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MODIFIED JAIN-PETHE-BASKAKOV-DURRMEYER
OPERATORS AND THEIR QUANTITATIVE ESTIMATES

HONEY SHARMA AND RAMAPATI MAURYA *

Abstract. In this paper, we present a modification of Jain-Pethe-Baskakov-Durrmeyer operators
and estimate their moments. Then, we establish the uniform convergence of the proposed family
of operators. Further, we use modulus of continuity and K -functional to establish local approx-
imation behavior of these operators. Also, we compute the rate of convergence of the operators
through Lipschitz class functions. In the last section, we present some quantitative results for
difference of the proposed operators with Jain-Pethe operators and Durrmeyer type variant of
Jain-Pethe-Baskakov operators.

1. Introduction

Research work in the field of mathematical analysis is significantly contributed
by the approximation via sequence of linear positive operators which has not only the
applications in mathematics but also in the field of engineering and physics. Weier-
strass approximation theorem lead the foundation of approximation theory and strongly
propagated by a classy proof of the aforesaid theorem, given by S. N. Bernstein [18].
In 1930, an integral form of Bernstein operators was introduced by Kantorovich [16]
and in 1957, Baskakov [17] investigated another class of operators in the linear space
C[0,o0) known as Baskakov operators. Later, in order to approximate the Lebesgue
integrable functions, Durrmeyer [19] introduced another integral type generalization
of Bernstein operators. Recently, Kantorovich and Durrmeyer type generalization of
several operators were presented and investigated for their approximation behavior; see
[13, 14, 15].

In context of the present article, Jain-Pethe operators [1 1] are given by

(@) . S r
Jm A) — m,r — fi 0< < 17
(f:x) Zf)s 7 (x)f( ) or mo

where
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and & = (04n)men is such that 0 < oy, < L.

By considering a new parameter A > 0, a modification of Jain-Pethe operators
was introduced by Abel and Ivan [10] as follows:

Ly, 5 (f3x) = Egmrl ( )

where g,, .3 (.) is the basis function defined as

) = A\ (mAx), 1
Emra Y=\ T2 (LA

and (m), =TT/_y (m+i), (m)o = 1 denotes the Pochhammer symbol.

LEMMA 1. [9] Moments of Jain-Pethe operators are given as follows:

Lya(Lix) =1,
LmJL (t;x) =X

22 1+A X
LmJL(t 7x> =X +< 1 m’

5o s (204 0)+1N\2  ((I+A)°F1) x
LmJL(t 7x> =X +< A m+ A2 m2’

Inspired by the above studies, here, we introduce a modification of Jain-Pethe-
Baskakov-Durrmeyer operators using the basis function considered by Abel and Ivan
[10] and study their approximation properties.

2. Construction of operator

For f € C[0,), we define modified form of Jain-Pethe-Baskakov-Durrmeyer op-
erators, as follows:

J)L(fx _1 ngrl / |:m+:_l:| Wf(t)dt, (H

where g, .1 (.) is the basis function.
Now, we recall the definition of well-known 3 -function given as follows:

oo xm
ﬁ(m,n) = /0 de, m,n > 0. (2)

LEMMA 2. Forl e N and

“Im+r—1 t" !
1(m,r) = (m )/O |: r ] (l+t)m+rt g
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we have

(r+0)(r+2)...... (r+1)

Iy(m,r) = (m—2)(m—3)...(m—1-1)’

and Io(m,r) = 1.

Proof. Using definition of 3 -function, we have
“lm+r—1 t" !
I =(m—-1 ———t'dt
) = =0 [
:(m—l)[m+:_l]ﬁ(r+l+l,m—l—l)

(r+1)(r+2)...(r+1)
(m—=2)(m—3)...(m—1—1)

O

LEMMA 3. For e, =t*, k =0,1,2,3, the moments of the operators (1) are as
follows:

(i) Jm(eosx) =1,

(i) h(ern) = 2,

iii) J*(ex:x) = ; mex’ (1+4) mx + 3mx

(iii) Ty (e23x) (m—Z)(m—3)[ +< 7 ) +3 +2},

v Aoyix) = ! mx M m*x*
) e = e (T )

(14+2)2+1  (1+A)
+< o H6 1L mx+6).

