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UNIQUENESS OF NON-HOMOGENEOUS
DIFFERENTIAL POLYNOMIALS OF MEROMORPHIC
FUNCTIONS SHARING A SMALL FUNCTION

DiL1P CHANDRA PRAMANIK* AND JAYANTA ROY

Abstract. In this paper, we study the uniqueness of differential polynomials of meromorphic
functions that share a small function. Our results improve and generalize results of Lahiri and
Pal [12].

1. Introduction and main results

Let C denote the finite complex plane and let f be a non-constant meromor-
phic function defined on C. We assume that the reader is familiar with the stan-
dard definitions and notations used in the Nevanlinna value distribution theory, such
as T(r,f),m(r,f),N(r,f) (see[5, 17, 21]). By S(r, f) we denote any quantity satisfy-
ing the condition S(r, f) = o(T(r, f)) as r — oo possibly outside an exceptional set of
finite linear measure. A meromorphic function « is called a small function with respect
to f if either a =e0 or T(r,a) = S(r, f). We denote by S(f) the collection of all small
functions with respect to f. Clearly CU{e} C S(f) and S(f) is a field over the set of
complex numbers. For b € CU {e} the quantities

and

. N(r,b; f)
o0, f)=1 hrrnjfp T f)

are respectively called the deficiency and ramification index of b for the function f.

We write E(a, f) = {z € C: f(z) —a =0}, where each zero with multiplicity m
is counted m times. If we ignore the multiplicity, then the set is denoted by E(a, f).
For any two non-constant meromorphic functions f and g, and a € S(f)NS(g) we say
that f and g share a IM (CM) provided that E(a, f) = E(a,g) (E(a,f) = E(a,g)).

In 1976 Yang [16] posted the following question:
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Suppose that f and g are two transcendental entire functions such that f and g
share the value 0 CM and f(!) ) share the value 1 CM. What can be said about the
relationship between f and g?

Many authors, including Shibazaki [15], Yi [18, 19], Yang and Yi [20], Hua [6],
Mues and Reinders [14], Lahiri [8, 9] studied the question of Yang [16].

The following result of Yi [18] is an answer to the question of Yang [16] when the
n-th derivatives of f and g share the value 1 CM.

THEOREM 1. [18] Let f and g be two non-constant entire functions and let n
be a positive znteger If f, g share the value 0 CM, f(”), g(”) share the value 1 CM
and 6(0; f) > 2, then either f =g or f™ =1.

The following theorems are improvement of Theorem 1.

THEOREM 2. [22] Let n be a positive integer and f, g be two non-constant
meromorphic functions such that f("), g(") share the value 1 CM. If

28(0; ) + (n+4)0(c0; f) > n+5
and
( 8)+(n+4)0(:g) > n+5,
then either f =g or f )=1.

THEOREM 3. [22] Let n be a positive integer and f, g be two non-constant
meromorphic functions such that f("), g(") share the value 1 IM. If

58(0;f)+ (4n+7)0(e0; f) > dn+11

and
58(0;8) + (4n+7)O(co;g) > 4n+ 11,

then either f =g or ) g =1.

Let n > 2 be a positive integer. An expression of the form

L) =4 a o f" V4. +aof, (1)

where ag,ay,...,a,— are complex constants, is called a linear differential polynomial
of f.

In 2015, Li and Li considered the problem of replacing the nth derivatives in The-
orems 1-3 by the respective linear differential polynomials. They proved the following
theorems:

THEOREM 4. [13] Let f and g be two non-constant entire functions. Suppose
that f, g share the value 0 CM and L(f), L(g) share the value 1 CM and 5(0; f) > %.

If p(f) # 1, then either f =g or L(f).L(g) = 1.
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THEOREM 5. [13] Let f and g be two non-constant entire functions. Suppose
that f, g share the value 0 CM and L(f), L(g) share the value 1 IM and 6(0; f) > ‘5—‘.

If p(f) # 1, then either f =g or L(f).L(g) = 1.

DEFINITION 1. Let ngj,ny;,n2j,.-.,n; be non-negative integers. The expression
MLf] = (s (F0 s (r Dy (s

k
is called a differential monomial generated by f of degree d(M;) = Y. n;; and weight
i=0

k
Ty = X (i+Dnij. Let a; € S(f) and a; #0 (j =1,2,...,1). The sum
i=0

Plf] = i,aij[f ] 2)

is called a differential polynomial generated by f of degree d(P), lower degree d(P),
where
t},

d(P)=max{d(M;): 1< j<
<t}

1<
d(P) =min{d(M;): 1< j
The quantity Q is defined by

k
Q:max{l"Mj—d(Mj):lgjgt}:max{z‘i.n,-j:léjgt}.
i=0

Further, P[f] is said to be homogeneous differential polynomial of degree d if d(P) =
d(P)=d.

