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CHARACTERIZATIONS OF CERTAIN SEQUENCES OF ¢-POLYNOMIALS

P. NJIONOU SADJANG

Abstract. We provide a new characterization for those sequences of quasi-orthogonal polynomi-
als which form also g-Appell sets.

1. Introduction

Throughout this paper, we use the following standard notations
N:={1,2,3,...}, Ny=4{0,1,2,3,...} =NU{0}.

Let P,(x), n=0, 1,2, ... be a polynomial set, i.e. a sequence of polynomials with
P,(x) of exact degree n. Assume further that

Py
dd—)(CX) =P)(x)=nP,_i(x) for n=0,1,2,....

Such polynomial sets are called Appell sets and received considerable attention since
P. Appell [2] introduced them in 1880.

Let g be an arbitrary real number (with g # 0, 1) and define the g-derivative [0]
of a function f(x) by means of

f(x) — f(gw)
(I—gq)x ~’

and D, f(0) = f'(0) if f is differentiable at x = 0, which furnishes a generalization of

D,f(x) = if x#0 (1)

the differential operator — .

b
A basic (g-)analogue of Appell sequences was first introduced by Sharma and
Chak [9] as those polynomial sets {P,(x)};_, which satisfy

DyPy(x) = [n]yPr—1(x), n=1,2,3, - 2

where [n], = (1 —¢")/(1 —¢q). They called them g-harmonic. Later, Al-Salam [1]
studied these families and referred to them as g-Appell sets in analogy with ordinary
Appell sets. Note that when g — 1, (2) reduces to

dP,(x)

- = n— ) :172737"'
I nP,_1(x), n
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so that we may think of g-Appell sets as a generalization of Appell sets. We will call
these polynomial sets g-Appell sets of type 1.

A sequence of polynomials {Q,}, n =0, 1, 2, --- degQ,(x) = n is said to be
quasi-orthogonal if there is an interval (a,b) and a non-decreasing function ¢t (x) such
that

[N}

=0for 0<m<n—
<m

b
/men(x)doc(x) £0for O<m=n—1
’ #0for 0=m=n.

We say that two polynomial sets are related if one set is quasi-orthogonal with respect to
the interval and the distribution of the orthogonality of the other set. Riesz [8] and Chi-
hara [3] have shown that a necessary and sufficient condition for the quasi-orthogonality
of the {Q,(x)} is that there exist non- zero constants, {a,}_, and {b,} _,, such that

On ()C) = a,P, ()C) +b,Py—1 (x)7
Qo(x) = aoPo(x)

where the {P,(x)}:7_ are the related orthogonal polynomials.

In 1967, Al-Salam has given in a very short paper [1] a characterization of those
sequences of orthogonal polynomials {P,(x)} which are also g-Appell sets. More
precisely, He gave a characterization of those sequences of orthogonal polynomials for
which DyP,(x) = [n]4P—1(x) forn=1, 2,3, ---.

The purpose of this paper is to study those classes of polynomial sets {P,(x)} that
are at the same time quasi-orthogonal sets and g-Appell sets of type I. Extension will
be done to those polynomials {P,(x)} that satisfy

DyPy(x) = [n]¢Pr—1(gx).

The later polynomials will be called g-Appell polynomials of type IT and appear already
in [5] where some of their properties are given.

nzl, 3)

2. Preliminaries results and definitions

Let us introduce the so-called g-Pochhammer symbol
(1-x)1—-xq)...(1=xq""") n=1,2,...
(X:q)n =
1 n=0.

For a non-negative integer n, the g-factorial is defined by

n
nl,! = k for n>1, and [0],!=1.
q q q
k=0

The g-binomial coefficients are defined by

nl [n}q! _ (4:9)n n
[kL Mgt —Kg! (@ @)@ @)’ O<ksn).
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We will use the following two g-analogues of the exponential function e* (see for
example [6, 7] and the references therein)

e XK
eq(x) = kgqu' )
and n
= 40
E,(x) = xk, 5
These two functions are related by the equation (see [6])
eq(X)Ey(—x) = 1. (6)

The basic hypergeometric or g-hypergeometric function ¢y is defined by the series

¢ ay,---,dr k
rys
by, -, by

. - .- w Ok (]2() I+s—r 7
W) | ’E)(bl""’b-"mk <( Vi ) (@)’

where
(at, - ar)k = (a1;9Q)k- - (ar;q)k-

The Al Salam-Carlitz I polynomials [7, p. 534] have the g-hypergeometric repre-

sentation
qx
q;— |-
a

The Al-Salam Carlitz I polynomials fulfil the three-term recurrence relation

—n —1
s X

U (x:q) = (—a)"q®) 0, (q 0

XU (x5,9) = U, (x:9) + (a+ Dq"U (v:9) — ag" (1 = ¢") U, (x:9),
and the g-derivative rule
DU (x:9) = [n],U?, (x:9)
q~n ’ 4~ n—1\"1)"