Proof. For f(t) =t*, k=0,1,2,3, the proposed operators can be expressed as:
Jlt 3X) ng,l My (m,r).
For k =0, we have

T (eo3x) = ngrl Mo(m,r)

= m,l(l’x)
=1.
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2 together with the equation (2), we have

ngrz
= T ol s,
2 8Em, r?L

(mLy, 3, (£5%) + Ly 5. (15x))

m (e1;x M1 (myr)

Y(r+1)

B 1
- (m—-2)
mx—1

m—2"

Following above for e, = %, we have

Jﬁ(ez;x) =

Similarly, for e3 = 3, we have

e3’

- (m—2)(m—

Egmrl 12 m r)

(r+1)(r+2)
Egmrl m
(mziz,gmm (r +3r+2)
m (mszJL (tz;x) + 3mLm7)L (t;x) + ZLm.,?L(l;x))

1 (14 2)
= g e (a2

ng r?L 13 m r)

r+l)(r+2)(r+3)
ngrl _2)(m_3)(m_4)

1

(m—2)(m—23)(m—4) ;gm,r,x(X)(r3 +6r2+11r+6)

1

3)(m—4) (mgL’"”l (1) + 6m*L,, 5 (1%:x)

+11mLy, 5 (t:x) + 6Lm7;L(1;x)>

a (m—2)(ml_3)(m_4) [m3x3+ (%Jm)mzxz
+<(1+22+1+6(1y>+11)mx+6] 0
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LEMMA 4. The central moments of the operators (1) are as follows:

1
J’ﬁ (t —x;x) = m@x— 1),

A —x)Pin) = — L [y (LEA M0

A5 = oyt o (7 4 2]
1

(m—2)(m—3)(m—4)

It =x)%x) =

12
X [Z(Sm +12)x° + (Tm — 13m? +69m — 36)x2

2
+<(l+i$m+67m+11m+24)x+6].

THEOREM 1. Let

v(x)
14x2

E={y:x€0,),

converges as x — °°},

and C[0,0) be the linear space of all real valued continuous functions defined in [0, o).
Then, for f € ENC[0,%0) and A > 0, the sequence of operators {JA(f;.)}men uni-
Sformly converges to f on every compact subset of [0,0).

Proof. Considering Lemma 3, we have

lim J (ex:x) =x*, k=0,1,2

m-—oo

uniformly on every compact subset of [0,e0) and then following [8, Theorem 3.1], we
obtain the required result. [

3. Convergence behavior of the operators

Consider a subspace Cg[0,0) of C[0,c0), as the space all real valued bounded
continuous functions defined in [0,0) equipped with supremum norm.

THEOREM 2. (Local approximation theorem) For f € Cg[0,), there exists a
positive constant M > 0 satisfying

A0~ 1)) < Man(£.,00) + 0 1| 23). e 0.
where
2 - ; m2 m — .X2 m2 — m
6, (x) = =2 m=3) (( +8m — 24)x" + ((6 22m+24)

D))
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Proof. To prove the result, we shall employ certain tools of quantitative approxi-
mation. For details, readers may refer to [3, Theorem 2.4].

For f € Cg[0,0), we define

In(f3x) =J$(f§x)+f(x)_f<n’;x:21>.

Using Lemma 3, we immediately get, /% (r — x;x) = 0.

For g € W? = {y € Cp[0,) : ¥/, y" € Cp[0,)}, by applying Taylor’s series
formula, we have

W) = v+ (=W W+ [ 0w e

On applying the operator {J&} in the above equation, we have

Sitwsn) = v+ 7 [ -y i
= v 475 ( [ 0w was

X

mx— mx_ l "
/x (m—Z u)l[/ (u)du.

Thus,

mx—1

vl < Ji ([ -y lax) + [T

1 2
< T((f — )2 " mx _ an
<=l + () =) v

mx—1

— | )

—Uu

On applying Lemma 4, we get

m+6)x+ (1—'_A +M)mx+2]
m

700 vl < (gl :

‘
+( —x )| vl

_ m (m? + 8m — 24)x> + <(6m2_22m+24)

e [

//H-

= G, (0 y
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Also, [7%(f;x)| <3|/ f]. We observe that, for f € C[0,%) and y € W?, we get

mx—1

A0 = 10 = |70 1)+ () = £t
<V y) | ws) — )
) - 11+ () - s

y 2x—1
<allr v+ G+ o7 255
2x—1
=)}

For all y € W2, on the right hand side, taking the infimum, we obtain

=)
)

The Lipschitz type subspace [12] of the space C[0,) is defined as

< 4<f— vl +6,,%<x>w”) +w(f,

it - 1 <4k (1,530 + o

Finally, we get

(0~ 1)) < o (1.8, o

which is the required result. [

Livilr) = { € C0=): 10) ~ 0] < My >0

here My is a positive constant which depends on the function f and 0 <r < 1.

