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RECURRENCE RELATIONS FOR THE MOMENTS OF
DISCRETE SEMICLASSICAL FUNCTIONALS OF CLASS s <2

DIEGO DOMINICI

Abstract. We study recurrence relations satisfied by the moments 4, (z) of discrete linear func-
tionals whose first moment satisfies a holonomic differential equation. We consider all cases
when the order of the ODE is less or equal than 3.

1. Introduction

Let K be a field (we mostly think of K as R or C) and Ny be the set of nonneg-
ative integers

No=NuU{0}={0,1,2,...}.

Let F = K[[]] denote the ring of formal power series in the variable z

]F:{icnz": cneK},
n=0

and 9 : F — F be the differential operator defined by [49, 16.8.2]
Y = z0,, (1)
where d; is the derivative operator 9, = a%. We use the notation
(x+e)=(x+c1) - (x+cm), ceK" meN,
and for m = 0 we understand that K = 0 and
(x+0)=x.
We denote by O, the Kronecker delta

1, k=n
(Sk,n_{O, k;én’ kan€N07
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and say that {A, },-o C K[x] is a monic basis of K[x] if A, is monic and deg(A,) =n
for all n € Ny. The Pochhammer symbol (c), is defined by [49, 5.2.4]

n—1

(c)g=1, (c)nzl_!)(c—kj), neN, cek,
=

and for ¢ € K™ we will use the notation [49, 16.1]

(€), = (1) (em)ys (@), =1, neNo.

In this article, we continue the work started in [21], where we studied the moments
An = Ly 4[Ay)] of linear functionals L, , : K[x] — IF (acting on the variable x) defined
by
S (a),

Lpglid = Zu0) gy w € Kb @
with a € K? and b € K9. It follows from (2) that the first moment Ao (z) = L[1] satisfies
a differential equation (in the variable z) with polynomial coefficients ©, ,[y] = 0,
where the differential operator ®, , is defined by

©pg=0(0+b)—z(d+a),
and we assume that x and z are independent variables.

The ODE ©,4[y] = 0 is the (generalized) hypergeometric differential equation
[49, 16.8.3] of order o =max {p,q + 1}, and the first moment A (z) can be represented

as
a
)LO(Z): PFq <b+1;z>7

where the (generalized) hypergeometric function ,F, is defined by [49, 16.2.1],

() - ey

x=0

Functionals of the form (2) are called discrete semiclassical [24], [43], [47]. If we
define the polynomials

o(x)=x(x+b), 7(x)=(x+a), 3)
then the class s of the functional L, , is given by
s =max{deg(o)—1,deg(t)—1} =0—-1, 4)

and semiclassical functionals of class s = 0 are called classical. In [22], we classified
all discrete semiclassical linear functionals of class s < 1 (see also [45], [52], [53]). We
extended our results in [23] to the class s = 2.

In this paper, we will find recurrence relations for the moments of all discrete
semiclassical linear functionals of class s < 2.
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2. Previous results

In this section, we give a brief description of the results from our previous work
that will be needed in this paper. For more details and proofs, we refer the reader to
[21].

Since the operator ¥ defined in (1) satisfies

O fl=Z (@ +x)f], feF,
it follows using linearity that for all u € K[x],
u(®)[Zfl=u(@+x)[f], feF. (5)

Let L: K[x] — F be a discrete functional
Liul=Yu(x)px)z", wuecK[], (6)
x=0
where p : Ny — K is a given function. If we set f =1 in (5), we get

u®[fl=ulx)z", uecKlx

and therefore
Llul=u(9)L[l], uecKlx]. (7)

We conclude from (7) that the moments 4, (z) of L on any monic basis {A,},-, are
completely determined by the first moment

o= LIAx] = An (8)L[1] = Ay (8) [Ag], 1€ N )

2.1. Newtonian bases

A convenient choice for {A, }n>0 is the basis of Newton polynomials [60], [61]
n—1
Ay (%) :H(x—ék), neN, Agkx)=1,
k=0

where {& };~o C K is a fixed sequence. These polynomials satisfy the 2-term recur-
rence relation
XAy ()C) =Ant1 (x) + énAn ()C) . )

Setting x = ¥ in (9), multiplying by Ao (z) and using (8), we obtain.
s [)Ln] = (‘Sﬂ + én) [)Ln} > (10)
where . denotes the shift operator in n

S [en] = cusr. (1n
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REMARK 1. From (10) and (11) we see that
Y [)Ln-&-l} = An+2 + gn-&-l)‘n-&-l =Y [)Ln-&-l + 5nln} =Y (5/ + gn) [)Ln} ) (12)
which is different from
(7 +&0) S [An] = (F + &) [Ant1] = Ansa + EnAntas
so caution must be exercised when &, depends on n.
The Newton polynomials A, (x) satisfy the change of bases formula
“(n
o= z{i}m @, (13
i=0

where the coefficients {'l'} are defined by the recurrence

U el e (14)

with boundary conditions
{’:} =0, i¢[0n].

Among all Newtonian bases, we will consider the monomial basis (& =0) A, (x) =
X" and the basis of falling factorial polynomials (& = k) A, (x) = ¢, (x). The main
reason for choosing the polynomials ¢, (x) is that from their definition

n—1
¢n(x) =[] (x—k), neN, (15)
k=0
it follows that
Ons1 (x):(x_n)¢n(x):x¢n (x_l)7 n=0, (16)

and therefore ¢, (x) is well suited for dealing with shifts in x. We will call the moments
of L, , on the monomial basis standard moments

Hn(z):LPﬂ[xn]v n € Ny,
and the moments of L, 4 on the falling factorial polynomials basis modified moments
Vin (Z) = Lp,q [¢n] , neg Np.

Since

O] = 200 () " = 0 (1) &,

we have v, (z) = "9/ [vo] and using the formula [49, 16.3.1]

(2 )] @ atn
7o) w6 )
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we obtain the hypergeometric representation

_ o (a), atn
Vn(Z)—Z mqu b+n+l,Z s HEN().

Multiplying the ODE ©,,,[y] =0 by ©" and using (5), we get
(0" (9 4+b) —2(9+1)" (8 +a)] [uo] =0. (17)

and using (10) with &, =0 in (17) we have @, , [uo] = 0, where the standard moments
recurrence operator ®p , is defined by

®,, =" +b)— (S +1)" (S +a). (18)
The polynomials (x+¢) can be written in the monomial basis as
(x+¢)= Zem p(e)xt, ece K™, (19)
where the elementary symmetric polynomials e, (¢) are defined by the generating func-
tion [41]
m
Zen :H l+1c;), ceK™
i=1
Using (19), we can rewrite @, , in extended form
Q)4 = Zeq k (b) 7" — ZZ ( ) Zep i 27,
k=0
and the equation @, ,[uo] = 0 gives a recurrence for the standard moments
q
Zeq—k( Mn+i+1 _ZZ ( ) Zep j(@) iy =0
k=0 k=0

of order n+ s+ 1, where s is the class of the functional L, , defined in (4).
Similarly, multiplying the ODE ©,, 4 [y] =0 by ¢, (¢ — 1) and using (5) and (16),
we get
(8 +Db) @ps1 (8) —2(F +a) ¢ (8)] [vo] =0.

Using (8) and (12), we conclude that ‘¥, 4 [v,] = 0, where the modified moments recur-
rence operator ¥, is defined by

VYpg=S(S+n+b)—z(S+n+a). (20)
When & =k, the coefficients S, ; = {} defined by (14) are called Stirling num-
bers of the second kind [49, 26.8]. Using (13) in (19), we obtain

k
(x+¢)= Zem k(€)Y Sk (x)
i=0
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and from (12) we conclude that
m k )
(L +n+e)= Y eni(c+n) Y S 21
k=0 i=0

Using (21), we can rewrite ¥, ; in extended form
q k , p k _
Y= Zemfk (b+n+1) ZS,Q,-&”’“ — ZZel,,k (a+n) ZSkv,-ﬂ’,
k=0 i=0 k=0 i—0
and the equation ¥, , [v,] = O gives a recurrence for the modified moments
q k )4 k
N emi(b+n+1)Y SiiVayivt —2 Y epi(@+n) Y SpiVasi =0,
k=0 i=0 k=0 i—0

of minimal order s+ 1, where s is the class of the functional L, , defined in (4).

2.2. Transformations

There are 4 canonical transformations of the functional L, :
1) The Christoffel transformation at w, which we define by

(a)x é
(b+ 1), x”

chw [u] = io(x— )u(x) weK, ueK[]. (22)

Using (9) and (22) we obtain
)an = Llc;,q [An] = Lpg[(x = @) An] = Ani1 + (& — ©) A,

and in particular

C:

vV, = V1 + (n— o) v,. (23)

Since from (15) it follows that

x—w:—w%, (24)

the first moment has the hypergeometric representation

a,—o+1
A5 (z0) = =0 pr1Fya (b+l —w;z>

Thus, A§ is a solution of the ODE 6  [y] = 0, where the differential operator © , is
defined by
05, =0(®)(®—w-1)—z1(9) (9 —w+1), (25)

and the polynomials o, 7 where defined in (3).
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From (18) and (25) we see that ®$  [u§’] =0, where the recurrence operator @S,
is defined by

o6, =S"NI4b) (S —0-1)—z(L+1)" (S +a) (S —w+]1).
Similarly, (20) and (25) give ¥$ , [v€] = 0, with
‘{‘ICW = (S +n+b)(S+n—w—-1)—z(S+n+a) (S +n—o+1).
2) The Geronimus transformation at @, which we define by

L8, [u] = i ;‘_(x{l (b(i))lc » ; o eK\Ny, ueK[q. (26)

x=0

Using (24), we see that the first moment has the hypergeometric representation

Glom) — -l a-o
A’O (Z,(D)——w IH’IF(H’I <b+1,—0)+1,z)’
and therefore is a solution of the ODE @gq [v] =0, where the differential operator @gq
is defined by
05, =0(0)(9—w)—z1() (0 - 0) =0,,(0 - 0). 27)
From (9) and (26), we see that
n+1 + (& —0)Al = Lg,q [(x— @) An] =Ly g[An] = An,

and in particular

Ve +(n—w)ve =v,. (28)

From (18) and (27) we see that @5 [u§’] =0, where the recurrence operator O,
is defined by
G
Oy, =0y, (S — o).

Similarly, (20) and (27) give ¥§ , [v'] =0, with
Y0, =V, (S +n—0).
3) The Uvarov transformation at @, which we define by
Lgﬁq U =L,qlul +nu(w)z®, nekK, ueKpx.
The differential operator @g’ ¢ 1s defined by
O, =(0—w)(9-0w-1)0,, (29)
since

0, =c(®)®-0)(B-—0-1)—1(d)(d-0+1)(9 o)

=030 -—w-1)—zt(3) (% —0+1)] (0 —w),
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and therefore
0y, =0, @Y [°]=0.
Comparing (29) with (25) and (27), we see that
U _ @GC _ aCG
014 =0Opq =@

in the sense of applying a double transformation to the operator ©, .
From (18) and (29) we see that ®  [uf'] =0, where the recurrence operator
@Y is defined by
O, =(S—0) (S —0-1)D,,.