When we consider P[f] and P[g] are non-constant differential polynomials of
non-constant meromorphic functions f and g respectively, then we understand that the
coefficients a; € S(f)NS(g).

Recently Lahiri and Pal [ 12] extended the results of Li and Li [13] to homogeneous
differential polynomials and proved the following theorem.

THEOREM 6. Let f and g be two non-constant meromorphic functions, a = a(z)
(#0,%) € S(/) NS(g)-

Suppose P[f] = ;zlaj]'[i-‘zo(f(i))"ij and Plg] =Y_ a; 15 o (e are non-
constant homogeneous differential polynomials of f and g respectively. If P[f] and
Plg| share a IM, and

4
27 0(ce, 1),55(0,6) + ®

40+7 40+ 4d+7
e(wag)} > ?7

min {55(0,f) +

then either P[f] = P[g] or P[f].P|g] = a®.
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REMARK 1. If P[f] and P[g] share a CM, then the condition (3) of Theorem 6
can be replaced by the condition

min{25(0.9)+ L0 1).2600.0)+ L o) p > L

One can ask the following question:

QUESTION 1. Can we get the same conclusion as in Theorem 6 when non-homo-
geneous differential polynomials P[f] and P|g| share a small function?

To present the main results we recall the following definition of weighted sharing
which is between CM and IM sharing.

DEFINITION 2. [10, 11] Let ! be a non-negative integer or infinity and a € S(f).
We denote by Ej(a, f) the set of all zeros of f — a, where a zero of multiplicity m is
counted m times if m <1 and [+ 1 times if m > [. If E;(a, f) = Ej(a,g), we say that
f, g share the function a with weight . We write f and g share (a,l) to mean that
f and g share the function a with weight /. Since Ej(a,f) = E;(a,g) implies that
Eg(a,f) = Es(a,g) for any integer s (0 < s <), if f, g share (a,l), then f, g share
(a,s), (0 <s <1). Moreover, we note that f and g share the function a IM or CM if
and only if f and g share (a,0) or (a,oo) respectively.

Suppose f and g share 1 IM and let zg be a zero of f— 1 of multiplicity p and
a zero of g — 1 of multiplicity g. Throughout this paper we denote by N L( ) the

reduced counting function of those 1-points of f and g where p >¢g>1; N L( r = 1)
is defined similarly. By NE)( 7= l) the counting function of those 1-points of f and g

where p = ¢ =1 and denote by Né ( ) the counting function of those 1-points of
f and g where p = ¢ > 2, where each such zero is counted only once.

DEFINITION 3. Let p be a positive integer and a € S(f).

1) N ( ) denotes the counting function of those a-points of f whose multi-
plicities are not greater than p, where each a-point is counted only once.
(ii) N ( ) denotes the counting function of those a-points of f whose mul-

tiplicities are not less than p, where each a-point is counted only once.

In this paper we take up Question 1 and prove the uniqueness of non-homogeneous
differential polynomials P[f] and P[g].

THEOREM 7. Let f and g be two non-constant meromorphic functions, a =
a(z) (#£0,0) € S(f)NS(g). Suppose that P[f] and Plg], as defined by (2), are non-
constant non-homogeneous differential polynomials of f and g respectively of the same
degree, lower degree and quantity Q. If P[f] and P[g] share (a,l) with one of the fol-
lowing conditions:
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(i)l > 2 and
min {2d(P)8(0, f) + (Q +4)O(s>, f),2d(P)8(0,8) + (0 +4)O(c,¢) }

>Q+4+d(P), 4)
(ii) =1 and
min {5d(P)8(0, f) + (30 +9)O(ee, f),5d(P)8(0,g) + (30 +9)O(=, )}
>30+3d(P)+9, 5)
(iii) | =0 and
min {5d(P)8(0, f) + (4Q +7)O(ce, f),5d(P)8(0,g) + (40 +7)O(=,g) }
> 40 +4d(P)+1, (6)

then either P[f] = P[g] or P[f].P|g] = a®.