It is therefore clear that the Al-Salam Carlitz I polynomials form a g-Appell set.
The Al-Salam-Carlitz II polynomials [7, p. 537] have the g-hypergeometric rep-

resentation
qn
q;,— |-
a

Note that the Al Salam-Carlitz I polynomials and the Al Salam-Carlitz II polynomials
are related in the following way:

—n
s X

Vi (xq) = (—a)"q(?) 2 (q

U\ (x, g7 = V¥ (x;q).
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The Al-Salam Carlitz II polynomials fulfil the three-term recurrence relation
Wi (x:q) =V, (59) + (a+ Dg Vi (x:9) +ag " (1= ¢")V, %, (x59),
and the g-derivative rule
DYV (5q) = g7 [V, (ax:9).

Let us introduce the modified Al-Salam Carlitz II polynomials ”f/n(”) (x;q) by the rela-
tion

n

7 (x,q) = 4OV (x:9). ()

Then we have the following proposition.

PROPOSITION 1. The polynomial sequence {%(u) (x;9)}_y is a q-Appell poly-
nomial set of type II.

PROPOSITION 2. (See [4, Theorem 1]) For {Q,(x)} to be a set of polynomials
quasi-orthogonal with respect to an interval (a,b) and a distribution do/(x), it is nec-
essary and sufficient that there exist a set of nonzero constants {Ti}7>_, and a set of
polynomials {P,(x)} orthogonal with respect to (a,b) and do.(x) such that

Po(x) = 3 TiOx(x), n=>0. (8)
k=0

PROPOSITION 3. (See [4, Theorem 2]) A necessary and suffucient condition that
the set {Qn(x)}r_ ) where each Q,(x) is a polynomial of degree precisely n, be quasi-
orthogonal is that it satisfies

n—2
Qn-‘rl(x) = (x+ bn)Qn (x> - CnQn—l(x) +dy Z Tka(x),
k=0
forall n, with dy =d; = 0.

PROPOSITION 4. (See [1, Theorem 4.1]) If {Q,(x)}7_ is a q-Appell set which
are also orthogonal, then there exists a non zero constant b such that

0.(x) =1"Ui"” (),

forall n > 0.
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3. Some notes on g-Appell polynomials of type I1

As mentioned earlier in the manuscript, g-Appell polynomials of type II are those
polynomial sets {P,} satisfying the relation

DyPy(x) = [n]yPr—1(gx).

Let us recall that the following Cauchy product for infinite series applies

n bl’l 4
In particular, if A, = % and B, = Tx" then we have
nlg! nly!

y &t A n”a x
(%W) (;W) —2()(,20 [kL kbnk) gt (10)

3.1. Four equivalent statements

In this section, we give several characterizations of g-Appell sets of type II.

THEOREM 1. Let {f,(x)}_, be a sequence of polynomials. Then the following
are all equivalent:

1. {fu(x)} is a q-Appell set of type II.

2. There exists a sequence (ai)r>0; independent of n; aog # 0, such that

folx) = i |:Z] q("gk)akxnfk.
k=0 q
3. {fu(x)}r is generated by
o e
A(I)Eq(xt) = rgz)f"(x) [n}q' 9
where » )
At) = Zant— (11)

is called the determining function for { f,(x)}y_.

4. There exists a sequence (ar)x>o, independent of n; ag # 0; such that

= aq('?)
- 2 arq k
Jr (X) B <k=0 [k]q! Dy )x"




154 P. NJIONOU SADJANG

Proof. First, we prove that (1) = (2) = (3) = (1).

(1) = (2). Since {fu(x)};, is a polynomial set, it is possible to write
ZankH Dk =12, (12)

where the coefficients a,; depend on n and k and a, 9 # 0. We need to prove
that these coefficients are independent of n. By applying the operator D, to each
member of (12) and taking into account that {f,(x)}7_, is a g-Appell polyno-
mial set of type II, we obtain

Jn—1(gx) Zank[ }

since quo = 0. Shifting index n — n+1 in (13) and making the substitution

x —xq~ ', we get

)C) - 2 an+l,k |:Z:| q("gk)xnfk’ n= Oa la LR (14)
k=0 q

(nflfk

> Vg 1k n=1,2,..., (13
q

Comparing (12) and (14), we have 4,11 = a,  for all k and n, which means
that a, ; = ai is independent of 7.