Similarly, (20) and (29) give VY, [v{'] =0, with
‘{‘zq =(+n—-0)(S+n—o-1)¥,,

REMARK 2. Because 9 — @ annihilates the function z®, we have CDgﬂ [z?]=0
and could have defined

Lyl = xi)xufx; (b(i)){)x ; +nu(w)z®, neK,

as some authors do. Thus, we will not consider the double transformation CDIL,/qu7 since
we can simplify the composition

UG _ 4G
Q) =Py
If o (§) =0, then the differential operator
U
®p721§) = (19 -{- 1)61741
is called a reduced-Uvarov transformation, since
Oy =a(9) (8-~ 1)—x(8)(0—-{)=[6(0) (0~ —1)—z2(8)] (9 L),

with 6 (%) = (9 — {) 6 (), and therefore @,l,]ﬁf) [ZC} = 0. In this case, we have

U
CDILEJC) = (5” -{- l)Cng,

and -
l{11%(11 )= (L +n=0)¥py

The second possibility for a reduced-Uvarov transformation happens when 7 (§) =
0. We now have
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and
YU — (Fhn—C— 1)V,

4) The truncation transformation at N, which we define by

N
L;q [u] :)ZBM (x) (b(j—))lc)x ;’ N eNo, uecK[x].

The first moment admits the hypergeometric representation

a,—N
W@ = poif (37 yiz).

and therefore is a solution of the ODE @;g [v] =0, where the differential operator ®;7q
is defined by

G);q:cr(ﬂ)(ﬁ—N— 1)—z1(3) (0 —N)= (0 —-N—-1)0,,. (30)

From (18) and (30) we see that @ [u] | = 0, where the recurrence operator @7
is defined by

O =(S—N=-1)Dp,.

Similarly, (20) and (30) give W7, [v/ ] =0, with

T
Y, = (L 4+n—=N)¥p,.

3. Examples

We now illustrate the application of the formulas that we have derived in the previ-
ous section. We will consider all discrete semiclassical functionals of class s < 2, and
also look at the subclasses obtained by applying one or more of the canonical transfor-
mations of the functional L, ,.

3.1. Functionals of class 0 (discrete classical functionals)

The discrete classical orthogonal polynomials (Charlier, Meixner, Krawtchouk)
first appeared in the literature in the years 1905-1934, and were considered at the time
as a generalization of the continuous classical polynomials (Hermite, Laguerre, Jacobi).

The last member of this class (Hahn polynomials) were introduced by Chebyshev
(1875) and Hahn (1949), but we don’t consider them by themselves since they are a
special case (z = 1) of the Generalized Hahn polynomials (see Section 3.2.4).

We will use the notation (p,q;N) to indicate that one of the upper parameters in
the hypergeometric representation of the first moment is a negative integer —N, N € N.

For additional references, see [1], [13], [18], [19], [32], [48], [50], [59].
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3.1.1. Functional of type (0,0) (Charlier)

The Charlier polynomials were introduced by Carl Vilhelm Ludwig Charlier (1862—
1934) in his paper [14].
Linear functional

Lool = Tu) 5.

x=0
First moment differential operator

Bp0 =17 —z.
Standard moments recurrence operator
Q=" —z(F+1)".
Modified moments hypergeometric representation
v, (2) =7" oy (:;z> =7"é. (3D
Modified moments recurrence operator
Yoo=—z
REMARK 3. The Charlier polynomials have the hypergeometric representation
[49, 18.20.8]
P (x;2) = 2R (‘";‘x;—zl) : (32)

3.1.2. Functional of type (1,0) (Meixner)

The Meixner polynomials were introduced by Josef Meixner (1908—-1994) in his
paper [46], although Ladislav Truksa (1891-?) already considered them in his 1931
papers [55], [56], [57] (see [12]).

Linear functional

z

x!’

Liou]= iu(x) (a), 7# 1.

First moment differential operator
O0=0—-z(%+a).
Standard moments recurrence operator
O g=S"" (S 1) (S +a).
Modified moments hypergeometric representation
[a +n

n(z) =7"(a), 1Fo ;z] =7"(a),(1—2)"“". (33)

Modified moments recurrence operator
Yio=S—z(L+n+a).



RECURRENCE RELATIONS FOR THE MOMENTS 97
3.1.2.1. Functional of type (1,0;N) (Krawtchouk)

The Krawtchouk polynomials were introduced by Mykhailo Pylypovych Kravchuk
(1892-1942) in his paper [37]. These polynomials are a particular case of the Meixner
polynomials, with —a =N € N.

Linear functional

N e
Lionlu] = Yu(x) (=N), 5, z#1.

= x!
First moment differential operator

@170;1\/ =0 —2(19 —N).
Standard moments recurrence
@y =" —2(L+1)" (L —N).
Modified moments
n N—n
Vn(2) =2"(=N),(1—-2)"".

Modified moments recurrence operator

Yiony="—z2(S+n—N).

3.2. Functionals of class 1

In [22] and [23], we classified the discrete semiclassical functionals of class s = 1.
There are 4 main families and 9 subfamilies, obtained by applying transformations to
the Charlier and Meixner functionals.

For additional references, see [2], [3], [6], [9], [11], [15], [27], [31], [34], [39],
[401, [44], [51].

3.2.1. Functional of type (0,1) (Generalized Charlier)

Linear functional

& |
Lo [u]= ZZ)M(X) (b+1)x'ﬁ.

First moment differential operator
Oy =0 (0+b)—z.
Standard moments recurrence operator

q)071 :yn+l(y+b)—2(y+l)n.
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Modified moments hypergeometric representation

b —
Vn(Z)— WOFI |:b+1—|—l’l’Z:|

=" T T (b+1)en (2V72) .

where I, (z) denotes the modified Bessel function of the first kind [49, 10.25.2].
Modified moments recurrence operator

Vo= (L +n+b)—z=S*+(n+1+b)7 —2z (34)

REMARK 4. If we write

v, =A"pu,
then the recurrence (34) becomes
(n+b) z
Pn+1+ A Pn_ﬁpn—l =0.
Choosing
1 z
K = —2)6, —E = 1,
we get
Pn+1—2(n+b)xPn+Pn—l =0. (35)

The orthogonal polynomials satisfying the 3-term recurrence relation (35) with initial
conditions

p():la plzsz

are the modified Lommel polynomials having the hypergeometric representation

n n—1
— n T2y o 2
pn(x)_(b)n(zx) 2F3<b,—n7l—b—n’ X )

See [17], [28], [38], [42] .
Another possibility is to define

Vn = (_ 1)" qn;
where the monic polynomials g, (b) satisfy the 3-term recurrence relation
bgn = qn+1 —ngn+zqn-1, q-1=0, qo=1.

For additional references on the generalized Charlier polynomials, see [16], [35],
[54], [58].
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3.2.2. Functional of type (1,1) (Generalized Meixner)

Linear functional (@

- a), 7'
L = x_Z
L Z;)”(x) b+ 1) x!

X

First moment differential operator
011 =0(0+b)—z(F+a). (36)
Standard moments recurrence
O =S"" NI +b)—2(S+ 1) (S +a).
Modified moments hypergeometric representation

_.n (a)n a+tn .
Vn(Z)—Z (b+1)n 1F1 b+1+n,2 .

Modified moments recurrence operator
Y=L (L Hn+b)—z(L+nt+a)=S*+(n+1+b—2).7 —z(n+a).

REMARK 5. If we define
Vo= (=1)" pn,
then the monic polynomials p, (b) satisfy the 3-term recurrence relation
bpn=pnt1—(n—2)patz(nta—1)pp1.
For additional references on the generalized Meixner polynomials, see [10], [16],

[29].

3.2.2.1. Christoffel Charlier functional
Linear functional

=

Sl =3 (x—w)ul) .

|
=0 X:

First moment differential operator
Bfp=08(—-0-1)—z(8—w+1),
which is a special case of (36) with
a=—-w+1, b=—-w—1.
Standard moments recurrence operator

)= SN —wo—1) =2 (L 1) (S —w+1).
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Modified moments hypergeometric representation

C o . n n—a)+l
==z (", 00 ).

Using Kummer’s transformation [49, 13.2.39]

b_
1Fi (Z;Z) =é 1F1< ba;_z)’

—1
Ve (o) = (n— )" |F (n_w;—z)

=(n—-w)e¢ (l—f— < ),

n—aw

we get

in agreement with (23), since
Ve=v 1 +(n—0)v, = (z—0+n)7". (37)
Modified moments recurrence operator

‘{’87025’(5’4%—0)—1)—z(y+n—w+l)

) (38)
=S"4+n-w—2) —z(n—w+1).

REMARK 6. Using (37), we see that the modified moments satisfy the first order
recurrence Y, [v] =0, with
Wio=Mn—w+z).7 —z(n—0+1+z).
This agrees with (38), since

(L +n+1—0)y§o=(z+n+1-0)¥f,.

3.2.2.2. Geronimus Charlier functional
Linear functional

Lg()[u]:iou(x) ;: (D¢N0

First moment differential operator
05 =0 (9 —0) =3 (- 0)—z(d - w),

which is a special case of (36) with
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Standard moments recurrence operator
Dy =D (S —0) =[S — (S +1)"] (S - 0).

Modified moments hypergeometric representation

G, ' n—o
Vi (Z’w):n—w 1F1<n_w+1,z).

Using the identity [49, 13.6.5]

a _ —a
1F1<a+1, z) az "y (a,z),

where v (a,z) is the incomplete gamma function defined by [49, 8.2.1]

Z
y(a,z) = /t”_le_tdt, Re(a) >0,
0

we obtain
v (o) = (—=1)" (=) y(n—0,—2).

Since the function ¥ (a,z) satisfies the recurrence [49, 8.8.1]
v(a+1,z)=ay(a,z) -2,

we see that

G G
Vi +m—o)v, =7"e =V,

in agreement with (28).
Modified moments recurrence operator

‘Pgo:‘P070(<5”+n—w):fz—i-(n—i-l—w—z)f—z(n—w).

3.2.2.3. Reduced-Uvarov Charlier functional
Since for the Charlier functional

o(9)="19,

we will have a reduced Uvarov transformation U ({) foritif { =0.
Linear functional

Loy [u) = iu (x) ; +1u(0).

First moment differential operator

Oy = (9 — 1)@ =0 (9 — 1) — 20,
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which is a special case of (36) with

Standard moments recurrence operator
q’g,(()()) = (S 1)@= "" (S —1)—z(S+1)".7.
Modified moments recurrence operator
WO = (S )W = S+ (n—2).S —nz.

For additional references, see [7], [20].