THEOREM 3. If f € Lip;,(r) and 0 < r < 1, then for x > 0,

A0 — £ < Mf(

Proof. For f € Lipy,(r),

T4 (fF():x) — f ()|
m+x—1

< (m—l)'iogmﬂ(’l(x)/om[ » ] ﬁlf(t)—f(x)ldt

- “Im+rk—1 t* |t —x|"
<m-1Y g, x/ :
=) Bmnao) [ 57|

dt.
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Applying the integral form of Holder’s inequality with ot = 52, B = %, we get

)
A 1)) — £
<m0y 3 ema (" )

k=0
oo _ K 42 %
o / m+K—1 t |t — x| a)
o L ox [ TEmE ()
Again, applying summation form of Holder’s inequality for o« = %7 B= % , we obtain

T (£ ():%) = f ()| oo

< Mf<(m— I)Kiogm,x,z(x)/: [er:_ 1} ﬁdo -

X ((m— l)g)gm,x,l(x) /ON [m-l-:— l] (1 +ttK)m+'f |(tt:-);)2dt> 7
My (J,’}l((t—x)z;X))%-

S

By setting 82 (x) = JA((r — x)?;x), we obtain the desired result. [

4. Quantitative estimates on difference of operators

In recent years, Acu and Rasa [1], have established some results for the differ-
ence of operators by involving the operators constructed on the same basis but having
different functional. Later, Aral et al. [2] and V. Gupta [0, 4] also contributed some
interesting theorems on polynomial differences in order to answer the problem raised
by A. Lupas [5].

Recently, Gupta and Acu [7] established some results and estimated some nu-
merical computations on the difference of operators having different basis functions.
Following the results proved by Gupta and Acu in [7], here, in this section, some quan-
titative results have been presented for the difference of the proposed operators with the
operators having different basis function.

Let C(I) be the space of all real valued continuous functions defined on an interval
ICR and Cp(I) = {f € C(I) : [|f[| = supye; [ f(x)| <o}

Further, we consider a positive linear functional H : C(I) — R with H(ep) = 1
and we set

bH =H(el),
! = H(e; —bfey)”, reN.

THEOREM 4. ([7, Theorem 2.1]) Let

oo

Un= i)pm,r(x)Hm,r(V/) and Vi = ;)Sml(x)var(W)
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be positive linear operators having their basis as py (x) and sy r(x) respectively. If
v € D(I) with y" € Cg(I), then

[(Un— Vi) (w20)] < S]] + 201 (81 (x)) + 20 (y: & (1)),

where

2<pmr mr+smr(x)'u2cmr>’
2
Epmr <mer_x) )
2
Esmr (me’—x) .

I\JI'—‘

Using the above assumptions, the proposed operators {J5} can be expressed as
J)L f X 2 8m, r?L f)

here

o 0) = =) [T

0

REMARK 1. By using Lemma 2, we have

(r+1)(r+2)...... (r+1i)
(m—2)(m—3)...(m—i—1)’

Hrmr(ei) =

and H,, ,(eg) = 1. Following the above equation, we get

me‘r —

and

Hmr
W= HmJ(el — me"E())z

= Hyr(e2) — (Hmm(el))z

)+ (1)

T m—2)(m-3) (m—2)?
r2+mr+m—1

~ (m=22(m=3)’
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4.1. Difference of the proposed operators with classical Jain-Pethe operators

For 0 < am <1 and f :[0,0) — R, Jain-Pethe operators [11] can be expressed
as

KO = 3 s () T (£),
r=0

here T, -(f) :f<%) .

LEMMA 5. ([8, Lemma 2.1]) Some initial Moments for Jain-Pethe operators are
given as

B9 (1x) = 1,

J,(,,a)(tz;x) =X+ (OH— l)x,
m

1 18a 7
Lykﬁw)=x4+6<a+~—>£4—(na2+———+—7)£
m m m

_|_

1202 7o 1
— +—= X
m m2  m3

+GM+

Now, we have following quantitative result for the difference of the proposed op-
erators with Jain-Pethe operators.

PROPOSITION 1. Let y,y',y" € Cp[0,0) and x € [0,0). Then, for m € N,

(A =25 (wrx) | < SO || + 2001 (w3 81 (x)) + 201 (w3 8(x)),

where
)= gm0+ (o)
52(x) = (m_22)2 <x2+ (“ 1‘“)%%[1 (-2
1—um—2w+(m—2ﬁﬁ)
s
and

82 (x) = <a+%>x.

Proof. Here, we observe that Theorem 4 validates the Proposition. It remains only
to compute the values of ¢;(x), 0;(x) and & (x) as investigated in Theorem 4.