(2) = (3). From (2), and the identity (10), we have

A
n=0

n=0 \ k=0
= n = ()
= a ! 47 ()
2 ”[n]q!> (Z it )
= A(t)E,(xt)

(3) = (1). Assume that {f,(x)};_, is generated by
o m
1)=2 falx)
n=0
Then, applying the operator D, to each side of this equation,
tA(1)Ey(gxt) 2 Dy fulx

Moreover, we have

tn+1 o I

Z qfn 1 qx [ ]q"

tA(t)Eq(gxt) Z Ja( qx

By comparing the coefficients of 7", we obtain (1).

Next, (2) <= (4) is obvious. This ends the proof of the theorem. [
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3.2. Algebraic structure

We denote a given polynomial set {f,(x)};_, by a single symbol f and refer
to f,(x) as the n-th component of f. We define (see [2, 10]) on the set & of all
polynomial sets the following operation +. This operation is given by the rule that
f+ g is the polynomial set whose n-th component is f,(x) + g,(x) provided that the
degree of f,(x)+ gn(x) is exactly n. We also define the operation x (which appears
here for the fist time) such that if f and g are two sets whose n-th components are,

respectively,
n

L =Y amhd, g0 =3 Bni,
k=0

k=0
then fx* g is the polynomial set whose n-th component is
=3 -
(f* ) = 3 o(m,k)g~ 2 g(x).
k=0
If A is areal or complex number, then A f is defined as the polynomial set whose n-th
component is A f,(x). We obviously have
f+g=g+f forall f,ge 2,
Afsg=(f*Ag)=A(f*g).
Clearly, the operation * is not commutative on &”. One commutative subclass is the
set o7 of all Appell polynomials (see [2]).

In what follows, <7 (q) denotes the class of all g-Appell sets of type II.
In &7 (q) the identity element (with respect to ) is the g-Appell set of type II

I = {q@x”} . Note that .# has the determining function A(¢) = 1. This is due to the
identity (5). Next we state the following Lemma.

LEMMA 1. Let f, g, h € o/(q) with the determining functions A(t), B(t) and
C(t) respectively. Then

1. f+ge€(q) if A(0)+B(0)#0,
2. f+ g belongs to the determining function A(t)+ B(t),
3. f+(g+h)=(f+g) +h.

Next we state and prove the following theorem.

THEOREM 2. If f, g, h € <7 (q) with the determining functions A(t), B(t) and
C(t) respectively, then

1. fxge d(q),

2. fxg=gxf,
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3. fxg belongs to the determining function A(t)B(t),
4. fx(gxh)=(f*g)*h.

Proof. Ttis enough to prove the first part of the theorem. The rest follows directly.
According to Theorem 1, we may put

L) =3 [Z]qq("zk)akx"k -3 [ZLq(’Dankxk

k=0 k=0
so that
S0 "
Alt)= D a
=0 n[”]q'
Hence

This ends the proof of the theorem. [J

COROLLARY 1. Let f € o/ (q) then there is a set g € </ (q) such that
frg=gxf=7.

Indeed g belongs to the determining function (A(z))~' where A(z) is the deter-
mining function for f.

In view of Corollary 1 we shall denote this element g by f~'. We are further
motivated by Theorem 2 and its corollary to define f0 = .7, f* = f (f*~!) where n
is a non-negative integer, and £~ = f~ 1% (f~"*!). We note that we have proved that
the system (<(q),*) is a commutative group. In particular this leads to the fact that if

fxg=nh

and if any two of the elements f, g, h are g-Appell of type II then the third is also
q-Appell of type II.

PROPOSITION 5. If f is a q-Appell set of type Il with the determining function
A(r), if we put

therefore
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Proof. Since f is a g-Appell set of type II, we have

3 O
n=0

tn

= (A1) "' A(0)Eq x1)

oo M oo h
- (”W) @f"“’ W)

-3 (2 f bkfn_k(x>> =

k=0

The result follows by comparing the coefficients of *. [

4. Characterization results

4.1. Quasi-orthogonal ¢-Appell polynomials of type I

In this section, we characterize quasi-orthogonal polynomial sets that are also ¢-
Appell set of type L.