THEOREM 8. Let f and g be two non-constant meromorphic functions, a =
a(z) (#0,o) € S(f)NS(g). Let f and g share the values 0 CM and ~ IM. Let
P[f] and P[g| be same as in Theorem 7. If P[f] and P[g] share (a,l) with one of the
following conditions:

(i) 1 > 2 and

2d(P)8(0,f) + (Q+4)O(, f) > Q+4+d(P),
(ii) I =1 and
5d(P)8(0, )+ (30 +9)0(s, f) > 30+ 3d(P) +9,
(iii) I = 0 and
5d(P)8(0,f) + (40 +7)O(so, f) > 4Q +4d(P) + 7,
then either P[f] = P[g] or P[f].P|g] = a®.

THEOREM 9. Let f and g be two non-constant entire functions, a = a(z) (#
0,00) € S(f)NS(g). Let f and g share the values 0 CM. Let P[f] and Plg| be same
as in Theorem 7. If P[f] and P[g] share (a,l) with one of the following conditions:

(i)l =2 and

1
6(07f) > Ea
(ii) l =1 and
3
6(07f) > ga
(iii) | = 0 and
5(0.)> 5.

then either P[f] = Plg] or P[f].P[g] = d°.



70 D. C. PRAMANIK AND J. ROY

COROLLARY 1. Let f and g be two non-constant entire functions such that f
and g share the value 0 CM. Suppose that L(f) and L(g) are non-constant linear
differential polynomials of f and g respectively as defined by (1). If L(f) and L(g)
share (1,1) with one of the following conditions:

(i) 1 > 2 and

1
5(07f) > 57

(i) 1 =1 and
3
5(07f) > 57

(iii) | = 0 and
50.0)> 5.

then either f =g or L(f).L(g) = | under any one of the following conditions:

() p(f) # 1,

(i6) p(f) = 1 and

(a) f has at most a finite number of zeros, or

(b) f has infinitely many zeros and f is of minimal type.

2. Lemmas

In this section we present some lemmas which will be needed in proofing the main
theorems.

LEMMA 1. [4] Let f be a non-constant meromorphic function and P[f] be de-
fined by (2), then

] 2 a 1
(i) N (r, W) < T(rPlf]) —=d(P)T(r,.f) + (d(P) —4(P>)’"<"}>

LAP)N( %) +S(rf) +S(re),

(if) N <r L) < ON(r /) + (d(P) = d(P))m %)

+E(P)N<r, %) +S(r ) +S(r.g).

LEMMA 2. [3] Let f be a non-constant meromorphic function and P[f] be de-
fined by (2), then

T(r.P[f]) < ON(r,.f)+d(P)T (r.f) +S(r.f).

LEMMA 3. [I1] If F, G be non-constant meromorphic functions such that F
and G share (1,1), then 2N (r, ﬁ)—kZﬁL(r, ﬁ)—kﬁg (r, ﬁ) —Npsa(r, %) <

N(r, ﬁ) —N(r, ﬁ)—kS(r,F) +8(r,G).
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LEMMA 4. [1]If F, G be non-constant meromorphic functions such that F and
G share (1,1), then Np=;(r, ﬁ) < %N(F,F) + %N(r, %) - %No(h ﬁ)

LEMMA 5. [2]If F, G be non-constant meromorphic functions such that F and
G share (1,0), then Ni(r, 75) < N(r,F)+N(r, +) +S(r, F).

LEMMA 6. [7] Let f be a transcendental meromorphic function and P[f] as
defined by (2) be non-constant with d(P) > 1. Then

1
(1))+S(r7f)»

4P ) <0 )4 (7 ) + 4O () o (n Grgm

where Ny (r, +) denotes the counting function corresponding to the zeros of (P|f] Y

PHM
which are not the zeros of P[f] and P[f]— 1.

3. Proof of main theorems

Proof of Theorem 7. Let

po P G P

Since P[f] and Plg| share (a,l), it follows that F', G share (1,I) except at the zeros
and poles of a. Also note that N(r,F) = N(r,f) +S(r,f) and N(r,G) = N(r,g) +

S(r,g).
F@ F) G2 ey
HZ(W_zF—l “\em%6=1) ™

Define
We shall show that H = 0. Suppose on the contrary that H % 0. Then from (7) we have
m(r,H) =S(r,f)+S(r,g).