3.2.2.4. Truncated Charlier functional
Linear functional

T < z
Loolul = Yulx) =, NeN
x=0
First moment
N~
@)=Y S =en(a),
= x!

where ey (z) denotes the rruncated exponential series [49, 8.4.11].
First moment differential operator

B0 =(—-N—-1)0gg=0(8—N—1)—z(8 —N),
which is a special case of (36) with
a=—-N, b=-N-1.
Standard moments recurrence operator
Dho=(FS-N-1)Pg=""(FS-N-1)—z2(L+1)" (S —N).

Modified moments hypergeometric representation

n—N 7"
vi(z)=7" 1R (n—N;Z> = 7(]\7_’1)‘U(n—N7n—N,z)7

where U (a,b,z) is Tricomi’s function [49, 13.2.6]. Using the identity [49, 13.6.6]
Ul(a,a,z) =T (1 —a,z),

where I'(a,z) is the incomplete gamma function defined by [49, 8.6.5]

oo

['(a,z) = /t“ile’dt,

z
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we conclude that

vl(z) = et ['(N—n+1,7).
" (N —n)!
Comparing with (31), we see that
[(N—n+1,2)
T y
= 0<n<N.
Vn (Z) (N—n)‘ Vi (Z)7 n

Modified moments recurrence operator
Yio=(S+n—N)¥oo=S*+(n-N-z). —(n—N)z.

For additional references, see [33].

3.2.3. Functional of type (2,0;N) (Generalized Krawtchouk)

Linear functional

Lol = (o) (-N), (@), 5. NEMNo
= !
First moment differential operator
Oron=0—z(0—N) (D +a).
Standard moments recurrence operator
Dy oy =S —2(S+1)" (S —N) (L +a).
Modified moments hypergeometric representation

Va (2) =" (—N), (@), 2Fo [n_N_’CH—n;z} .

Using the hypergeometric representation (32) of the Charlier polynomials P,SO’O) (x;2),
we can write

n 0,0 . _
Vi (Z) =z (_N)n (a)n Ig’—n) (_a —n,—z 1) .
Modified moments recurrence operator
\P270;N :y—Z(y-i-l’l—N) (f—kn—i—a)
=272+ [1-z2n+1-N+a).¥ +z(N—n)(n+a).

REMARK 7. If we set z~! = x, we see that the modified moments are a family of
monic orthogonal polynomials p, (x), satisfying the 3-term recurrence relation

Xpn=ppt1+2n—1—-N+a)pp+(n+a—1)(n—N—1)p,_;.
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3.2.4. Functional of type (2,1) (Generalized Hahn of type I)

Linear functional

First moment differential operator
021 =0 (O +b)—z(¥+a1) (¥ +a). (39)
Standard moments recurrence operator
Oy =" NI 4b) (L) (S +a) (L Ha).
Modified moments hypergeometric representation

_ n(al)n (az)n a1+naa2+n.
Vi (z) =2 WzFl b+1+n 32 - (40)

Modified moments recurrence operator
Yo 1= (S +n+b)—z(S+n+a) (S +n+ay) (41)
=(1—2).72+b+n+1—z2n+14a+a)] .S —z(n+a) (n+az).

REMARK 8. If we set b = —x, we see that the modified moments are a family of
orthogonal polynomials p, (x), satisfying the 3-term recurrence relation

xpn=(1=2)ppr1+n—22n—14+a1+a2)]py
+z(n—1+a)(n—1+a2) pp—1.

3.2.4.1. Hahn functional
When z = 1, the generalized Hahn functional of type I becomes the Hahn func-
tional [36]. Note that in this case (40) can be reduced using the identity [49, 15.4.20]

b—a
al,a2;1:| :ﬂ Re (b —ap) > Re(a;).

2F1 |: ’
b (b)—al
Choosing a; = —N, N € N, a, = a, we get
(_N)n (a)n (b +1- a)an

v (1) = (b+1), (b+1+n)y,’
or
()= 1y L=y V), (@),
(b+1)y (a—b—N),
which is a solution of (41) when z=1, a; = —N, and a = «a

[(b—a+N—-n)”—(m—N)(n+a)|v.(1)] =0.

For additional references, see [20], [30].
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3.2.4.2. Christoffel Meixner functional
Linear functional

=

ol = 3 (e~ 0)u() (@), 5.

x=0
First moment differential operator
Of =00 -0—1)—z(d+a)(¥—w+1),
which is a special case of (39) with
ay=a, a=—-w0+1, b=-w-1.

Standard moments recurrence operator
P y=S"N(IS—0-1)—2(S+1)" (S +a) (L —0+]).
Modified moments hypergeometric representation

n+an—ow+1
== 0)(@, #am (TG0 ).

Using the identity

a,b \ _ _\e—a-b c—a,c—b,
2F1< v ,Z> =(1-2) 2F1< . ,Z),

we get

Ve (@) = (n— ) (a), (12" R (‘“"“"1 ;z)

n—am

dn— (a+w)z
_ —w n 1— a—n—1 1 &)<
(1= 0)(a), 2" (1-2) [+ o,
in agreement with (23), since

VE=vi+n—o)v,=(ot+aztn—o)(1-2)"a),". 42

Modified moments recurrence operator
‘I’fozy(y—kn—w—1)—Z(c5”—|—n+a)(5”+n—w—|—1) “3)
=(l-2) S+ n—0—z2n+2+a—0).S —z(n+1-w)(n+a).

REMARK 9. From (42), we see that the modified moments satisfy the first order
recurrence W<, [v] =0, where

vio=(1-2)(n—0+z0+az).? —z(n+a)(n+1—w+z0+az).

This agrees with the second order recurrence (43), since

(7 +n+1-0) Y= (141 - 0+20+a2) ¥,
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3.2.4.3. Geronimus Meixner functional
Linear functional

< u(x)

L?.,o [u] = 2

— X!’
(X — x!

First moment differential operator

Ofy =010 (0 ~0) =9 (9~ ) ~2(8 +a) (¥ ~w),

which is a special case of (39) with
aj=a, a=-0, b=-o.

Standard moments recurrence operator

D)= (S —0) =[S —2(S+1)" (L +a)| (S —w).

Modified moments hypergeometric representation

G~ 2 at+nn—o.
Vo) = 5y om0,
Using the identity [49, 8.17.7]
al->b |
2ﬂ[ a1 J}—az B:(a,b),

we conclude that

Ve (z:0) = (a), 2B (n— 0,1 —a—n),

where B (a,b) is the incomplete beta function defined by [49, 8.17.1]

1
B.(a,b) :z“/zﬂ (1—z) " ar.
0

Since the function B; (a,b) satisfies the recurrence [49, 8.17(iv)]
aB.(a,b+1)—bB.(a+1,b)=z"(1—2),

we see that

Vi -0y =2"(a),(1-2) " =,

in agreement with (28).
Modified moments recurrence operator

\P?,O :\PLO (y—Fl’l— (D)

=(1-2) S+ n—w+l-z(1+a—0+2n).7 —z(n—ow)(n+a).

(44)
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3.2.4.4. Reduced-Uvarov Meixner functional
Since for the Meixner functional we have
c(®)=9, 7(8)=930+a,
we will have reduced cases for its Uvarov transformation U ({) if

{=0,—a.

i) { =0 Linear functional

First moment differential operator
O]y = (90— 1)019=0(0—1)—2(8 +a)0,
which is a special case of (39) with
ay=a, ap=0, b=-1.
Standard moments recurrence operator
Oy = (- 1)019="" (S 1)~ 2(S+1)" (S +a) 7.
Modified moments recurrence operator
‘{‘%0) =(L4+n)¥io=(1-2)*+[n—z2n+1+a).¥ —m(n+a).

For additional references, see [4], [8], [25].

ii) { = —a Linear functional
U(- - zr -
L ) = Tu (a), S +nu(-a)z .
x=0 '
First moment differential operator
Oy = (9+a)@19=0 (9 +a)—2(8 +a) (9 +a+1),
which is a special case of (39) with
ay=a, ap=a-+1, b=a.
Standard moments recurrence operator
oy = (S ra)bio= [ (S (S +at )] (S +a).
Modified moments’ recurrence operator
P/ = (St ntat 1) ¥
=(1-2)S*—(n+a+1)[2z—1).S +z(n+a)].
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3.2.4.5. Truncated Meixner functional
Linear functional

First moment differential operator
@10 =(0-N-1)01g=0(0-N—-1)—z(0+a)(d—N),
which is a special case of (39) with
ay=a, ap=-N, b=-N-—1.
Standard moments recurrence operator
O y=(S-N-1)®g=""(F-N-1)—2(S+1)" (S +a) (L —N).
Modified moments hypergeometric representation

n n—N,n+a
Vi (2) = (a), 2 2F1< W N ;z).

Using the transformation [49, 15.8.7]
—N,b (c—=b)y —N,b
F iz ) = F 11—
21( c ,Z) O 0 N T

W (=N—a)y_, n+an—N
— [ 31—z
(n—N)y n+a+l

Since the incomplete beta function (44) has the hypergeometric representation [49,

8.17.7]
et 1—b,a
B, (a,b) = zzFl ( atl ;Z>,

we obtain

v (2) = (@), 2

we conclude that

vl(z) = %zn(l —z) "By (a+n,N—n+1),

and comparing with (33), we see that

(@+n)y_ i
n (2) = ﬁBI*Z(a—’_’LN_n—’_ Dva(z2) -
Modified moments recurrence operator

10—(5’-1—?1 N)lyl()
=(1-2)S*+n—N—-z2n+1-N+a)]./—z(n—N)(n+a).
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3.3. Functionals of class 2

In [23], we classified the discrete semiclassical functionals of class s = 2. There
are 6 main families and 58 subfamilies, obtained by applying transformations to the
functionals of class s = 1, or double transformations to the functionals of class s = 0.

3.3.1. Functional of type (0,2)

Linear functional

o 1 ol
Lo [u] :)Za” (x) (bi+ 1), (b + 1), x!"

First moment differential operator
@072 =0 (19 +b1) (19 -|—b2) —2Z.
Standard moments recurrence operator

Doy =" (S +b1) (L +br) =2 (S + 1) =0,

Modified moments hypergeometric representation

n

Z —
F 2zl .
(B1+1), (ba+1), "2 |bi+14nby+1+n"°

v (z) =

Modified moments recurrence operator

Yo=Y (L +n+by) (S +n+b)—z

3.3.2. Functional of type (1,2)

Linear functional

e (@, =
Bl = 2 G T

First moment differential operator

O =0 (0+b1) (0 +b) —z(%+a). (45)
Standard moments recurrence operator
@, =S"NF+b) (S +by)—2(S+ 1) (S +a).
Modified moments hypergeometric representation

" (a), 2 a+n .
(b1 +1), (by+1), "2 b1+ 1+nby+ 1407

v (2) =

Modified moments recurrence operator

Yi,=S (L +n+1+4b) (L +n+1+by)—z(F +n+a).
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3.3.2.1. Christoffel Generalized Charlier functional
Linear functional
o 1 é

First moment differential operator
05, =0(O+b)(d—0—1)—z(9—w+1),
which is a special case of (45) with
a=—-w+1, by=b, bhh=—-0-1.
Standard moments recurrence
i, =SS +0) (S —o-1)—2(L+1)" (L —0+]).

