E) < Af(E).

Then we are able to define the multifractal dimension functions by y, By,v and Ay y:
R2 — [_007—|—oo] by

buv(g,t) = b (supp L Nsupp v), Byv(q.t) = By, (supp uNsupp v)

and Ay,y(q,t) = AJ', (supp tNsupp v).

It is well known that the functions by vy, By v and Ay, are decreasing and By, v, Ay y
are convex (see [48]).
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3. Projection results

Let m be an integer with 0 <m < n and G, ,, stand for the Grassmannian manifold
of all m-dimensional linear subspaces of R"”. We denote by ¥,,, the invariant Haar
measure on Gy, such that ¥,,,(Gym) = 1. For V € G, ,,, we define the projection
map, 7y : R" — V as the usual orthogonal projection onto V. Now, for a Borel
probability measure ¢ on R", supported on the compact set supp u and for V € G,, 1,
we define uy , the projection of t onto V', by

() = p(my ' (A), VACY.

Since u has a compact support, then supp py = 7y (supp u) forall vV € G, .

In the following, we are interested in the behavior of mutual Hausdorff, packing,
and pre-packing dimensions under projections. Throughout this paper, we suppose that
K :=supp i = supp v. We are based on the ideas of Selmi et al in [15, 17], to show
the following results.

THEOREM 1. Let u and v be two compactly supported Borel probability mea-
sures on R". Then, for (q,t) € (] —e0,0]?) U (] —<0,0] x [0,1]) U ([0,1]x] — e,0]),
E CK andforall V € Gy, we have

Ay (E) S Ay ().

Proof. Let s € R such that A’” (E) < s. Consider V € Gy, and fix 6 > 0. Let
(B B(xhrl)) be a d-centered packing of 7y (E). Then there exists an integer K,

depending on m only such that we can divide up the balls B(x;,2r;) into K < Ky,
families of disjoint balls #,...,%Bk. Let 1 <1 < K. For each B(x;,r;) € %, de-
note E; = ENm, ' (B(x;,r;)). We have E; C Uyeg, B(y,7i), so Besicovitch’s covering
theorem [27] provides a positive integer K, as well as K; < K, families of pairwise

disjoint balls %, = { B — B(yﬁ k) JTijk)s Tijk = ﬁ}, 1 < k < K;, extracted from

2
{B(y, ri) } such that
yEE,

K;
k=1 j
Case 1: For ¢ <0 and r <0, we have

E.UV vy (B) (2r)° 2‘2/4( ) v(B (’k>) (2rjx)°

ZSZZH( ) (B 2re.

i,j k=1
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Case 2: For ¢ <0 and 0 <7< 1, we have

K; !
Z[JV qVV 21"1 252[1 1y ( UB ) 2rljk
k=1 j

<23 Sl )6

Case 3: For 0 < g <1 and t < 0. The proof of Case 3 is identical to the proof of
Case 2 and is therefore omitted.

In all these cases and by construction, since the balls B(x;,2r;) € %, are pairwise
disjoint, if B(y,r) € B, and B(y',r') € By p with i # i, then B(y,r)NB(y',r') = 0.
Consequently, we can collect the balls B(y,r) invoked in the above sum into at most
K, centered packing of E. This holds for all 1 </ < K, which implies that

Zuv i)1vv (B;) (2ri)° ZSKmKnsup{Z.u(B(yj,r,/))qV(B(yj,r,f))’(er)‘},
J

where the supremum is taken over all centered &-packings of E by closed balls of
radius r;. Now, we can deduce that

Tl o(m(E) < PKKn P30 E).
Letting 6 | 0, we give
P (w0 (E)) < 2KiKn 7y (E), v

and the result yields. [

COROLLARY 1. Let u and v be two compactly supported Borel probability mea-
sures on R". Then for (q,t) € (] —e2,0]%) U (] — 2,0] x [0,1]) U ([0, 1] x] —2,0]) and
forall V € Gy, we have

AﬂV7VV (qat> g Ap,v(qat)'

Proof. 1t follows immediately from Theorem 1. [J

THEOREM 2. Let 1 and v be two compactly supported Borel probability mea-
sures on R". Then for (q,t) € (] —e°,0]%) U (] — o2,0] x [0,1]) U ([0, 1] x] —°,0]) and
forall V € Gy, we have

By v (q,t) < Buv(g,t).