=

THEOREM 3. If {Q,(x)};7_ is a q-Appell set which are quasi-orthogonal. Then,
there exist three real numbers b, ¢ and A, such that

O 1(x) = (x+5G") Qn(x) — cq" ' [1]40n—1 (x) + dy 2 p(x). (1)

Proof. Assume that {Q,(x)}7_ is a g-Appell set which are quasi-orthogonal and
{P.(x)};_ the related orthogonal family. From Proposition 3, there exist three se-
quences {an}n 0> 1bn}io and {d,};_ with dy = d; =0 such that

Qn+l(x) = (x+bn)Qn( ) cnQn— 1 +d Z Tka (16)

If we g-differentiate (16) and using the fact that {Q,(x)}7"_ is a g-Appell, we get after
some simplifications

OE <x+ %) Q1 (x) — % [”[ » g, (x g 0o Ter1Qc(x). (17)

Next, if we replace n by n— 1 in (16), we obtain

On(x) = (x+bp—1)On(x) — cn—10n—2(x) + dyp—1 2 Ti Ok (x (18)
If we compare (17) and (18), we see that we should have

n
bn:qbnfh Cn 261[ [ ]q Cn—1, (19)

n—1,
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and
dnlk+1)Ti1 = q[n)gdy—1Tx, k=0,1,---n—3. (20)

Equation (19) gives
b,=q"by, and c,= q"‘l[n]qcl.

Next, (20) gives for k =0 and k = n — 3 the relations

Q[n]q ‘I[n]tﬂ;q—l
dp = d,_ d d,=-——94""
n b n—2],Tr
If, for a given k > 2, di = 0, it follows from (21) that dy = 0 for all k. In this case (16)
becomes a three-term recurrence relation

QnJrl(x) = (x+bn)Qn (x) - Cnanl(x) (22)

In this case, from Proposition 4, it is seen that {Q,(x)},_, is essentially the sequence
of Al-Salam Carlitz I polynomials. Thus, in this case, {Q,(x)};_ is not a sequence of
quasi-orthogonal polynomials. Thus, we must have d; # 0 for k > 2.

dy_1. 2D

T,— 1 . . .
Again, using (21), we have for all n > 0 7l . This last relation gives
[”}qT" T
Tn
T, = [ }1 e Seting by = b, ¢; = c¢ and T} = A, this ends the proof or the theorem. [J
nlg!

THEOREM 4. Let {Q,(x)}5_, be a monic polynomial set with Qo(x) = 1. The
following assertions are equivalent:

1. {On(x)}7 is quasi-orthogonal and is a q-Appell set, n > 1.

2. There exists three constants o, B and A (B,A #0) such that

0, (x) = B"uy /P (%wz) —Bn)[tn}qU,ff{ﬁ) (%;q) nzl,
(@)

where Uy’ (x;q) are the Al-Salam Carlitz I polynomials.

Proof. Suppose first that {Q,(x)};_, is quasi-orthogonal and is a g-Appell set,
n > 1. Then, by Theorem 3, the Q,,’s satisfy a recurrence relation of the form (15). Let
us define the polynomial set {P,(x)};"_, by

| n k
Py(x) = ["]Z - A—,QAx» (23)
A k=0[ LI'
It is not difficult to see that
[g! & A*
Dan(x): n Z—'[k}qQkfl(x)
A = (kg
n—1],0 S Ak
= =0
[n]q =1 k:()[}q! k(x)
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Hence, {P,(x)};7_ is a g-Appell set. Moreover, {P,(x)}:_, are the orthogonal set (see
Proposition 2) related to {Q,(x)};>_,. By Proposition 4, there exist o and 8 such that

Px) = ﬁU“/ﬁ)<B,q>

Next, from (23), it follows that

The first implication of the theorem follows.
Conversely, assume that there exists three constants o, § and A (3,4 # 0) such

that
0u(x) = B UP) (lg,q)—ﬁn)[tn}qU,ff{m(%;q), n>1.

It can be seen that {Q,(x)}>_, is quasi orthogonal set. It remains to prove that
{0n(X) }iry s q-Appell. Using the fact that Dy[f(ax)] = a[Dyf](ax). We have

DU ( ﬁ,q> Lytarm) (%;q). It follows that DyQ, (x) = [n],Q,_1 (x). This

ﬁ n—1

ends the proof of the theorem. [

4.2. Orthogonal g-Appell polynomials of type II

In this section we determine those real sets in .2/ (q) which are also orthogonal.
It is well known [11] that a set of real orthogonal polynomials satisfies a recurrence
relation of the form

Pu1 (%) = (Apx 4 Ba) Po(x) + CoPyi (x), n> 1, (24)

with
P()(x) =1, P (x) = Apx+ By.