Modified moments hypergeometric representation

C n—aw n n—w+1
vV, (2) = F 22
fo=grm- e (5 et )
Modified moments recurrence operator

‘POCJ:y(y‘ﬂl‘f'b)(y'f'n—w—1)—Z(§”+n—w+1).

3.3.2.2. Geronimus Generalized Charlier functional
Linear functional

=3 LT b,

First moment differential operator
01 =001 (0 —w) =0 (9+b)(d—0)—z(9 —w),
which is a special case of (45) with
a=—-w, b =b, by=-o.
Standard moments recurrence operator
Of =D (S —0) =[S (I +b)—2(L+1)"] (S —w).

Modified moments hypergeometric representation

1 b n—aw

G

= — F 3z -
v @) n—obm+1), "’ <b+1+n,n—w—|—1 Z)
Modified moments recurrence operator

Y6, =W (L +n—0)=[S (S +n+b) (S +n—0).
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3.3.2.3. Reduced-Uvarov Generalized Charlier functional
Since for the Generalized Charlier functional we have

o(9)=09(9+0),
we will have reduced cases for its Uvarov transformation U (§) if

£=0,—b.

i) { =0 Linear functional

1 z

L ] = Fut)
x=0
First moment differential operator
0\ = (9~ 1)@, =0 (9 +b) (8 —1) 20,
which is a special case of (45) with
a=0, by=b, by=-1
Standard moments recurrence operator
o)) = (S~ 1) o1 = S (I +b) (S~ 1)~ (S +1)"S.

Modified moments recurrence operator

‘P(L)],(IO) =(L+n)¥1 =S (L +n+b)(S+n—1)—z(S +n).

ii) { = —b Linear functional

S TS VN
First moment differential operator
O = (9 +b—1)8p1 = O (9 +b) (9 +b—1)—2(9+Db),
which is a special case of (45) with
a=b, by=b, by=b—1.
Standard moments recurrence operator
o) = (S o) Doy =[S b 1)~ 2(S+ 1) (S +D).

Modified moments recurrence operator

‘I’g,(rh) =(SL+n+b)¥o1=[S (L +n+b—1)—7 (L +n+b).
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3.3.2.4. Truncated Generalized Charlier functional
Linear functional

N 1z
L [u] ZZBu(X) Gr1),

N € Np.

First moment differential operator
001 = —-N—-1)00; = (0+b) (8 —N—-1)—z(9—N),
which is a special case of (45) with
a=—-N, by=b, by=—-N-1
Standard moments recurrence operator
D = (S -N-1)® =" (S +b)(S~N-1)—z(S+1)" (S —N).
Modified moments recurrence operator

‘Pg,l =(S+n—-N)¥Yo 1= (L+n+b)(L+n—N—-1)—z(FL+n—N).

3.3.3. Functional of type (2,2)
Linear functional

< (a1), (@), =

Ly [u] :)Zz)” (x) (b + 1), (b + 1), x!"

First moment differential operator
O =0 (3 +b1)(F+b2) —z(F+a1) (O +az). (46)
Standard moments recurrence operator
Oy = "I +b) (S + b)) —2(L+ 1) (S +a) (S +a).
Modified moments hypergeometric representation

Zn (al)n(a2)n a1+n7612+}’l -
(b1 +1), (by+1), 2 2 [br+1+nby+ 1407

v (2) =

Modified moments recurrence operator

Yoo =S (L +n+b) (L +n+by)—z(L+n+a) (S +n+a).
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3.3.3.1. Uvarov Charlier functional
Linear functional

Lo[u] = i)u(x) §+nu(w)z“’7 o #0.
First moment differential operator
0= (0 —0)(—w—1)0gg
=00 -0)(d-0-1)—zO0-w0+1)(¥—-0),
which is a special case of (46) with
a=-w+1, aw=-w, bj=—0, bh=—-—w-—1.

Standard moments recurrence operator

d)([){oz(f—w)(jﬂ—w—l)d)op

(47)
=["NI —w-1)—z(L+1) (L —0+])] (S —o).
Modified moments recurrence operator
YWo=(S+n—o)(L+n—o+1)¥
0,0 ( n )( n )¥o.0 (48)

=[S (S +n-—0w-1)—z(L+n—0+ 1)) (S +n—o).

3.3.3.2. Double Christoffel Charlier functional
Linear functional

iyl = 3 (e on) (=099
= !
First moment differential operator
B5p=0 (0 -1 —1)(—mr—1)—2(D — o+ 1) (8 —n+1),
which is a special case of (46) with
ag=—w+1, ay=—w+1, bj=—w—1, by=—w,—1.
Standard moments recurrence operator
Oy =SS —o— 1) (S - 1) =2 (L) (L~ o+ 1)(L— o+ 1).
Modified moments
V& = i+ (n— o) vy
=Vio+2n+1—0;— ) Vyy1 + (n— 1) (n— @) vy

= [12+ 2n+1—o1—w)z+ (n—w) (n— )] "¢
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Modified moments hypergeometric representation

CorN_ _ n n—o+1ln—mm+1,
vV, (z)—(n wl)(n (1)2)2 2 n—op,n— 5

Modified moments recurrence operator

¥§ = S (S -0 - 1) (S +n—w—1)
—z(SLHn—o+1)(L+n—m+1).

3.3.3.3. Geronimus Christoffel Charlier functional
Linear functional

°°x—w1 7
Lg,’oc[u]=2x_w2u(x);, o # @, @ ¢ Ny.
x=0 :

First moment differential operator
@85:@&0(19_@2) =900 -0 —1)(%—m)—z2(F—w+1) (0 —w),
which is a special case of (46) with
ay=-w+1, aa=—-w, b=—w—1, by=—w.
Standard moments recurrence operator
@5 =@, (S — )
=[S"NS w0 — 1)~ (L +1)"(S o+ 1)] (L — ).
Modified moments hypergeometric representation

GC n—w , n—o+1ln—m
v, (7)) = —— F ;2] -
n (Z) n—(LDZ 22 n_wlan_ab‘f'l ¢
Modified moments recurrence operator
Wiy =50 (S +n—m)
=[S +n—w—1)—z(LH+n—o+ )| (L +n—w).

3.3.3.4. Reduced-Uvarov Christoffel Charlier functional
Since for the Christoffel Charlier functional we have

c(¥)=000-w-1), 7(8)=9%-w+1,
we will have reduced cases for its Uvarov transformation U (§) if

{(=0,0+1,0—1.
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i) E=0

Linear functional

First moment differential operator
Oy = (0 -1)85, =0 (0 —0—1)(8~1)—z(0—0+1)0,
which is a special case of (46) with
ag=—w+1, a=0, bj=—w—-1, by=-1.
Standard moments recurrence operator
o)V = (7~ 1)@y = S (S~ 1) (S 1)
| —2(L+ 1) (S —0+1)7.
Modified moments recurrence operator
Yo = (S ) ¥y =S (S -0 —1)(F +n—1)
—z2(S+n—o+1)(S +n).

=+l
Linear functional
U(w+1),C — zr
LG ) = 3 (- () S mu(w+ D)2t

x=0
First moment differential operator
Oy = (002685 =0 (-0 1)(9-0-2)
—z(0—o+1)(—w—-1),
which is a special case of (46) with
ag=—w+1l, m=-0-1, bh=—-0-1, bh=—0-2.
Standard moments recurrence operator
U(w+1),C
o)V = (7 — 0 -2) @,
=[N —w-2)—z(S+1) (L —o+])] (L —0-1).
Modified moments recurrence operator
WO = (-0 - 1)¥5,
=S +n—0-2)—z(L+n—0+1)] (L +n—-—w—-1).
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i) { =w—1
Linear functional
Ulw—1),C - z _
LGyl = 3, r=w)u() S+ mu(w— 127,

x=0
First moment differential operator
0y = (9 - w+1)6§,
=90 -0o-1)F-0+1)—z(0-0+1)(d-0+2),
which is a special case of (46) with
ag=—w+1, aa=-w+2, bj=—w—-1, by=—-w+1.
Standard moments recurrence operator

U(w—1),C
o = (7~ 0+ 1)@,

=[S —w-1)—z2(L+ 1) (L~ 0+2)] (S —o+]).

)

Modified moments recurrence operator
P = (S -0+ 2) ¥,
=[S (S Hn—0-1)—z(L+n—0+2)](L+n—-—w+1).

3.3.3.5. Truncated Christoffel Charlier functional
Linear functional

N
T.C z
Lyy [u] = 2 (x—)u(x) ol N € Np.
x=0 '
First moment differential operator
Oy = -N-1)0f, =00 -—w—1)(d-N-1)
—z(0—w+1)(3—N),
which is a special case of (46) with
ag=—-w+1, a=-N, b=—w—-1, by=-N-1.
Standard moments recurrence operator
OFS = (N 1)y =" (S ~0—1)(F~N-1)
—72(L+1)" (S —w0+1) (S —N).
Modified moments recurrence operator
Yoo = (S +n—N)¥5y=S (S +n—w—1)(S+n—N—-1)
—z(L+n—w+1)(L+n—N).
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3.3.3.6. Double Geronimus Charlier functional
Linear functional

=Y :

7
x:Omu(x) o @y, ¢ Np.

First moment differential operator
2
O =05 (9 — w2) = Bo (9 — 1) (¥ — 1)
=0 (0 —w) (0 —)—2(8—w) (8 —w),
which is a special case of (46) with
ay=—0;, a=-w, bi=-w0, b=-m.
Standard moments recurrence operator
2
Dfy = BF (S — ) = Do (& — 1) (S — )
=[N ()" (S —o) (S — ).
Modified moments hypergeometric representation

7" n—wp,n—w

62
V. = F ; .
W (@) (n—a)l)(n—a)z)22 n—a)1—|—1,n—a)2—i-1Z

Modified moments recurrence operator

\Pgi):q]go(y+"—w2)=‘P070(<5ﬂ+"—w1)(5”+n—w2)
=(—)(S+n—w) (L +n—m).

3.3.3.7. Reduced-Uvarov Geronimus Charlier functional
Since for the Geronimus Charlier functional we have

c(¥)=90(00-w), (%) =9-w, o¢N,

we will have a reduced case for its Uvarov transformation U (§) if { =0.
Linear functional

o u(x) z°
L(L)],(()O%G [u] = 2‘6% ] +nu(0), o ¢No.

First moment differential operator

0y = (8 —1)8Fy = (8 — 1)@ (9 — )
=90 -1)(0—0)—z8(8—w),
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which is a special case of (46) with
a=0, ap=—-—w, by=-1, by=-o.
Standard moments recurrence operator
" = (7 = 1)@= (S = 1) Puo (S ~ @)
=[N I - 1)~ (L +1)" I (S~ w).
Modified moments recurrence operator

‘P(L)i(()())ﬁ:(‘y‘F")\PgO:(y‘F")‘PQo(f—l-n—w)
=[S (S +n—1)=z(SL+n) (S +n—ow).