By second fundamental theorem of Nevanlinna we have

T(rF)+T(1,G) < N(nF)—I—N(r,%) —HV(n ) +N(,G)

F1
(1) +7 (s g) ol )

1
—Np (r, W> +S(nF)+S8(,G), (8)

where Ny(r, ﬁ) denotes the counting function corresponding to the zeros of F (1)

which are not the zeros of F and F — 1. Ny(r, ﬁ) is defined similarly.
We consider the following cases:
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Case 1: [ > 1. Then from (7) we have

1 1
Ny (r’F—1>

N

N(r, %) <T(rnH)+0(1)

< N(r,H)+S(r,F)+S(r,G).

<N F) 4N (r ) N:6) 4N (2 )+ (r )
—HT/L(r,ﬁ) +No(r,$> +No<r,%)+S(r,F)+S(r,G),
and so
N(r’ﬁ>+ﬁ<r’61—1>:Ng<r’Fl— ) _L<r’F1—1>+NL<r’GI—1>

F G
1 — 1 —(2 1
N () + 2 ’
+2N rF—l + LrG—l —|—E<rF_1>
N (= + Mo LY N (o — )
<V, _l> 0 ram 0 ram
+S(rF)+S(r,G). 9)

Subcase 1.1: [ = 1. Using Lemmas 3 and 4 we have

2N< 1>+2N( 1>+1T/(2 ! +1T/< 1)
= ry—— 7, 7,
P FT eI E\"F 1 "G-1
1 _ 1
< JE— -
\N(r’G—1)+NF>2<r’G—1>
1

o Ay
+8(r,F) +8(r,G). (10

Thus from (9) and (10) we have

N(r,%) —HT/(r, ﬁ) <N(rRF)+Np (r,

(g ;
#380(v ) + 30 (7 o)
+S(r,F)+S(r,G). (11)
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Using Lemma 1 and (11), we obtain from (8) that

T(r,F) < 2N(r,F) + 2N(1,G) +1T/<r, %) +1T/<r, l) +N <r, l)

G F
(5 )+ 5N F) + 3N (1) + S0 F) 4 5(.6).
< %N(r,F) +2N(r,G) +N<r, %) —|—N<r, é)
£3 (1) + () +5(rG).

< %N(nf) +2N(r,8) +T(r,F)—d(P)T (r,f)

—SJT/(r,f) +(Q+2)N(r,g) + 3—®N<r, %)

+(3(P) —4(P))m<r, é) +S8(rf)+S(r,g).

< 2580+ (@ + 2 () + AN (1 1)
NT(rf)
S(r.8)-

+d(P)N <r, é) + %(E(P

(P))
+(d(P)—d(P))T(r,8) +S(r, f) +

N (M) T(rf) + (d(P)—d(P))T(r.g)
Q+5]T/( )t 3d§P)N<r, 1)

2 f
HQ+2N(re) +d(PIN( é)
+S(r, f)+S(r,g). (12)

Similarly,

N <3¢(P) —d(P)

O 1)+ @) - T)
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5— 3d(P
< LN(ng)—i—%

+d(P)N<r, %) +S(r, )+ S(rg). (13)

N(r é) +(O+2)N(f)

Adding (12) and (13) we get

(ﬂﬂ%) {T(:£)+T(r8)}

< 3Q2+9 (r f)—l-%()N(r,]lc)+—3Q2+9N(r,g)+mN<r 1)

—|—S(rf)—|—S(rg)
= {5d(P)8(0,f)+ (30+9)O(o, f) — (30 +3d(P)+9) }T(r,f)
+{5d(P)8(0,g) + (30 +9)O(e0,g) — (30 +3d(P) +9) } T (r,g)
< S(rf)+S(rg),

which contradicts (5).
Subcase 1.2: | > 2. For this case we have

1>+2N( 1>+1T/(2 ! +1T/< 1)
- LG E\"F_1 "1

1

ZNL <r, F

Gl_ D)+ 8(rF) +5(.G) (14)

From Lemma 1, (8), (9) and (14) we obtain

<N(r

T(r,F) < 2N(r,F) + 2N(r, G) +N(r, %) +N(r, é) +N (r, %)

1
+N <r, 5) L S(r,F)+S(r,G).

2N(r,f)+2N(r,g) —|—N<r, %) —|—N(r, é) +8(r,F)+S(r,G).