Proof. Let s € R such that By v(g,t) <s. Consider F C R" and V € G, ,,. Due
to inequality (1), we have

o, (v (F)) < 2°KKu P50 (F).
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Since 2"’ (K) =0, there exists (E;); a covering of K such that
—5as
> P (E) <L
i

It follows that my (K) C U ny(E;) and we have

P, (v(K)) < z@m v(E;))

< 2°KoKo 2@4’5

Which implies that By, v, (¢,1) <s. O

THEOREM 3. Let U, V be two compactly supported Borel probability measures
on R". Then for (q,t) € (] —o0,0[*) U (] —e0,0[x]0,1]) U (]0,1]x] —e0,0[) and for all
V € Gy m, we have

buv,VV (qat> = bu,v(‘lat)-

Proof. Let’s prove that by v(q,1) < by, v, (¢,1). Fix s € R such that s < by v(q,1)
and choose F C K and V € Gy . Let 6 >0 and <B,~ = B(x,-,r,-))_ be a §-centered
1

covering of F. Let E; such that m, '(E;) = F N B(x;,r;). We have E; C Uyer, B(, i),
so Besicovitch’s covering theorem provides a positive integer K, as well as K; < K,

families of pairwise disjoint balls %, = {B(’ B = BN ) rije = 2} 1<k<K;,

extracted from {B(y, r,-)} . and such that
YEE;

i

Case 1: For ¢ <0 and r <0, we have

Y u(B) V(B (2r)° zszm vy (BYDY (2rip)*

<23 S (B v (B9 (2
i,j k=1

Case 2: For ¢ <0 and 0 <r < 1, we have

t
Zy Y (2r)° 252,#‘/ qvV<UUB >2r,jk5
J

k=1

<3S B B e

ij k=1
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Case 3: For 0 < g <1 and ¢ < 0. The proof of Case 3 is identical to the proof of
Case 2 and is therefore omitted.
This implies that

T §(F) <2570, 5(my(F)).

Letting 6 | 0, we obtain
—qit, £,
Ty (F) <24, (v (F)).

We can deduce that
W
2 %Zv,s\/v( (F))

AL, (y (F

Hv,vy

zs‘%’ﬁ{/{";v ( 4 (K

T (F)

NN N

The arbitrary on F' implies that
A (K) <2 A5, (v (K)) 2
and the result holds.
In order to prove the other inequality, let E C R" and s € R such that bZ’fV (E) <s.
Fix V € Gm, 0 > 0 and suppose that <B(x,-,r,-))_ is a centered 0 -cover of my (E).
1
- —1 - ich i ; - i
Denote E; = E(\w, (B(x,,r,)) which implies that E; = UyeE,—ﬁnf;l({xi})B(y’ n).
By applying Besicovitch covering theorem, we can find an integer K,, depending

Bl _

only on n as well as K; < K, families of pairwise disjoint balls %;; = j

B(y§i7k),%); rijk = %}, 1 < k < K; such that

K.
Enm, ' (Btw,n) € JUB™.
k=1 j

Case 1: For g <0 and ¢ <0, we have

Z”V i)y (i)' (2r))* 2S2u< )N (B @rige)?

<2Y 3w B 2y

ij k=1

Case 2: For ¢ <0 and 0 <t < 1, we have

1
Zyv DIy (Bi) (2r)° 2S2u qv(UUB >2r,-,kf
J

<2Y S uBO VB )

i,j k=1
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Case 3: For 0 < g <1 and ¢ < 0. The proof of Case 3 is identical to the proof of
Case 2 and is therefore omitted.
Then

A gy 5 (E)) 2T s (E).

Letting 6 | 0, we obtain

L, (ry(E)) < 2705 (E).