3.3.3.8. Truncated Geronimus Charlier functional
Linear functional

N ux
5510 = 3

[k

—o N € Ny, (1)¢N0.

=

First moment differential operator

Oy = (0 —N—-1)0fy= (9 —N—1)00 (8 — o)
=9 (0 -N—-1)(0—0)—z(8—N) (8 —w),

which is a special case of (46) with
ay=—-N, a=-o0o, blz—N—l, by = —w.
Standard moments recurrence operator
Dy = (S = N=1)®fy= (S~ N—1) D — 0)
=[s""NFS-N-1)—z2(Z+1)" (S -N)| (¥ — ).
Modified moments recurrence operator
oo = (L +n—N)¥§o = (S +n—N)¥oo (S +n—w)
= (S 4+n—N—-1)—z(¥+n—N)|(¥+n—w).

3.3.3.9. Double Uvarov Charlier functional
Since for the Reduced Uvarov Charlier functional we have

oo (8) =8 (8 1),

we will have a reduced case for its Uvarov transformation U ({) if { = 1.
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Linear functional

U2(1,0
15,0

First moment differential operator
933(1,0) = (9-2)00 = (9 -2)(8~1)8
=9(0-1)(0-2) B (B 1),

which is a special case of (47) with v = 1.
Standard moments recurrence operator
U%(1,0 U
q’o,o( = (7~ 2)@078 = (7 =2)(F 1)y
=[N F-2)—2(L+1)" I (L -1).
Modified moments recurrence operator
2
vy = (S - )WY = (- 1)(S +n) Yoo
=[S (S +n=2)—z(S+n)] (L +n-1).

(49)

3.3.3.10. Reduced-Uvarov Truncated Charlier functional
Since for the Truncated Charlier functional we have

c(®)=0(0-N-1), T(8)=0-N, NeN,

we will have reduced cases for its Uvarov transformation U ({) if

{=0,N+1,N.
i)£=0
Linear functional
U(0),T y
Loy [u]= Y u(x) ;—l—nu(O), N € Np.
x=0 .

First moment differential operator

Oy = (9 —1)8f = (9~ 1)(8 —~N—1)Ogp
=9 -N-1)(0—1)—2z(8—N)9,

which is a special case of (46) with

alz—N, a2:0, blz—N—l, b2=—1.
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Standard moments recurrence operator
U(o),T
Boy " = (F = 1)@y = (F = 1)(F =N—1)®og
=" NS - )(S-N-1)—z2(L+1)".Z (S —N).
Modified moments recurrence operator

WO = ()P = (L +n) (S +n—N)¥og
=S (S 4+n—1)(S+n—-N—-1)—z(S+n) (S +n—N).

i) {=N+1
Linear functional
U(N+1),T Y z°
Loy W] = Y u(x) ;+77M(N+1)ZNH, N € No.
x=0 :

First moment differential operator

OUNIIT — (9~ N—2)0L, =9 (9~ N—1)(8 ~N—2)
(9 —N)(D—-N—1),

which is a special case of (47) with ® =N + 1.

Standard moments recurrence operator
op T = (7 - N-2) Bl = (S~ N—-2) (S —N—1)Dyg
=[s"NFS-N=-2)—2(S+1)"(S—N)|(F-N-1).
Modified moments recurrence operator
W T = (S - N- )Wy = (S +n—N—1)( +n—N)¥oo
=[S(S+n—-N=-2)—z(S+n—N)|(L+n—-N-1).
iii)y { =N
Linear functional

7
LG ) = Yu(x) S+nuN), N eNo.

First moment differential operator

Oy = (8 ~N)®f = (8 —N) (8 ~N—1)8n0

=9 —-N—1)(0—N)—z(0—N)(® —N+1),

which is a special case of (47) with w = N.
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Standard moments recurrence operator

o = (S Ny = (S~ N) (S~ N—1)®og

=" NI -N-1)—2(L+1)'"(S—N+1)| (S —N).
Modified moments recurrence operator

YT — (4 n—N+1)¥hg = (S +n—N+1)( +n—N)¥og

=[S (S +n—N—-1)—z(L+n—N+1)] (L +n—N).

¥

3.3.3.11. Christoffel Generalized Meixner functional
Linear functional

il = 3 (- 0)ute) o5

X

First moment differential operator
05, =0 +b)(d—w—1)—z(F+a)(O—0+1),
which is a special case of (46) with
ag=a, a=-w+1, byj=b, by=-w-—1.
Standard moments recurrence
Of | =" NI +D) (S —w-1)—2(L+1)" (S +a) (S —o+]1).

Modified moments hypergeometric representation

C o _ (a)n n a—l—mn—a)—i—l,
Vn(Z)—(n w)(b+1)nz 2F2<b+l+n,n_wyz)-

Modified moments recurrence operator

Y, =S (S +n+b)(S+n—0—1)—z(L+n+a) (S +n—w-1).

3.3.3.12. Geronimus Generalized Meixner functional
Linear functional

LIG,I [I/L] _ i I/L()C) (a)x )ZC_);7 w ¢ NO~

First moment differential operator

Of =011 (0 —0)=0(0+b)(0—0)—z(8+a)(®—w0),

121
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which is a special case of (45) with
ay=a, ap=-w, by =>b, by=-w.
Standard moments recurrence operator
DY =@ (S —0) =[S (I +b)—2(L+1)" (S +4a)] (L — o)

Modified moments hypergeometric representation

1 (a) a+nn—w
G _ n n ’ .
V') = n—o (b—i—l)nZ 22 <b+1+n,n—w—|—1’z)'

Modified moments recurrence operator

YO =Y (L +n—0)=[F (L +n+b)—z(S+n+a) (S +n—w).

3.3.3.13. Reduced-Uvarov Generalized Meixner functional
Since for the generalized Meixner functional we have

c(¥)=08(0+b), 1(8) =90+a,
we will have reduced cases for its Uvarov transformation U (§) if
£{=0,—-b,—a.

=0

Linear functional

= S) 550

First moment differential operator

911{(10) =(0-1)011 =08 (0+b)(8—1)—2z(0+a)?,
which is a special case of (46) with
ay=a, ap=0, by=b, by=-1.
Standard moments recurrence operator
o)V = (7D =" S+ b) (S 1) —2(S ) (S +a) S

Modified moments recurrence operator

PO = (F 1)1 =S (S D) (S Fn— 1)~ (L nta) (S +n).
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ii) { = —a

Linear functional

Hh
=T
K
=
Mg
=
~—
—~
Q
S
=
< | 2L
=
T
Q
s
N\
S

SR CES R

First moment differential operator

0 = (8 +a)011 =0 (9 +b)(9+a)—z(9+a) (9 +a+1),
which is a special case of (46) with
ay=a, ap=a+1, by =b, by=a.
Standard moments recurrence operator
o) = (S +a) iy = [SNI ) 2L+ ) (S +a+ 1] (L +a).
Modified moments recurrence operator

YV = (S hntat )W) =[S (S +n+b)—z(F +nta+ )] (L +n+a).

)

iii) { = —b
Linear functional

First moment differential operator
O =(9+b—1)01,1 =0 (9+b) (O +b—1)—2(8+a)(9+b),
which is a special case of (46) with
ay=a, ay=b, by=b, by=>b—1.
Standard moments recurrence operator
o)\ = (S b 1)1 = [FN(S b )= 2(S 1) (S +a)] (L +b).
Modified moments recurrence operator

P = (b)Y =[S (S At b— 1) —2(F +nta) (S +ntb).
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3.3.3.14. Truncated Generalized Meixner functional
Linear functional

First moment differential operator
O | =(0-N-1)01;=0(0+b)(9—N—1)—z(9+a) (9 —N),
which is a special case of (46) with
ay=a, a=-N, b =b, by=—-N-—1.
Standard moments recurrence operator
| = (S - N-1)® =" (S +b)(S-N-1)
—z2(L+1)" (L +a) (S —N).

Modified moments recurrence operator

\PIT,I =(+n—-N)¥, =S (L +n+b)(S+n—-N—-1)
—z(L+n+a) (S +n—N).

3.3.4. Functional of type (3,0;N)

Linear functional
< Z
Lyow[u] = Xu(x) (=N) (@) (@), 5, N €N,

x=0 '

First moment differential operator
O30n=0—2(0—N)(F+a1)(O+ay).
Standard moments recurrence operator
D30y =" —2(S+1) (S —N) (S +a) (L +a).

Modified moments hypergeometric representation

n—N,a+n,a+n
vy (z) = (—N)n (al)n (az)n 7' 3Ky 1_ 2 4

Modified moments recurrence operator

Yion = —2(S+n—N) (S +n+a) (S +n+a).
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3.3.5. Functional of type (3,1;N)

Linear functional

< (=N), (a1), (a2), 2"
L. = #_’ N e Np.
s ] )Za” ) —+ D, 0
First moment
—N,ay,a
Ao (z) = 3F1[ b+11 2;1}.
First moment differential operator
@371;1\;:19(19+b)—z(ﬁ—N)(zS+a1)(19+a2). (50)

Standard moments recurrence operator
@3y = S"TNI +b)— (S H1)(F —N) (L +a) (L +a).
Modified moments hypergeometric representation

_ (_N)n(al)n(az)n n n_Naal+n7a2+n_
VH(Z)_WZ 3k bilin 4

Modified moments recurrence operator
Y3 iv=S (S +n+b)—z(L+n—N)(S +n+a) (L +n+a).

3.3.5.1. Christoffel Generalized Krawtchouk functional
Linear functional

c u z
Ly oy [u] = Za(x_w)“(x) (=N, (a), PR N € No.

First moment differential operator
OSoy=0O—-0—-1)—z(0-N)(O+a)(9—w+1)
which is a special case of (50) with
aj=—-N, a=a, a=-w+1, b=—-w-1.
Standard moments recurrence
Doy =" (S —w-1)-2(L+1)" (S —N) (L +a) (S —w+]1).

Modified moments hypergeometric representation

VnC (Z) _ (l’l— (D) (zl]]vj_nl()i)n 7 3R (n—N,a:l—iha}’;— o+1 ;Z) .

Modified moments recurrence operator

‘{‘gO;N:Y(y—l—n—w—l)—z(Y-kn—N)(Y—f—n—ka)(Y—i—n—w—1).
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3.3.5.2. Geronimus Generalized Krawtchouk functional
Linear functional

N ulx
Kol = 3700 (M ta), 5

NeNy, o¢Ng.
First moment differential operator
OF oy = 20N (B — ) =9 (9 —w) —z(F —N) (9 +a) (d — ©)
which is a special case of (50) with
ay=—-N, a=a, a3=-0, b=-o.
Standard moments recurrence operator
DT = Do (' —0) = [ —2(L+1)" (S = N) (L +a)] (& — o)

Modified moments hypergeometric representation

1 (=N),(a) n—N,a+nn—w
G _ n n_n ) ) .
(Z)_n—w (b+1), < sh n—o+1 <

Modified moments recurrence operator

‘{‘gO;N:‘{‘lo;N(Y—kn—w): [ —z2(S+n—N)(S+n+a) (S +n—w).