= d(P)T(r,f) < 2N(r,f) +2N(r,g) +d(P N("l +(d (l>
+QN () + (@(P)~ d(P))m (1) +3<P>N(r’ é)

+S(r, f) +8(r,8).
< 2N(r, f)+ (Q+2)N(r,g) +d(P)N (n %) +d(P)N ( )

+(d(P)—d(P))T(r.f) + (d(P) — d(P))T(r,g) + S(r,f) +S(r,8).

>
L oo | —
N———

= d(P)T (. f) + (d(P) ~ d(P)) T(1,8) < 2N(r.f) +d(PIN(r, ) + (0 +2)N(r,g)

+Q(P)N<r, é) LS f)+S(rg).  (15)



UNIQUENESS OF NON-HOMOGENEOUS DIFFERENTIAL. . . 75
Similarly,
d(P)T(r) + (d(P) ~d(P))T (1. f)
< 2N(rg) +d(P)N ;) (Q+2)N(r.f)
+d(PIN(77) +S(21) +S09) (16)
Adding (15) and (16) we get
(2d(P) ~aA(P){T () + T(r8)}
< (Q+ANGS)+24(PIN (1) + (Q+4)(rg)

+24(P)N(r, é) S ) +S(r,g)

= {Zd 6(0 f) (Q+4)O(eo, f) — (Q+d }T rnf)
+{2d(P)5(0,8) + (Q+4)O(o,8) — (Q+d(P)+4)}T(r,g)
< S(r7f)+S(r7g)7

which is a contradiction to the hypothesis (4).
Case 2: 1 =0. Then we have

Ng@,%) :Né)(ncl 1>+S(}"G)

]T/g (r, %) zﬁg <r, ﬁ) +S(r,G).

From (7) we have

() 8 g) A ) e )
+NL<r,ﬁ> +N(
<N (o) () ¥ ()
<N(nF)+N(rG) + N (r ) +Na(r )
+2N, <r, %) +Np (r, ﬁ)

+N<r, ﬁ) N (r, %) N (r, %)
+S(r,F) +S(r,G). a17)

=
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Now using (17), Lemma 1 and Lemma 5 we obtain from (8) that
T(r,F) < 2N(F) + 2N(r.G) + N ) +N(n —) o )
+N(2( é) +ON(1,F) +2N<r %) +N(rG) + JT/( é)
+S8(r,F)+S(r,G).
< 4N(r,F) +3N(1,G) +N<r, 1) +2N<r7 é) +2N<r7 i) +S(r,F)+S(r,G).

AN () + 3N (i) + T F) =PI () + (@(P) = d(P))m (7 7)

FAPIN(r ) +20W(s) + 20N (1 )

+2((P) ~d(P)m (1) +20W( )+ 20PN (1 7

—|—2(3(P) —d(P))m(r, %) +S(r,f)+S(r,g).

S APT(f) < QO+ HN(1) + (20+3)N(rg) +3d(PIN (7

+2d(P)N(r, é) +2(d(P)—d(P))T(r,g)
+3(d(P)—d(P))T(r,f)+S(r,f)+5(r8).

= (3d(P) — 2d(P))T (r,f) +2(d(P) —d(P))T(r,g)

< (0 +4N(S) + (20 + 3N () + 3(PIN (1 )

+2d(P)N é) +S(f) +5(r.8)- (18)
Similarly,
(3d(P) —2d(P))T(r.g) +2(d(P) —d(P))T(r.f)
< (20+4)N(rg) + (20-+ 30 )+ 34(PIN 1)

1

+24(P)N(r7 ?) L S(rf) +S(rg). (19)
Adding (18) and (19) we obtain

(5d(P)—4d(P)){T(r,f)+T(rg)}

< (40 +TING)+5A(PIN (1 7) + 40+ V()

+54(P)N(r, é) +8(r.f) +S(r8),
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= {5d(P)5(0 f) (40 +7)O(s0, f) — (40 +4d(P) + 7)) T (r, f)
+{54 (0,8) + (40 +7)0O(o0,8) — (4Q +4d(P) +7) }T ng)
< S(r’f)+S(r,g),

which contradicts (6).
Therefore H = 0. So integrating twice we get

1 A
—— - 4B
G—-1 F—1+ ’

where A (#0) and B are constants.
Thus

(B+1)F+(A-B—1)
BF+(A—B)

G= (20)

and
(B—A)G+(A—-B—-1)

F:
BG— (B+1)

21

Next we consider the following three subcases:
Subcase 2.1: B+ 0,—1. Then from (21) we have

N( 1 ) N(rF)
7, 77 | =N(F).
G751

By Nevanlinna second fundamental theorem and (ii) of Lemma 1 we get

=2

T(r,G) < (nG)—l—N(né)—f—N( >+S (r,G)

BT
G-
N(1G)+ N (r, é)—l—N(rF) S(r.G)

< N(,G)+T(r,G)—d(P)T(r,g) +d(P)N <r, é)

+@(P) -~ d(P))m(r é) N F)+ 81 F) +S(1,).