Uy, vy

Thus, given a subset E of K, iy (E) C my (K) and

The arbitrary on E implies that
Ay, (v (K)) < 225" (K)

Hy,Vy

and the result holds. This achieves the proof of Theorem 3. [J

THEOREM 4. Let 1 and v be two compactly supported Borel probability mea-
sures on R". Then for q,t > 1 and all V € G, ;,, we have

bIJv,Vv (q,t) Z b/,t,v(q’t)-

Proof. Fix V € G, and 6 > 0 and suppose that (Bi = B(xi,r,-))l. is a §-cover of
ny (E) where E C K. For each i, we may use the Besicovitch covering theorem to find
a constant &, depending only on n, and a family of balls (B;; = B(x; j,r,-j))j oy With

rij = 3 whichis a -cover of 7, Y(B;)NE such that
UB()C,'J', r,-j) - 7'5‘71 (B(x,-,Zr,-)) ﬂV) .
J

Note that B; = B(x;,2r;). It follows that

q 1
v (B) w (B) (4r)” > £ Y (4 (sz,-,-)) (ZV(BU)>

J
> 5’(“’)2(%)“‘#( i)V (Bij)
> 45 (g+1) 2” lj (2711) .

Consequently, as (B;); way any centered 6 -cover of 7y (E), we conclude that

T S(E) <ATSE@ 70 s(av (E)).

Letting 6 | 0, gives that
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7z e —s 77 e
%z,v (E) g 4 5(44’[)%2\/"}‘/ (TEV(E))

Which implies that

4ETN 7N (v (E))
4SEH) S80S (1 (E))

)
4T 0TS (7y (K)).

Ty (E)

NN N

The arbitrary on E implies that
A (K) <47 AT (v (K))
and the result yields. [

REMARK 2. Notice that in the case where t = 0 or ¢ = 0, the preceding results
were treated by O’ Neil in [32]. Also, when s = 0, Selmi et al. investigated the projec-
tion properties of the mutual Hausdorff, packing, and pre-packing measures in [15, 17].
They derived global bounds on the relative multifractal dimensions of a projection of
measures in terms of its original relative multifractal dimensions.

4. Application

This section is devoted to studying the behavior of projections of measures obeying
the mutual multifractal formalism. More precisely, we prove that for

(C],l) € {G - oo,O[z) U (] - °°70[X}07 1]) U (]Ov 1] X] - °°70D}7
if the mutual multifractal formalism holds for the couple (u,v) at oo = — aB”éivq(’m and

B= —w, it holds for (uy,vy) forall V € G, ,,. Before detailing our results let

us recall the mutual multifractal formalism introduced by Svetova [46]. For o, 3 >0,
let

Ep,v(a,ﬁ)Z{xeK; lﬂw:aand EQW:[Z}.

We are interested in the estimation of the Hausdorff and packing dimension of
Ey v(a,B). Let us mention that in the last decay there has been a great interest for the
multifractal analysis and positive results have been written in various situations (see for

example [8, 9, 15, 30, 42]). Our purpose in the following theorem is to prove the result
of Theorem 3 in [46] under less restrictive hypotheses.

THEOREM 5. Let W,V be two compactly supported Borel probability measures
on R". Suppose that By y is differentiable at (q.t), we set ot = —aB“ - qt and B =
— aB“g[(q’I) , and assume that %‘{’\i’B" ’V(q"t)(

dimHEu,v(ayﬁ) = dimpE%v(OC,ﬁ) :Bz,v(a7ﬁ) = bz,v(avﬁ)a

supp W Nsupp v) > 0. Then, we have
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where f*(o, ) = 1nf (aq +Bt+ f(a, [3)) denotes the Legendre transform of the func-

tion f. Here dlIIlH and dimp denote the Hausdorff and packing dimensions (see [18]
for the definitions) and in this case we say that the mutual multifractal formalism is
valid.

Proof. Tt is known (for instance, see [46]) that, for all reals o and 3, one has

dimp Ey (0, B) < 00q+ Bt + Buy(q,1).