3.3.5.3. Reduced-Uvarov Generalized Krawtchouk functional
Since for the Generalized Krawtchouk functional we have

c(0)=0, t(9)=(0—N)(®+a), NeN,

we will have reduced cases for its Uvarov transformation U (§) if

{=0,N,—a.
i){=0
Linear functional
v (o) <
Ly oy U] = Yu(x) (=N), (a)x; +nu(0), N &N
x=0 :

OV = (8= 1)@son =0 (9 —1)—2(9 —N) (9 +a) 9,
which is a special case of (50) with

ay=—-N, a=a, a3=0, b=-—1.



RECURRENCE RELATIONS FOR THE MOMENTS 127

Standard moments recurrence operator
DY) = ('~ D @ygy =" (S 1)~ 2(S+ 1) (S ~N) (S +a) 5.
Modified moments recurrence operator

IO = (L + ) ¥aow = L (L +n—1)—2(L +n—N) (S +n+a) (L +n).
i) =N
Linear functional

U(N) N z
Lyon [u] = Zz)u(x) (=N), (a)x;—l—nu(N)zN.

First moment differential operator
O = (8 —N)Orow =0 (9 —N)—2(8 —N) (9 +a) (0 ~N+1),
which is a special case of (50) with

aj=—-—N, a=a, a3z=-N+1, b=-—N.

Standard moments recurrence operator
q);]E)NI\)/ = (S =N)DPyon

=[N (S + )" (L +a) (S —N+1)] (L —N).

Modified moments recurrence operator
W = (S +n—N+1) ¥y

= —z(L4+n+a) (S +n—N+1)] (& +n—N).

iii) { = —a

Linear functional

N
LS )= Zau (x) (=N), (), ; +nu(—a)z .

First moment differential operator

@g((;]\?) =(%+a) 07 0.5
=9(0+a)—z(0—N)(F+a)(O+a+1),

which is a special case of (50) with

ay=—-N, a=a, az=a+1, b=a.
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Standard moments recurrence operator

q)lszN (Y-l—a)(l)go;v

=[S S+ 1) =N) (S +a+1)] (S +a).

Modified moments recurrence operator

l{I%N) =(S+n+a+1)¥ron
= —z(L4+n—N)(S +n+a+1) (¥ +n+a).

3.3.6. Functional of type (3,2)

Linear functional

— ) (@), (a3), 2
Laalu _2 b1+1) (by+ 1), x!”

First moment

ai,as,as
Ao (z) = 3B [bl—i—l bﬂ_l;z}.

First moment differential operator
O3, =0(0+b1)(O+b2)—z(F+ar)(O+a) (0 +a3).
Standard moments recurrence operator

@3 =" NS+ b)) (S + Do)
—Z(&”—I—1)”(Y+a1)(Y+a2)(y+a3).

Modified moments hypergeometric representation

(_N)n (al)n(a2)n Zn F n— Na1+n a2+}’l
i+ 1), (br+1), ¥ b+ ltnbrtl4n®

v (2) =

Modified moments recurrence operator
‘I"372 = f(y+n+b1) (y+n+b2)
—z2(SL+n+a) (L +n+a) (S +n+az).

3.3.6.1. Uvarov Meixner functional
Linear functional

(51)
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First moment differential operator

@10—(‘(9—00)(19—(1)—1)@1’0
(O —0)(F—0—1)—z(O+a)(®—0+1)(0—),

which is a special case of (51) with
ag=a, am=-w0+1, az=—-w0, b=—-0, by=—-—w-—1.
Standard moments recurrence operator
Oy = (S - 0) (L —o-1)D
=["NS —w-1)—z(L+ 1) (L +a) (S —o+])] (S —o).
Modified moments recurrence operator
10—(<7+n— o) (L +n—w+1)¥
=[S (S +n—w-1)—z(L+n+a) (L +n—o0+ 1) (S +n— o).

3.3.6.2. Geronimus Christoffel Meixner functional
Linear functional

G.C - X — W e
LYY [u] = = No.
ro lu] ,Zax—wzu(x) (@), 5 o1 # o, o ¢No

First moment differential operator
O =07 (0 —wy) =0 (O —w— 1) (O — ) —z(0+a) (D — o +1) (0 — m)),
which is a special case of (46) with

ai=a, a=-w+1, az=—-wy, bi=—w—1, by=—w.
Standard moments recurrence operator
q’?oc = ?.,0 (S — )
=[""NS o) —2(L+1)"(L+a) (S — o+ 1)] (L —w).
Modified moments hypergeometric representation

at+nn—w+1,n—w

k)

GC n— o n
Vv, (z) = ——(a), 7" 3F
@)= @ s o1
Modified moments recurrence operator

P =W (S +n—m)
=[(S+n—o—- 1) —z(L+n+a) (L +n—w+1)| (L +n—m).
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3.3.6.3. Double Christoffel Meixner functional
Linear functional

Lolul = (r— o) (x— 02)u(x) (a),

- z
-
x=0 X

First moment differential operator

Oy=0 (-1 —1)(® - —1)—z(d+a) (d — w1+ 1) (8 —an+1),
which is a special case of (46) with

ag=a, a=—-w+1, aa=—-w+1, bj=—w1—1, by=—wr—1.

Standard moments recurrence operator

Oy = SN (S — o —1) (S —an—1)
(I (L +a) (S — o+ 1) (S — o+ 1).

Modified moments

2
Vi = Vit (o) vy

= V2 + (2n+1— 01— ) Va1 + (n — 1) (n — 02) Vi

—a—n—2

= (vzz2+vlz+ vg) 2" (a), (1—2) ,
where

V) = (a+w1)(a+w2),
v =a—(a+ ) — (a+w)w +n(l+2a+ 0+ o)
Vo= (n—wp)(n—ow).

Modified moments hypergeometric representation

2 at+nn—o+1l,n—wr+1
V@) = (=) (=) (@), 2o [T T T

Modified moments recurrence operator

Y= (S - — 1) (S +n—a—1)
—2(S+nta) (S +n—o+1)(L+n—m+1).
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3.3.6.4. Reduced-Uvarov Christoffel Meixner functional
Since for the Christoffel Meixner functional we have

c(®) =90 -w-1), 7(0)=0+a)(®-—0+1),
we will have reduced cases for its Uvarov transformation U ({) if
{=0,0+1,—a,w—1.
=0

Linear functional

First moment differential operator

G)%O),C:(z&—l)@)fozﬂ(ﬂ_w_1)(19_1)_Z(19+a)(19_w+1)19,

which is a special case of (51) with

a=a, a=—-w+1, a3z=0, by=—w—-1, by=-—1.

Standard moments recurrence operator
U(0),c

o) = (7~ 1)

=N —o-1)(S 1)L+ (L +a) (S —w+])S.
Modified moments recurrence operator

P/ = (S ) ¥ = S (S0 1) (S +n—1)
—z2(L+a) (L +n—o+1) (S +n).

i)l=w+1
Linear functional

=

7
Ly V) = Y (- 0)u () (@), +nu(o+ 1),
x=0 :
First moment differential operator
ey = (9 - w-2)6,
=90 -0w-1)%-0w-2)—z(»0+a)(d—w+1)(d—w—-1),

which is a special case of (51) with

ag=a, a=—-0+1, aa=—-w-1, bj=—w0-1, by=-w-2.
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Standard moments recurrence operator
@] ("VC = (7~ 0 -2) 0,
=[N —w-2)— (L + 1) (L +a) (S~ o+ )] (L —o-1).
Modified moments recurrence operator
w = (-0 - 1),
=[S (L +n—0-2)—z(L+n+a) (L +n—o+ )] (L+n—w—-1).

i) { = —a

Linear functional

First moment differential operator
U(—a),C
oy ¢ = (9 +a)6¢,
=90 -w—-1)(0+a)—z(0+a)(d—w+1)(d+a+1),
which is a special case of (51) with
ag=a, a=—-0+1, az=a+1, bj=—w—-1, by=a.
Standard moments recurrence operator
@) = (S +a) 0§,
=[N S —w-1)—2(L+ 1) (S —0+1) (L +a+ )] (S +a).
Modified moments recurrence operator
P = (St a+ 1)¥E,
=[S (S +n—-w-1)—z(L+n—0+1)(L+n+a+ 1) (S +n+a).

ivy{=w-1
Linear functional

First moment differential operator

ey = -o+16f,
=90 -0w-1)O%-—w+1)—z(0+a)(d—w+1)(d—w+2),
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which is a special case of (51) with
ag=a, a=—-0+1, aa=—-w0+2, bj=—w0—-1, by=—-w+1.
Standard moments recurrence operator
o] (" V= (7 — 0+ 1)0f,
=[N —o-1)—2(L+1) (L +a) (S —0+2)] (L —o+]).
Modified moments recurrence operator

Yo T = (S -0 +2)¥5,
= (S +n—-0w-1)—z(L4+n+a)(L+n—0+2)|(L+n—w+1).

3.3.6.5. Truncated Christoffel Meixner functional
Linear functional

N
i, N € Np.
Xx'

T.C
Lij [ =Y (x—0)u(x) (a)
x=0
First moment differential operator
015 =(®-N-1)65,
=930 —-0-1)(3-N—-1)—z(F+a)(—w+1)(3—N),
which is a special case of (51) with
ag=a, ap=-w+1, az=-N, bj=—w—-1, by=-N-—1.
Standard moments recurrence operator
OIS = (F = N= 1)@y =" (S —w—1)(F~N—1)
—z2(+1)"(L+a) (S —w+1) (S —N).
Modified moments recurrence operator
YIS = (S +n—N)¥y=S(S+n—0—1)(S+n—-N—-1)
—z(S+n+a)(L+n—w+1)(L+n—N).

3.3.6.6. Double Geronimus Meixner functional
Linear functional

HATES

o= o) (x—an)
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First moment differential operator
2
O =0 (9 — ) =010 (9 — 1) (9 — )
=0 (0 —) (0 —w) —2(8 +a) (9 — o) (¥ — )
which is a special case of (51) with
ay=a, a=-0;, a3=-w, bi=-0, by=-w.
Standard moments recurrence operator
2
q’lcp = q’lcp (S =) =@ (S — o) (S —m)
= [ L+ 1) (L +a)] (L - o) (S —w).
Modified moments hypergeometric representation

n

VGZ(Z)— (a), z a+n,n—wo,n—m .
" _(n—wl)(n—a)2)3 2 n—w+1ln—w+1"7|"

Modified moments recurrence operator

\P%:\PEO(y+"—w2) =¥ o(SL+n—w) (S +n—wn)
= —z(LH+n+a)(L+n—m) (L +n—w).

