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IDEAL STATISTICALLY LIMIT POINTS AND IDEAL STATISTICALLY
CLUSTER POINTS OF TRIPLE SEQUENCES OF FUZZY NUMBERS

OMER KiI$1, VERDA GURDAL* AND MUALLA BIRGUL HUBAN

Abstract. In this paper we extend the notions of ideal statistical limit points and ideal statistical
cluster points for a sequence of fuzzy numbers. We introduce the notions ideal statistical limit
points and ideal statistical cluster points of a triple sequence of fuzzy numbers, and give some
correlation theorem.

1. Introduction

While preparing this article, we inspired from Tripathy et al. [37], where the con-
cepts of ideal statistically limit points and ideal statistically cluster points of sequences
of fuzzy numbers were introduced. We will often quote some results from [30] and
[37] that can be easily transferred to the concepts of . -statistical limit points and .# -
statistical cluster points of triple sequences.

The idea of statistical convergence is introduced in [8] and developed in [28].
Some applications of statistical convergence in mathematical analysis can be found
in [3, 5, 7,9, 10, 13, 25, 36]. Kostyrko et al. [19] introduced the concept of .7 -
convergence of sequences in a metric space and studied some properties of this conver-
gence. Note that the concept of .# -convergence is a generalization of statistical con-
vergence and it is based on the notion of the ideal .# of subsets of the set N of positive
integers. Das et al. [4] introduced the concept of .# -convergence of double sequences
in a metric space. In [29], Savas and Das extended the notion of ideal convergence as
introduced by Kostyrko et al. [19] to . -statistical convergence and examined its some
basic properties. For an extensive view of this article we refer to [11, 12, 14, 15, 18].

Theory of fuzzy sets was firstly given by Zadeh [38]. Matloka [22] defined the no-
tion of fuzzy sequence and introduced bounded and convergent sequences of fuzzy real
numbers and studied their some properties. After then, Nuray and Savag [26] general-
ized the concept of ordinary convergence and investigated statistical convergence and
statistically Cauchy sequence of fuzzy numbers. Since then, there has been increasing
interest in the study of convergence of fuzzy sequences (see [0, 17, 20, 21, 35, 37]).

This paper consists of three sections with the new results in Section 3. In Sec-
tion 3 the concepts of .#; -statistically convergence, % -statistical limit point and %3 -
statistical cluster point for fuzzy valued sequences are introduced and studied its fun-
damental properties.
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2. Definitions and notations

In this section, we give some basic notions which will be used throughout the
paper

We denote by Z the set of all closed and bounded intervals on real line R, i.e.,
2 ={ACR:A=[AA]}. For A,Bc 2 we define A< B iff A<B and A <B and

d=max{|A—B|,|A-B|}. (2.d) forms a complete metric space.

DEFINITION 1. A fuzzy number is a function X from R to [0, 1], which satisfies
the following conditions:

(a) X is normal.
(b) X is fuzzy convex.
(c) X is upper semi-continuous.

(d) The closure of the set {x € R: X (x) > 0} is compact.

The properties (a)—(d) imply that for each o € [0, 1], the o -level set,
XY= {xeR:X(x)>a} = [)_(“7)_(“]

is a non-empty compact convex subset of R. The 0-level set is the class of the strong
0-cut, i.e., cl({x€R: X (x) >0}). Let L(R) denotes the set of all fuzzy numbers.

Define amap d (X,Y) =supge(g d (X%, Y%). (L(R),d) also forms a complete metric
space [27].

DEFINITION 2. ([22]) A sequence (X;) of fuzzy numbers is said to be convergent
to a fuzzy number X if for each € > 0 there exists a positive number m such that

d (Xy,Xo) < € forevery k > m. The fuzzy number X is called the ordinary limit of the
sequence (X;) and we write limy_... X; = Xp.

DEFINITION 3. ([22]) A fuzzy number X is said to be a limit point of a sequence
of fuzzy number (X;) provided that there is a subsequence of (X;) that converges to
Xo. Lx denotes the set of all limit points of the sequence X = (X).

DEFINITION 4. ([26]) A sequence (X;) of fuzzy numbers is said to be statistical
convergent to a fuzzy number Xj if for each € > 0 the set

A(e)={keN:d(Xy,Xo) > €}

has natural density zero. The fuzzy number X, is called the statistical limit of the
sequence (X;) and we write St — limy_.. X3 = Xo.