MODIFIED JPBD OPERATORS AND THEIR QUANTITATIVE ESTIMATES
Using Remark 1, we have

T, N

(e COmE™ s

2 +mr+m—1 o] T 2
|:gm7r77L (x> (m) + Sm r(x>Tm,r(el —b eO)

¢1(x) =

M

i
f==l

i
f==l

Ms

I
N L
gk

Zmra (X) (%)

0

‘
Il

Now, applying the Lemma 1, we get

01(0) = 51 (P 200 L) + (1) )

sz (0 (7 e 1)

Similarly,

2 x) = ngwl me, - )
r=0

(
S
of

= ng r)L
- ngrl (
ST N —

/—\
\_/

A”‘

r+1)2 (r+1)
m_2) _Zx(m—Z) —|—x2)

—

+1-2(m—2)x+ (m— 2)2x2)

B ﬁ (msz”l (€25) +2m[1 = (m —2)x|Ly 5 (e15x)

+1—2(m—2)x+ (m— 2)2x2)

__m <x2+<(1;[/1)) 201 — (m— 2)}m
2

(m—2)?
+1—2(m—2);2+(m—2) x2)'
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m r <bTmr - )
m r (Tm,r )

and

& (x)

o(5-)

r
—2—2x +x)

|5}

= (J,(,,a) (e2;x) — 2xJ,51a)(el 3X) +x2)

1
= <x2—|— (Oc + —)x— 2x° —|—x2>
m
(o+3)
=lo+—)x. O
m
4.2. Difference with Jain-Pethe-Durrmeyer-Baskakov operators

For f:[0,00) — R, Jain-Pethe-Durrmeyer-Baskakov operators defined by Dev and
Pratap [8], can be expressed as

mocfx 25

where

—x -r (r770()

si,‘,"],(x)z(1+ma)d<a+ 1) L xe[0,%),
0 = x(xt @) (x+ (r—Da), O =1

and o = (04 )men 1s such that 0 < oy, <

LEMMA 6. ([8, Lemma 2.1]) Some initial Moments for Jain-Pethe-Durrmeyer-
Baskakov operators are given as

Pua(lix) =1,
(m—3)!
Pua(tix) = (m—2)'(mx+ 1)
Poo(t%:x) EZ:;;;((mx)z—l—(am+4)(mx)+2')
Ppo(t’;x) = EZ:;;: ((mx)> + (3otm +2) (mx)?

+ (20 m* +9am + 19) (mx) +3!).
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Now, we give the quantitative estimates for the difference of the proposed opera-
tors with Jain-Pethe-Durrmeyer-Baskakov operators.

PROPOSITION 2. Let y, ¥, y" € Cp|0,00) and x € [0,o0). Then for m € N, we
have

(s = Pna) (y5)| < 01(0)| |9 + 201 (w81 (x)) + 201 (y: 82(x)),

where

0 = s (27 O (o) (7))

52(x) = %GM(%A) o[l — (-2

(m—2 m
+1—2(m—2)n);2—|—(m—2)x>
and
05 (x) ( _2>2<x +<a+m> +2[1 — (m—2)x]
2.2
+1—2(m—2);162—|—(m—2)x)

Proof. Here, we observe that Theorem 4 validates the Proposition. It remains only
to compute the values of ¢;(x), 8;(x) and O(x) as investigated in Theorem 4. Using
Remark 1, we have

¢1(x) <gm r?L Fmr [ ]( )nu;m,)

.
22
s
P

i (x X) + G (X)) (%)

Now, using the moments of Jain-Pethe operators and Lemma 1 in above, we get

$1(x) = m <m2f»51a) (e2:) +m2 I (e1:)

+(m—1)+ mszJL (e2;x) + manM (er;x) + (m— 1))

- (oo
++<1+7L) ( )

- 2<m—2n>1§<m—3> (2[x2+” (mm_zl)} " (‘”3” <%> %)'
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Similarly,

+1-2(m—2)x+ (m—2)2x2>
B ﬁ <m2Lm,/1 (e2:%) +2m[1 — (m —2)x]
X Lm7/1(el;x) +1-2(m—2)x+ (m— 2)2x2)

g (2 () 0o

1 2(m—2)x+ (m— 2)2 2)
2

§|><

and

+1-2(m—2)x+ (m—2)2x2>
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— 1 (@), . (), .
= G (PP e 2l = 20 ez
+1—=2(m—2)x+ (m— 2)2x2>

m2

- m(x% <a+%)x+2[l—(m—2)x]j—n

N 1—2(m—2)x+(m—2)2x2>. O

m2

5. Conclusion

In this work, we have presented the construction of the generalized Jain-Pethe-
Baskakov-Durrmeyer operators and established their uniform convergence. Further,
the convergence properties of the operators have been studied by means of modulus of
continuity, K -functional and Lipschitz class functions. Also, we have discussed some
quantitative results for difference of the generalized operators with the family of Jain-
Pethe operators.
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