3.3.6.7. Reduced-Uvarov Geronimus Meixner functional
Since for the Geronimus Meixner functional we have

G(9)=9(0-0), T(0)=(0+a)(9-0), o¢N,
we will have a reduced case for its Uvarov transformation U ({) if
{=0,—a.
=0

Linear functional

First moment differential operator

07 = (9-1)0f,= (8~ 1)010( — 0)
=00 —0)(—1)—z(0+a)(d—)?,

which is a special case of (51) with

ay=a, a)=—, a3:0, blz—w, by =—1.
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Standard moments recurrence operator

oV = (7 - 1)) = (S~ 1) D1 (S~ 0)

=["NI - 1)—2(L+1)"(L +a) S| (S~ o).
Modified moments recurrence operator
PO = (7 )G = (S ) W10 (S - )
=[S (S +n—=1)—z(L+n+a)(S +n)] (S +n—w).
ii) { =—a

Linear functional

First moment differential operator
015 = (9+a)0fy = (9 +a)010(d )
=90 —-w)(F+a)—z(0+a)(¥—w)(F+a+1),
which is a special case of (51) with
ag=a, a=-0, az=a+1, bj=—-w, by=a.
Standard moments recurrence operator
@)= (S +a)0F, = (S +a) @10 (S~ 0)
=[S (I + 1) (S +a+ )] (L +a) (S —w).
Modified moments recurrence operator

WO = (S tatn+ DY, = (S +atn+1)¥10(F +n—0)
= —z(S+at+n+)|(L+a+n) (L +n—o).

3.3.6.8. Truncated Geronimus Meixner functional
Linear functional

N
=3 @), 2 Neno, ogN,

First moment differential operator

01y =(0-N-1)6;= (8 —N—1)0(9 — »)
=90 —w)(O-N—1)—z(8+a)(d—w)(®—N),
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which is a special case of (51) with
a=a, a=-w0, az=—-N b =—w, by=-N-1.
Standard moments recurrence operator

D= (S —N-1)f = (S -N—-1)®1o( — )
=" NI -N-1)—2(Z+1)"(L+a) (S —N)| (¥ —0).

Modified moments recurrence operator

‘PlT:(?:(y+"— NY¥To= (L +n—N)¥1o(S+n—o)
=[S (S +n—-N—-1)—z(S+n+a)(S+n—N)| (S +n—w).

3.3.6.9. Double Uvarov Meixner functional
Since for the Reduced-Uvarov Meixner functional we have

ol () =00 —-1), 1 (©)=0(+a)

1
ol P (®)=0(®+a), 15 B)=(+a)(®+a+1),

we will have a reduced case for their Uvarov transformations U ({) if
{=1,—a, or {=0,—a—1.

=1

Linear functional

First moment differential operator

ol = (8 -2)0!) = (8 -2) (0~ 1)O10

)

=00 -1)(0-2)—z(0+a)¥(9—-1),
which is a special case of (51) with
a=a, ap=0, az=-1, by=—-1, by=-2.
Standard moments recurrence operator

of () = (7 =)0 = (7 -2)(# ~ D@
[N =2)—2(S+ 1) (S +a) L] (S —1).
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Modified moments recurrence operator

P = (= DY = (S 40— 1)(F ) i
=[S (S +n=2)—z(L+n+a) (S +n)| (L +n—1).

i) { =—a

Linear functional
U(*d,O) < ZX —da
L0 = S u) (@, S+ mul0)+ mau(-a)z .

First moment differential operator

ofy " = (@ +a)6lf’ = (9 +a) (9 - 101
=0(0-1)(0+a)—z(+a)d (O +a+1),

which is a special case of (51) with
a=a, a=0, az=a+1, b=—-1, by=a.
Standard moments recurrence operator
ol = (7)ol = (7 +a) (7~ 1)@rg
=[N - 1) —2(L+ )" S (S +a+]1)| (L +a).
Modified moments recurrence operator

PO = (St at DY = (L ntat1)(S )P
=[S +n—-1)—z(L+n) (L +n+a+ 1) (L +n+a).

iil) { = —a—1
Linear functional

o

—a—1,—a 7' a e
LY = T (@), S+ mu(—a) 7+ mau(—a— Dz

x=0

First moment differential operator

e = +a+1)0Yy = (0 +a+1)(9+a)O1y

=90 +a)(O+a+1)—z(F+a)(F+a+1)(O+a+2),

which is a special case of (51) with

ay=a, ay=a+1, az=a+2, by=a, by=a+1.

137
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Standard moments recurrence operator
o = (S rar )OS = (S Hat 1)(S +a) i
=[N (I +1)"(S +a+2)] (S +a) (S +a+]).
Modified moments recurrence operator

P = (St ta )W = (St at 2) (S A ntat )P

= —z2(S+n+a+2)|(L+n+a) (S +n+a+1).

3.3.6.10. Reduced-Uvarov Truncated Meixner functional
Since for the Truncated Meixner functional we have

o(8)=0(@-N-1), 7(8)=(@+a)(¥-N), NeN,
we will have reduced cases for its Uvarov transformation U (§) if
{=0,N+1,—a,N.

i) =0

Linear functional

First moment differential operator
o7 = (0 -1)0]y= (9 —1)(9 —N—1)01,
=3(0-N-1)(O—-1)—z(%+a)(®—N)9,
which is a special case of (51) with
ay=a, ap=-N, a3z=0, bj=—-N-1, by=-1.
Standard moments recurrence operator
o/ = (7 1)l = (S~ 1) (S ~N—- 1)y
=S"NS - N-1) (S ~1)—2(L+1)" (S +a) (S —N).Z.
Modified moments recurrence operator

WO = (7 4l = (F +n) (S +n—N)¥10
=S (S +n—-N-1)(S+n—1)—z(L4a) (S +n—N) (S +n).
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i) {=N+1
Linear functional
U(N+1),T il 7
L = B u) (@), 5 +nuV+ D2, Ve
x=0 :

First moment differential operator

ey = (8 -N-2)0] = (8 -N-2)(8 -N-1)0
=9 -N—1)(0-N-2)—z(8+a)(®—N)(8—-N—1),

which is a special case of (51) with
a=a, a=-N, az=-N—-1, bj=—N—-1, by=-N-2.
Standard moments recurrence operator
o)V = (7 N-2)@T = (S —N-2) (S~ N-1)Pyg
=[N -N=-2)—2(L+1)" (L +a) (S —N)| (¥ —N-1).
Modified moments recurrence operator

VDT (7 - N— )W = (S +n—N—1) (L +n—N)¥ig
=[S (S 4+n—-N=2)—z(S+n+a)(S+n—N)|(L+n—-N—-1).

iii) { = —a
Linear functional
U(—a),T y
Liog ™" [u]= Zu(x) (a)x; +nu(—a)z *, NeN.
x=0 :

First moment differential operator
Ol — (9 +a)0T )= (0 +a)(®—N—1)Oy4
=00 -N-1)(0+a)—z(0+a)(O—N)(O+a+1),
which is a special case of (51) with

ay=a, ap=-N, az=a+1, bj=—N—-1, by=a.

Standard moments recurrence operator
U(—a),T T

D, =(S+a)®y=(S+a)(S—N-1)P

=[S -N-1)—2(L+1)'"(F —N) (S +a+1)| (L +a).
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Modified moments recurrence operator

PO = (S tntat )= (S +ntat 1)(S +n—N)¥ig
=[S (S +n—N—-1)—z(L+n—N)(S +n+a+1)|(S +n+a).

iv){=N
Linear functional
U(N),T y 7
Lig " [u]= ZM(x) (a)x; +nu(N)ZY, NeN,.
x=0 :

First moment differential operator
o1 = (0 -NOT,= (@ -N)(B-N-1)01
=00 -N-1)(0—-N)—z(0+a)(d—N)(9-N+1),
which is a special case of (51) with
ay=a, ap=-N, az=-N+1, by=—N-1, by=-—N.
Standard moments recurrence operator
YT = (7 N @l = (S~ N) (S~ N~ 1)@y
=["NS-N-1)—2(L+1)" (L +a)(S—N+1)] (L —N).

0]

Modified moments recurrence operator

VT = (S =N+ )W = (S +n—N+1) (L +n—N)¥ig

=[S (S4+n=-N-1)—z(S+n+a)(S+n—N+1)| (S +n—N).

3.3.6.11. Christoffel Generalized Hahn functional
Linear functional

5 (a1), (@2), 2
=S oo (S

First moment differential operator
05, =8B +b)(B-—0—1)—z(0+a)(D+a)(®-0+1),
which is a special case of (51) with
aa=—-—w+1, byj=b, by=-ow-1
Standard moments recurrence

5, =SS +b) (S —w—-1)—2(L+1) (L +a) (S +a) (S —o+]).
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Modified moments hypergeometric representation

(a1),(a2),
Bn,

Modified moments recurrence operator

ai+n,a+nn—o+1.

Vi (2) = (n—w) b+l4+nn—o °°

Y, =S (S +n+b) (S +n—0—1)
— (S +n+a) (L +n+a) (S +n—w+1).

3.3.6.12. Geronimus Generalized Hahn functional
Linear functional

_ v U@ (a), (),
Lgl[u}_xz:%)x_w W;7 ﬂ)¢N0.

First moment differential operator
O =01 (D —0)=0(0+b)(D—0)—z(9+a) (9 +a) (9 —w),
which is a special case of (51) with
a3=—-w, b =b, by=-o0.
Standard moments recurrence operator
O =Dy (S —0) =[S (I +b)—2(S+ 1) (S +a) (L +a)] (S — o)

Modified moments hypergeometric representation

G 1 (al)n ((12)” n ai +n7a2+n7n —
(2) = A R iz ).
n—o (b+1), b+1+nn—w+l

Modified moments recurrence operator
\Pgl :\11271 (f—kn—w)
=[S (L +n+b)—z(L+n+a) (L +n+a)] (L +n—o).

3.3.6.13. Reduced-Uvarov Generalized Hahn functional
Since for the generalized Hahn functional we have

c(¥)=00+b), () =>0O+a)(O+a),
we will have reduced cases for its Uvarov transformation U ({) if

C = Oa_b7_a17_a2~
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i) E=0

Linear functional

B = Tl GEEES ).