= d(P)T(r,g) < N(r,f)+N(r,g)+ (d(P)—d(P))T(rg)
+4(P)N<r,§> L S(r,f) +S(r,g). (22)

If A—B—1+#0, then it follows from (20) that
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Again by Nevanlinna second fundamental theorem and Lemma | we have

— —7 1 1
T(V,F) < N(r7F>+N(r7f> +N<r7F—7AB+Bl+I> —|—S(V,F)
+

<N(nF)+T(r,F)—d(P)T (r,f)+d(P)N (r, })

(v

+(@(P)—d(P))m +ON(r,g) +d(P N<r, é)
+(@P)—d(P)m(r

) )
) +S(rf)+S(rg).

o )

S AP () < N f)+ @P) = dP) T () + d(PIN 1)

+ON(r.g) +d(P)IN ( )+ (@(P)—d(P)T (1)
+S8(r, )+ S(r,g)- (23)
Combining (22) and (23)
d(P)T(r,f) + (2d(P) ~ A(P))T (r,g)
< AW )+ dPIN(n7) +(Q+ D rg)

Oﬁl’—‘

+2d(P)N<r, §> +8(rf)+S(r,g).
= {d(P)§(0 f)+2® —2}T(r,f)

+{2d(P)5(0,g) + (Q+1)( g)— (0+d(P)+1)}T(rg)
< S(r,f)+S(r,g),

which contradicts assumptions (4)—(6).
Therefore A— B — 1 =0. Then by (20)

_ 1 _
N(rn—7|=NrG).
F+1

By Nevanlinna second fundamental theorem and Lemma 1 we get

T(rF) < N(rF)—i—N(r l) +N< F—T——i> +S8(nF),
B

N(rf) + T(rF) = d(P)T(r. )+ APIN %)

+(d(P)—d(P))m(r %) +N(rg)+S(rf) +5(rg).
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= AP () < N f)+d(PIN (1) + (@(P) ~d(P)T (1)
+N(r,g) +S(r,f)+5S(rg), (24)
Combining (22) and (24)
A(P){T () +T(r8)} < 2N ) +d(PIN (1 7) + 2N ()
PN (5 2) +50.)+ S(0).

which violates assumptions (4)—(6).
Subcase 2.2: B= —1. Then

B A
CA+1-F’
and
~ (1+A)G-A
N G
IfA+1+£0,

By similar argument as Subcase 2.1 we get a contradiction.
Therefore A+ 1=0 then FG =1 = P[f].P[g] = a°.

Subcase 2.3: B = 0. Then (20) and (21) gives G = 2= and F =AG+1—A.

IfA—1#0, N(r.s—=) =N(r§) and N (r7 @) = N(r, £). Proceeding

similarly as in Subcase 2.1 we get a contradiction.
Therefore, A—1=0 then F =G i.e., P[f] = P[g|. This complete the proof. [

Proof of Theorem 8. Let

P P
p_ Pl Pl
a a
Since P[f] and Plg| share (a,l), it follows that F', G share (1,I) except at the zeros

and poles of a. By Lemma 2 and Lemma 6, we get

AP () < N4 (15 )+ (17 ) 4500,

=N(rg)+N (r,ﬁ) +d(P)N (r,é) +8(r, f),
< (1+Q+d(P)+d(P))T(r,g)+S(r.f)+S(r.g). (25)
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Similarly,
d(P)T(r,g) < (1+Q+d(P)+d(P))T(r,f) +S(r,f) +S(r,8)- (26)

From (25) and (26) we get S(r, f) = S(r,g). The rest of the proof is similar to that of
Theorem 7. [J

Proof of Theorem 9. Proof follows from the proof of Theorem 8 immediately. [J

Proof of the Corollary 1. By Theorem 9 we get either L(f) =L(g) or L(f).L(g) =
1. Let L(f) = L(g) so that L(f —g) = 0. Proceeding similarly as in the proof of
Corollary 1.2 of Lahiri and Pal [12], we can prove that f =g. U
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