Then Theorem 5 is a immediately consequence from the following lemmas.
LEMMA 1. Let nl,n2>0andweseta=—%”éivq(q’t) and B = M Then
%aq+[3t+3u#v(q,t)—n1—n2 (EH v(a,ﬁ)) > 2aq+[3t—n1—n2%4é7BH‘v(q7l) (E,u.v(a7ﬁ))~

Proof. We treat the case ¢ < 0 and 7 < 0. The other cases are proved similarly.
The result is true for ¢ =7 = 0, so we may assume that ¢ <0 and r < 0. For m € N*,
write

Eim {rc Eunla.B): log (H(Bw)) _,_m

logr A q
1 B
logr

Given FCE,,0<8< % and (B(x,-,r,-))i a centered & -covering of F, we have
log p(B(xi,7i)) <o m o log v(B(xi,ri)) <B- n
logr; q logr; q
Which implies that
w(B(xi, ;)4 < r®M and v(B(x;,r;)) < rPm.
Now, we can deduce that
w(B(xi, 1))V (B(xi, 1)) (2r;)Buviat) L 2Buv(ar) poq+Br+Buv(g)—m-nz

So

Buy(
T ) < S (B r)) (B (2r) 0

<2 % ﬁt+m+nzz aq+ﬁt+Buv(q7> m-n2

‘We obtain

%ZJVBg vigt )(F) < 27aq—ﬁ[+r“+rl2%gq+ﬁt+BH‘v(q,t)7m7112 (F)
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Letting 6 \, O gives that

%ﬁxBu‘v(%l)(F) < Zfaqfﬁﬂrm+n2%0"1+ﬁ1+3u.v(%1)*m*772(F)
< 27 0a-Brimm gpoqtBrtBuy(an-m-n (g )
for all F C E,,. This implies that

%%’B“‘V(q’t)(Em) < 2= PBrinitm gpoq+BitBuy(q.)—ni—m (En)

and the result follows since Ey v (o, ) UEm

Buv (g,
LEMMA 2. We have jfjf‘[, wvla [)((supp[.tﬁsupp v)\EuN(a,[S)) =

Proof. Let us introduce, for o, € R

o tog (u(BE,) log (v(
Fop= {x, llI:ljélpT > o, or llI:ljélp logr >f

log (14(B(x.r))) log (v(B

1 _ T .
Fa,ﬁ = {x, hgl}(?fT <o, or h?l}(?f logr

1 B(x, 1
Fzﬁ = {x hmsupM > o, or liminf —————= og(

0 logr r—0 log r }

lo B(x, lo
Fly= {x; timine 2 BEED) - imsup 08 (VEXD)
' r—0 logr 0 logr

We have to prove that

B B
AL (F ) = O for every o > _9Buv(a,t) “’avch’t) and B> 2 “gt(q’ ) )
%ﬂth” Ve, t)(Fl p) =0foreveryo < _9Buvlg.t) and B < _9Buv(g) 4)
dq ot
JB JdB
%”WB“ V(@ t)(Fzﬁ) 0 for every o > _9Buvlg,t) and f§ < _9Buvlat) (5)
dq ot
and
B B
AL D (F3 ) = Ofor every a < _9Buv(a,t) “géq’t) and p > — Buv(@:1) “gt(q’t). ©6)

Let us sketch the proof of assertion (3). Given
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B Buv(q,
o> 9 “évq(%t) and B > _d ugt(q,f) ’

then we can choose & > 0 such that
Buy(g—h,t) <Buy(q,t)+ ah and By v(q,t —h) < By v(q,t)+ Bh.
Which implies that

L@Z7—Vh,l‘,B;1A,V(qat)-"_OCh (Supp u m Supp v) = 0

and
@ﬁfvih’B“‘V(q’tHﬁh (supp i Nsupp v) = 0.