First moment differential operator
0 = (90— 1)@21 =0 (9 +b) (0 — 1)~ 2(9 +a1) (9 +a2) D,
which is a special case of (51) with
a3=0, by=b, by=-1.
Standard moments recurrence operator

o)\ = (&~ 1)@y = " (S +b) (S~ 1)
—z(L+ D) (L Har) (S +ar) S
Modified moments recurrence operator
Wi = (St n)¥oy =S (S 0+ b) (S +n—1)
—z2(L+n+a) (L +n+a) (S +n).
For the special case z =1, see [5].

i) E=—b

Linear functional

LZY”[Mzzfzu@)ﬁ%gi%%&§§+nu(—mz@

First moment differential operator

®§Y”=(ﬁ+b—lﬂhJ:ﬁ(ﬂ+bxﬂ+b—1)
—2(0 +a1) (8 +a) (O +b),

which is a special case of (51) with
a3=b, bl :b7 b2=b—l.
Standard moments recurrence operator

@) = (S o 1) Dy,
=[S"NI+b-1)—2(L+ 1) (S +a) (L +a)] (L +D).
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Modified moments recurrence operator

Wi = (4 n+b)¥a
=[S (L +n+b-1)—z(L+n+a) (L +n+a)] (S +n+b).
iii) { = —ay
Linear functional

a), 7* —a
214 ?1)2)54—7]“(—(11)1 L

First moment differential operator
0 = (0 +a1) 021 =0 (8 +b)(9+ar) —z(D+ar) (D +a2) (9 +ar+1),
which is a special case of (51) with
az=a +1, by=b, by=a.
Standard moments recurrence operator

cDZY“” =(S+a) Dy,
= [S"NI +b) (L + 1) (S +a) (L +a+ )] (S +ar).

Modified moments recurrence operator

W = (S tntar+ 1)
=[S +n+b)—z(L+n+a) (L +n+a+ 1) (S +n+a).

3.3.6.14. Truncated Generalized Hahn functional
Linear functional
)i (@), 2
X!’

LY — 2 .
21 Zu b+l) NENO

First moment differential operator
0 =(0-N-1)01 =0 (0 +b) (8 -N—1)—z(+a1) (9 +a) (8 -N),
which is a special case of (51) with
a3=—N, by=b, by=-N-1.
Standard moments recurrence operator
Q) =(S—N-1)0y =" (S +b)(S—N-1)
—z2(S+1)" (S +a) (S +a) (S —N).
Modified moments recurrence operator
Y = (S +n—N)¥y =S (S +n+b)(S+n—N-1)
—z(L+n+a) (S +n+a) (S +n—N).
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4. Summary

In this section, we list all the functionals and their transformations. Note that we
have

s=0 s=1 s=2

Charlier (0,0) | 4 cases (1,1) 15 cases (2,2)

Meixner (1,0) | 5 cases (2,1) 20 cases (3,2)
Generalized Charlier (0,1) 5 cases (1,2)
Generalized Meixner (1,1) 6 cases (2,2)
Generalized Krawtchouk (2,0;N) | 5 cases (3,1;N)
Generalized Hahn (2, 1) 7 cases (3,2)

Charlier

Differential operator:
Op =9 —z
(i) Christoffel transformation (of type 1,1):
@00—19(19—w—1)—z(19—w+1).
Double transformations (of type 2,2):
@00_19(19—@1—1)(19—@2—1)—z(19—a)1+1)(19—w2+1),

OFy =0 (0 — w1 — 1) (0 — ) —z(— 1 +1) (0 — w)),

Opy =0 —0-1)(®-1)-z2(0-0+1)0,
G(Iing)c YO —ow-1)(0-—0-2)—z(F-0+1)(F-—0-1),
G)%wfw O -0-1)F-w+1)-z(0-—0+1)(d-0+2),

Oy =0 —0—1)(-N-1)—z(0 —0+1)(d—N).

(ii) Geronimus transformation (of type 1,1):

Ofp=0(—0)—z2(8—-0).

Double transformations (of type 2,2):
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Oy =0 (8 —w)(0—1)—2(0 ~ 1)V,

O =00 —)(9-N-1)—z(8 — ) (9 —N).
(iii) Reduced-Uvarov transformation U (0) (of type 1,1):

Oy =0 (9 —1)—z0.

Double transformations (of type 2,2):

cU(0 U(0),c G.U(0
6070( ) :®0,E)) ) 6070 ©

oY =9 (B —1)(8—2)—B (9 1),
Ops " =0 (9 —1)(9—N—1)—20(8 —N).
(iv) Truncation transformation (of type 1,1):
Blo=0(O—-N—-1)—z(d—N).
Double transformations (of type 3,2):

CT _ ATC GT TG U(0),T _ AT,U(0)
O =O00: ©pp =Opps Opg " =6p)

Opy T =9 (®-N-1)(8-N—-2)—2(8 ~N)(8 ~N—1),
Oy =9 (B - N—1)(8 ~N)—z(8 ~N) (8 ~N+1).

(v) Uvarov transformation (of type 2,2):
Bp=0B—-0-1)®-0)-z(0-0)(F-0+1), ©#0.
Meixner
Differential operator:
O0=0—-2z(%+a).
(i) Christoffel transformation (of type 2,1):
=00 -0—1)—z(@+a)(9—w+1).
Double transformations (of type 3,2):

Oy =0 (-1 —1)(® - —1)—2(8+a) (- w1+ 1) (8 —an+1),
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05 =0 (0 - —1)(9— ) —z(d+a) (B — 0 +1) (8 — ),

9%0)’C=ﬂ(ﬂ—w—1)(19—1)—z(19+a)(19—w+1)19,
O/ =00 -—0-1)(®-0-2)—z(B+a)(d -0+ 1)(0-v-1),
@1U,<(f“)’c=ﬂ(ﬁ—w—1)(19+a)—z(19+a)(19—w+1)(19+a+1),
O/ =00 —0-1)(®-0+1])—z(B+a)(d-0+1)(0-0+2),

O =0(@—0-1)(B-N-1)—z(8+a)(¥—0+1)(8-N).
(i) Geronimus transformation (of type 2,1):
0y =18 (8 - 0)—z(d +a) (¥ - 0).

Double transformations (of type 3,2):

C,G _ AGC
O =01,

O =8 (8 — 1) (9 — ) —2(D +a) (9 — @) (9 — ),

07 =9 (0~ w)(0—1)—2(d+a)(d - w)D,
0y =0 (90— w) (0 +a)—z(0+a) (9~ ) (d+a+l),

U(0),G _ oG
O, " =06

Oy =90 —w)(®—N—1)—z(d+a) (0 —0) (8 —N).
(iii) Reduced-Uvarov transformation U (0) (of type 2,1):
ey =0(9—1)—z(0 +a)v.
Double transformations (of type 3,2):

QC:U(©)

U(0),c GU(0
U0 _ gUOIC iU

1,0 > 1,0

2
®If,o(1’°) =00 —-1)(0-2)—z(8+a)8(d—1),
0y = 99— 1) (9 +a)—2(D+a) 9 (D +a+1),

OrY O — (9 —1)(0—N—1)—z(8 +a) 9 (9 —N).
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(iv) Reduced-Uvarov transformation U (—a) (of type 2,1):
01y =0 (0 +a)—z(0+a)(®+a+l).
Double transformations (of type 3,2):

U2(0,—a)

—a), U%(—a,0)
1,0 ) ®1,0

®1C(I)J(fa) _ ®U(7a),C ®G,U(fa) _ @170 )

1,0 ) 1,0

OV ) — 9 (9 4a) (0 +a+ 1) —2(9+a) (B +a+1) (D +a+2),
O =8 (8 +a)(®-N—1)—z(8+a) (8 +a+1)(8 —N).
(v) Truncation transformation (of type 2,1):
Ol g=0 (O —-N—-1)—z(d+a)(d—N).
Double transformations (of type 3,2):

c,T G,T U(0),T _ LT.U(0) U(-a),T _ AT.U(—a)
®1o—®107 610—6107 O =01, , © ‘ =0, “,

1,0
QUM — (9 —N—1)(9 —N—2)—z2(8+a) (9 —N) (8 —N—1),
@(ﬂé) =9 (O -N-1)(8-N)—z(0+a)(—N)(8-N+1).

(vi) Uvarov transformation (of type 3,2):

@10—19(19—(0—1)(19—w)—z(19+a)(19—w)(19—w+1), o #0,—a.

Generalized Charlier

Differential operator:

@071 = 19(19+b)—
Transformations (of type 1,2):

(i) Christoffel
@01 =900 +b)(—w—-1)—z(0—w+1),

(ii) Geronimus
0f, =09 (0+b)(8—0)—z2(8—0),

(iii) Reduced-Uvarov

Y\ =9 (9 +b) (8 —1)— 20,

)

o1 =0(O+b)(O+b—1)—z(D+D),

(iv) Truncation
05, =0 (D +b) (8 —N—1)—z(9—N).
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Generalized Meixner
Differential operator:
011 =0(0+b)—z(F+a).
Transformations (of type 2,2):
(i) Christoffel
Of | =0 +b)(d—w—1)—z(F+a)(D—0+1),

(ii) Geronimus
Of =9 (0 +b)(9—0)—z2(d+a)(d—0),

(iii) Reduced-Uvarov
ol =9(9+b)(0-1)-2(9+a)9,
Oy =0 (0 +b)(B+b—1)—2(8+a)(B+b),
Qﬁ(fa) =0(0+b)(O+a)—z(d+a)(9+a+1),
(iv) Truncation

Of | =00 +b)(—N—1)—z(d+a) (0 —N).

Generalized Krawtchouk
Differential operator:
Oy 0y =0 —z(0—N) (9 +a)
Transformations (of type 3,1;N):
(i) Christoffel
OSon=D(D—0—1)—z(3—N)(O+a)(d—w+1),

(ii) Geronimus
OF oy =0 (0 —0)—z(9 —N) (D +a) (¥ —w),
(iii) Reduced-Uvarov
B (O —1)—z(0—N)(8+a)?d,
Oy =0 (8 —N)—z(8 —N)(8+a) (8 ~N+1),
Y (O +a)—z(0—N)(O+a)(F+a+1).
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Generalized Hahn functional of type I
Differential operator:
01 =0 (0+b)—z(0+a1) (0 +a).
Transformations (of type 3,2):
(i) Christoffel
05, =0 (0+b) (D —0—1)—z(0+a)(D+a)(®-0+1),
(ii) Geronimus

OF =0 (D+b)(8—w)—2(d+ar) (D +a2) (- 0),

(iii) Reduced-Uvarov

0 =9 (9+b) (0~ 1)—2(0+a1) (9 +a) D,
O\ =0 (0 +5) (0 +b—1)—2(0+ar) (O +a) (9 +b),
O =0 (8+b)(0+ar) —z(d+ar) (B +ax) (9 +ar+1),
O =0 (8 +b) (8 +a2) —z(d+ar) (B +ax) (9 +az+1),

(iv) Truncation

O | =0(+b)(8—N—1)—z(0+a1) (9 +az) (O —N).

5. Conclusion

We have studied the discrete functionals (6) characterized by the hypergeometric
differential equation satisfied by their first moment A (z) = L[1],

[0 (0 +b)—z(9+a)][l] =0, acKP, beKd.

We obtained recurrence relations for the moments on the monomial and falling factorial
polynomial bases, and gave examples for all functionals of class s < 2, where s =
max{p—1,q}.

We are currently working on further applications of our results to study some prop-
erties of the orthogonal polynomials themselves (representations, recurrence-relation
coefficients, generating functions, etc.).
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