DEFINITION 5. ([19]) Take S # 0. Then @ # .# C P(S) is called to be an ideal
on S iff (i) 0 € ., (ii) for each A,B € .# one has AUB € .#, (iii) foreach A € .¥
and B C A one has B € .. Anideal .# C P(S) is called to be non-trivial if .% #0
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and S ¢ .. A non-empty family of sets .# C P(S) is named to be filter on S iff (i)
0 ¢ .7, (ii) for each A,B € .# one has ANB € .%, (iii) for each A € .7 and each
B D A one has B € .# . For every ideal .7, there is a filter .7 (.#) corresponding to .&
ie. Z(S)={KCS:K°€ .7}, where K=S— K. Wecall that .# C P(S) is (i) an
admissible ideal on S iff it includes all singletons, i.e., if it includes {{y} :y € S}.

DEFINITION 6. ([20]) Let .# C P(N) be a non-trivial ideal on N. A sequence
(Xk) of fuzzy numbers is said to be .# -convergent to a fuzzy number X, if for each
€>0theset A(e) = {k € N:d(X;,Xo) > €} belongs to .# . The fuzzy number Xj is
called the .# -limit of the sequence (X}) and we write % —limy_... Xz = Xp.

DEFINITION 7. ([21]) A fuzzy number Xj is said to be .# -limit point of a se-
quence (X;) of fuzzy numbers provided that there is a subset K = {k; <k, < ...} CN
such that K ¢ .# and limX;, = Xy. Let .# (Ax) denotes the set of all .# -limit points
of the sequence X .

DEFINITION 8. ([21]) A fuzzy number X is said to be .7 -cluster point of a
sequence (X;) of fuzzy numbers provided that for each € > 0 the set

{keN:d(X,Xo) <e} ¢ .7,
Let .# (T'x) denotes the set of all .# -cluster points of the sequence X .

Recently, Mursaleen and Edely [24] presented the idea of statistical convergence
for multiple sequences, and there are several papers dealing with the statistical and ideal
convergence of double and triple sequences (see literature [1, 11, 15]). Also, the readers
should refer to the monographs [2] and [23], and recent papers [32, 33, 34] and [16]
for the background on the sequence spaces and on the classical sets of fuzzy valued
sequences, and related topics.

The notion of statistically convergent triple sequences was extended to .# -conver-
gent triple sequences by Sahiner and Tripathy in [31]. We recall that a subset K of N°
is said to have natural density d3(K) if

K
d(K) = fim mn.o)
nm,n,0—e0 m.n.o

where K (m,n,0) = [{(j,k,1) € N>: j <m,k<n,l <o}

Throughout the paper we take .#; as an admissible ideal in N3.

Let (X,p) be a metric space. A triple sequence x = (Xu0) in X is said to be .73 -
convergent to L € X, if for any & > 0 we have A(e) = {(m,n,0) € N*: p(xyuno, L) >
€} € . In this case, we say that x is .#3 -convergent and we write

Sz — lim Xy = L.
m,n,0—oo
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3. Main results

Now we study some properties of the set of all .#; -statistical cluster points and
the set of all .73 -statistical limit points of a triple sequence of fuzzy numbers including
their interrelationship.

THEOREM 1. If ( jkl) be a triple sequence of fuzzy numbers such that 95 —
stlimX;y = Xo, then Xq identified uniquely.

Proof. Letasequence (X jkl) be .75 -statistically convergent to two different fuzzy
numbers Xy and Yy, i.e., forany € >0, § > 0, we get

Kl(m,n,o):{(mno €N3.mm)’{] (ml)c 3( Jkl,XO) 8}’<5}
Bz

Kg(m7n7o)={(mn0)6N3.mm)|{] m,k <n,l < 3( jkl?YO) 8}|<5}
7 ().

Therefore, Ky NK, # 0, since K1 NK, € # (#). Let (p,r,s) € K NK, and take

€= d(XO 1) > 0 such that we have

p_rs;{ J<pk<nl<s:d(Xju,Xo) >€}| <8
and it follows that

Sl p k<t <) > e} <3

i.e., for maximum j < p, k <r, [ <s we have d (Xju,Xo) < € and d (X;1,Y0) <
for a very small § > 0. Thus, we have to acquire

{] pk<rl<s: d( jkl7Xo)<£}ﬂ{] <r7l<s:3(Xjkl,Yo)<£}7é(D,

a contradiction, as the nbd of Xy and Y, are disjoint. Hence, Xy is uniquely identi-
fied. O

THEOREM 2. Let (X /k;) be a fuzzy valued sequence. Then, stz limX;y = Xo im-
plies fg — St 1iijk1 =Xp.

Proof. Let st3limX; = Xo. Then, for each & > 0 the set

K(e)={j<mk<nl<o:d(XuXo)>e}

has natural density zero, i.e.,

lim —;{ <mk<nl<o:d(Xju,Xo) 2e}|=0.

m,n,0—oo MNO
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Therefore, for every € >0 and 6 >0,
1 _
{(m,n,o) eN?: — [{j<mk<nl<o:d(Xj,Xo) >¢€}| > 6}

is a finite set and so belongs to %3, as %3 is an admissible ideal. Hence, we get
S5 — st liij]d =Xo. U

THEOREM 3. For any sequence of fuzzy numbers (Xjkl), S5 — limXj; = Xo im-
plies S5 — st 1iijk1 = Xp.