Let § > 0. For each x € Fy g, there exists 0 <7y < 6 such that
w(Bx,r))<r® or  v(B(x,r)) <P

The family (B(x, rx)> . is then a centered & -covering of Fy, g. By using Besicov-
xX€Fy g '

itch’s covering theorem, we can construct & finite or countable sub-families

(B(le;”j))].’ o (B(xéjﬂ’éj))j

S

such that each F, g C UUB(xij,rij) and (B(xij7rij)> _is a §-packing of Fy g. It
i=1j /

follows that

W (B(xij,ri)) TV (B(xij,rig) ) (2r) P (@)
< ”(B(xiﬁ rij))q_hV(B(xij7 rij))t (2rij)Buﬁv(q,t)+ah

or
W (B(xij,ri)) v (B(xijorij) ) (2r7) P @)
< W (B(xijy rif) )V (Blaij, rif) ) (2rig) P (@ P
which implies that
T (Fy ) < PO )
or

L () < €T g )

Notice that, in the last inequality, we can replace Fy, g by any arbitrary subset of Fy, g.
Then, we can finally conclude that

%l{.’\t;.'BM’V(qJ)(Fa’/}) < é(@Z}h,t,Bu#v(q,t)+ah(Fa7ﬁ)

< é@ﬁj\,h’t’B”’V(q’tHah (supp uNsupp v) =0
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or

%l{iaBp,v(qat)(Faﬁ) g@qt hBu,v(q, t)+ﬁh(Fa,/3)
<SEPL, 1By (@) Pk (supp i Nsupp v) =0.
The proof of (4), (5) and (6) is similar to (3) and is therefore omitted. [l

Let us return to the proof of Theorem 5. By using Lemmas | and 2, we have for
all my,m2 >0,

A OPHBu @)= (B (00, B)) > 2aq+ﬁtfmfnz%‘{iﬂw(‘m (Eyv(,B)) >0
Which implies that

dimy Ey v(a,B) > og+ Bt + By v(q,t) — M — Ma.

Letting 1y — 0 and 1, — 0 yields

dimp Ey v (e, ) > 0tg+ Bt + By v(q;1).
Which achieves the proof of Theorem 5. [

As a consequence of this result, we finish our paper by establishing an important
result studying the validity of the multifractal formalism under projections.

THEOREM 6. Let W,V be two compactly supported Borel probability measures
on R™ with supp L = supp v.

For (g,t) € (] —0,0[>) U (] — 0,0[x]0,1]) U (]0, 1] x] — o,0]), suppose that

H) AL (supp wnsupp v) > 0,

H,) By, is differentiable at (q,t).

Then, for all V € Gy n, we have

dimHE'uv’vv (O(,ﬁ) - dimPEIJV’vV (067[3) - dlmHEIJ’V (O(,ﬁ)
=dimpEy v (a’ﬁ) = B:t,v (a’ﬁ) = bz,v (067[3)7

o aB;L,v(‘N) _ 3Bp,v(‘1~f)
where o = ——F52=— and B=—-——5".

Proof. 1t follows from Theorems 2 and 3, and (H;) that
bI~l7V(qat) :Bu,v(%t) :buv,VV(qat) :B}lv,\/v(qat>7 VV S Gn,Wl' (7)
(H1), (2) and (7) ensure that

%th}lv‘/v( )

Ly vy (supp uy) > ,%ﬂ#‘{iﬂu.v(w)(

supp i) >0, YV € Gum.
Now, Theorem 5 and the equalities (7) imply that

dimp Ey;,, vv(a ﬁ) oq-+PBt+Byuv(gt).
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The other estimation is satisfied since

dimpEy, v, (o, B) < ag+ Pt + By, v, (q,1)
= 0551+ﬁt+Bu,v(CI»t)7

which achieves the proof of Theorem 6. [J

REMARK 3. Let p and v be two compactly supported Borel probability mea-
sures on R". We write for y > 0,

B s IOg(.u(B(x’r))) _
Byv(y) = { x € supp wNsupp v; }%W =7

It is clear that

U Eyyv(o,B) C Buv(y)-
(or,B)ER xRY,

F=r
The latter union is composed of an uncountable number of pairwise disjoint nonempty
sets. Theorem 5 shows that surprisingly the Hausdorff and packing dimension of
PByi.v(y) is fully carried by some subset Ey y(a,B). Together with Theorem 6, this
relationship provides a lower bound to the relative multifractal spectra of the projec-
tions of measures introduced in Theorem 4.2 in [15].
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