Proof. The proof is obvious. [J

But the converse is not true. For example, take %5 = féf , the fuzzy valued se-
quence (Xj), where

n+m+o+p

+m+o
X (p) i={ e

n+m+o—p

—n—m—o< p<0,

forj:n27 k:mz,l 202, n,m,o € N and

X

kl(py_{l—i—pnmo,—ﬁ <p<O0
J =

for j #n? k#m? 15 0%, n,m,0€N. Then, (X;y) is ./3-statistically convergent, but
not %3 -convergent.

THEOREM 4. Let (X /kl) and (ijl) be two fuzzy valued sequences. Then,

(i) Sz —stlimX;y = Xo, ¢ € R implies 3 — stlimcXjy = cXo.

(ii) S5 —st liijkl =Xy, S5 —stlim Yiu="Yo implies %3 — st lim (Xjkl + ijl) =
Xo+Yo.

Proof. (i) If ¢ =0, we have nothing to prove. So, suppose that ¢ # 0. Now

1

—}{jgm,kgn,l OZE(CXJ']CZ,CXO)>8H
<

nl<o:leld (X, Xo) > €}

mno

<
<

Therefore, we obtain

{(m,n,o) eN3: ﬁ|{j<m,k<n7lgozg(chktho) >£}| < 5} € F(A),

ie., fz — St lichjk; =cXp.
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(ii) We have

1 - 1)
KlZ{(m,n,O) eN’: p— {jém,kén,léotd(X/kz,Xo) > ;H < 5} €7 (H),
and
1 . — £ o)
Kzz{(m7n7o) eN3: o {] <m7k<n7l<0:d(YJ-kl7Yo) > EH < E} € F (A)
Since, K1 NK; # 0, therefore for all (m,n,0) € K; NK,, we get
mn()’{]\mk<n’l<0 3( Jkl+YJkl7XO+YO) 8}|
\mno|{J\ ,kén,lg d( /kl’XO) 2}’
+-L{j<mk<ni<o:d(Yiu.Yo) =5} <6,
i.e.,
{(m,n,o)eN3 m’{] m,k < n,l 3( Jkl—i-Ykl,Xo—FYo) 8}’<5}

€ F ().
Hence, we have %3 — stlim (X + Yji ) =Xo+Yo. O

DEFINITION 9. An element X € L(N) is said to be an .#3 -statistical limit point
of a fuzzy valued sequence X = ( ,k;) provided that for each € > 0 there is a set

M = {(ji,ki,h) < (a.kao o) < . < (jpokp,ly) < ...} CN?

such that M ¢ .3 and st3 — limX;, «, 1, = Xo.
43 — S (Ax) indicates the set of all .#-statistical limit point of a fuzzy valued
sequence (Xjx) .

THEOREM 5. If ( ,k;) is a sequence of fuzzy numbers such that .93 — st im X iy =
Xo, then 93 — S (Ax) = {Xo}.

Proof. Since (X ,»k;) is .#;-statistically convergent to a fuzzy number Xj, for each
£>0and 6 > 0, the set

K= {(mno)EN3 MH] m,k <n,l < d( ;klaXO) }|>5}€f3,

where %3 is an admissible ideal.
Assume that %5 — S (Ayx) includes Yy different from X, i.e., ¥p € %5 — S(Ax).
So, there is a M C N3 such that M ¢ 95 and st3 — 1imep7kr7ls =Y.
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Let
1 _
P = {(m,",O) eM: — |{j<mk<nl<o:d(Xy,Yo) >e}| > 5}-
mno
So P is a finite set and therefore P € .%5. So

P = {(mno)GM —’{] k<n,< 3( jkl7YO) 6}’<5}Eﬁ(fﬂ3).

Mmno
Again let

K1={(m,n,0) M : mH] Snl d( ,]d,X()) }|>5}

So Ki CK € #,ie., K{ € F# (#). Therefore, K{f NP # 0, since Kf NP € F (.%3).

Let (u,v,y) € K{ NP and take € := (XO ) >0, so

3( jkl?XO) 6}}<6and
A (0.0) > e} <.

s [ <w k<

<y
oy [ <u, <y

k<
k<l
i.e., for maximum j < u,k <v,l <y will satisfy d (X;x,X0) < € and d (X1, Y0) <
for a very small 6 > 0. Thus, we have to get

{i<uk<vi<y:dXuXo) <e}n{j<uk<vi<y:d(Xju,Yo) <e}#0,

a contradiction, as the nbd of X, and Y, are disjoint. Hence .5 — S (Ax) ={Xo}. O

DEFINITION 10. An element Xy € L(R) is said to be an .#;-statistical cluster
point of a fuzzy valued sequence X = ( Jkl) if for each € > 0 and 6 > 0, the set

{(mn0)€N3 —H] m,k < n,l < d( ,]d,X()) 8}|<5}¢f3

mno

43 — S (Tx) denotes the set of all .#;-statistical cluster point of a fuzzy valued
sequence (Xjx) .

THEOREM 6. For any sequence ( jkl) of fuzzy numbers 93 — S (T'x) is closed.

Proof. Let the fuzzy number Y, be a limit point of the set .#3 — S (I'x). Then, for
any € >0,
j?) _S(FX) mB(Y07£) # 07

where
B(Yp,e)={WeL(R):d(W,Yy) <e}.
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Let Zy € #3—S(I'x)NB(Yy,€) and select € >0 such that B(Zy,&;) C B(Yo,€). Then,
we get

{i<mk<nil<o:d(Xju,Zo)>e}2{j< 0:d(Xj,Yo) > €},

which gives that
ﬁHjém,kén,léo E( /kl,ZO) 81}}
< <

mk<nl<o: d( jkl7YO) 8}’

> s |1

Now, for any 6 > 0, we get

{(m,n,o)EN%ﬁHj mk<n,l<o: 3( ,kl,ZO) 81}}<5}
C{mno 6N3.mm)|{] k<nil<o .d( jkl7YO) 8}|<5}
Since Zy € %3 — S (T'x), we have
1 . —
{(m,n,0)6N3:m}{]<m,k<n d( Jkl7Y0 8}|<5}¢f3,

ie., Yo € 3 —S§(I'x). This completes the proof. [

THEOREM 7. For any fuzzy valued sequence (X /kl),

f3—S(Ax) - f3—S(Fx).

Proof. Let Xy € %3 — S(Ax). Then, there is a set
M= {(jlaklall) < (j27k2712) <...< (j]ﬂkr;l.\') < } ¢ j3
such that st3 — lim X ok ds = Xo. So, we have
lim <ok <kl <1l:d(X X =0.
,klw]leh’ J (Xjp k1,1 X0) = €} =0
Take & > 0, so there exists ng € N such that for m,n,o > ng we have

%|{]p<mk l 3( j,;krlﬂXO 8}|<5.

Let

K= {(mno)GN3 %H]P m,k, <n,l; < d( ij{ylﬂXO) 8}|<5}.

Also we have
KO M\ A{(1.k1,10), ((aokas b2) oy (g vkng s Ing ) ) -

Since .#3 is an admissible ideal and M ¢ .73, therefore K ¢ .%3. So, by the definition
of .7 -statistical cluster point Xy € .#3 — S (I'x). This completes the proof. [
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THEOREM 8. If (X jkl) and (ijl) are two sequences of fuzzy numbers such that
{(ik1) EN® : Xjyy # Yiua } € 55,

then
(i) S3—=S(Ax) =I5~ S(Ay).
(ii) S3—=S(Tx)=S—S(Ty).

Proof. (i) Let Xy € .73 —S(Ax). So, by the definition there is a set
M ={(j1i.ki,l) < (oka, ko) < ... < (ki ls) < ...} CN?

such that M ¢ %5 and st3 —limX; 4, ;. = Xo. Since
{(k 1) €M Xju#Yiu} C{(j.k1) €N’ : Xjy # Yiua } € S5,

M = {(jakal) EM: Xju :ijz} ¢ S3and M C M.

So, we have stz —limY k= Xo. This denotes that Xy € %3 — S (Ay) and therefore
I3 —S(Ax) C A —S(Ay). By symmetry, %5 —S(Ay) C /3 —S(Ax). Hence, we
obtain %3 — S (Ax) = 53— S(Ay).

(if) Let Xp € S5 — S(T'x). So, by the definition for each € > 0 we have

K= {(m,n,o) eN’: ﬁ|{j<m,k<n,l<0:3(Xikl,Xo) 28}| < 5} ¢ J3.

Let

L:{(m,n,o)€N3:L}{jgm,kgn,lgozg(Yﬂd,Xo) 26}} <5}.

mno

We have to prove that L ¢ .#3. Assume that L € 3. So

L= {(m,n,o) eN3: ﬁ|{j<m7k<n7l<0:3(ijl7Xo) >£}| > 5} € F ().

By hypothesis,
P={(j.k1) EN*: Xy =Yy} € F(S).

Therefore L°NP € .# (#3). Also, itis clear that L°NP C K € .# (#3), i.e., K € .73,
which is a contradiction. Hence, L ¢ .#3 and thus the result proved. [J
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