Here A,,, B, and C, are real constants which do not depend on n.
If we g-differentiate (24) and assume that the polynomial set {P,(x)} is g-Appell
of type II, we get:

[l’l + l]an(qx) = [n]q (Anx + Bn)Pn—l (qx) +AnPn(qx) + [l’l - l]anPn—2(qx)- (25)

Substituting n by n+ 1 and x by xg~! in (25), it follows that

Pii(x) = ([n—|— l]qqflAon [n+1]gBui1 )P ) MP )
" 42l —Ani1 42l —Ani 42l —Ani1 "
(26)
By comparing (24) and (26) we get
[l’l—l— l]qArHrl _ [l’l—l— l]anJrl _ and [n}anJrl —-C
[n+2]g—Ant " [n+2]g—Ans1 ! [n+2]g—Ant "
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so that
An=q", B,=By and C,=C(1—-¢").

Hence, {P,(x)} is given by
Poi1(x) = (q"x+ Bo) Py (x) + Ci (1 — ¢") -1 (x), 27)

P()()C)Zl, Pl(x):x—l—Bo.

From the recurrence relation of the Al-Salam Carlitz II polynomials (see [7, p. 538]),
one can see that the polynomial sequence {R,(x)} with

Ry (x) zﬁ"q(g)Vn(%) (%wz) :

satisfies the recurrence relation

xRy (xX) = Roy1 () + (¢"x — (0t + B))Rn(x) — o (1 = ¢")Ry—1(x), (28)

with Ro(x) =1 and R;(x) =x— (ot + ). It is therefore clear that
B = p'g OV, (%;q). (29)
where oo+ 8 = —By and aff = —C)

We thus have the following theorem.

THEOREM 5. The set of q-Appell polynomials of type Il which are also orthogo-
nal is given (27) or (29).

4.3. Quasi-orthogonal g-Appell polynomials of type II

THEOREM 6. If {Q,(x)}r_ is a g-Appell set of type I of quasi-orthogonal poly-
nomials, then there exist three reel numbers By, C1 and A, such that

2 )k
Onr1(x) = (¢"x+Bo)Qn(x) + C1 (1 — ") Q1 (x Ek— (x). (30

Proof. Assume that {Q,(x)}>_, is a g-Appell set which is quasi-orthogonal and
{P.(x)};7_ the related orthogonal family. From Proposition 3, there exist four se-
quences {A,}r o, {Bu}mo, {Cutpeo and {E,};_, with Ey = E; = 0 such that

n—2

Op+1(x) = (Apx + Bp) On(x) + CaOn—1(x) + Ey ZTka €1V
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If we g-differentiate (31) and use the fact that {Q,(x)}7"_, is a g-Appell set of type II,
we get after some simplifications

_ ([t 1gg A [n+1]4Bni1
Oriib) = ( [’H‘Zf —Ant1 *r [n+2}qq—An+1> Qn(x)
[ } Cn+1

2, — A, 21
En+l n=?
e >kt 1T Ox(x). (32)

[n + 2}11 _An+l k=0
By comparing (31) and (32) we get

A,=q", B,=By and C,=C(1—¢"),

and
Enii[k+1gTs1  [k+ 1T
E, T, = = nt1
[”"‘ﬂq‘AnH [’H'l]q
For k =0 and k = n— 2, we obtain the following
n+1], Eyq1 [n+2]y
E, 1= s T, = 1. 33

If, for a given k > 2, E; = 0, it follows from (33) that E; = O for all k. In this case
(31) becomes a three-term recurrence relation

Qn+l(x) —( nX+ By )Qn( )+Cnanl(x)~ (34)

In this case, from Theorem 5, it is seen that {Q,(x)};"_ is essentially the sequence of
Al-Salam Carlitz II polynomials. Thus, in this case, {Q,(x)};_, is not a sequence of
quasi-orthogonal polynomials. Thus, we must have E; # 0 for k > 2.

7lg! and =L

Again, using (33), we have for all n > O the identities E, = o =
Iy [”}an

1 . . . 1!
— . This last relation gives T, = ——.
I [n]g!

theorem. [J

Seting T} = A, this ends the proof of the

THEOREM 7. Let {Q,(x)};_, be a polynomial set. The following assertions are
equivalent:

1. {0n(x)}57_ is quasi-orthogonal and is a q-Appell set of type II.
2. There exists three constants o, B and y (B,v # 0) such that

0n(x) = B”()Vn(g)<ﬁ,q) %Vﬁ)<ﬁ,4> (n>1),

where Vn(u) (x;q) are the Al-Salam Carlitz Il polynomials.
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Proof. Suppose first that {Q,(x)}>_ is quasi-orthogonal and is a g-Appell set of
type II. Then, by Theorem 6, the Q,,’s satisfy a recurrence relation of the form (30).
Let us define the polynomial set {P,(x)}_, by

Po(x) = [l 2 L 0u(). (35)

Hence, {P.(x)};_ is a g-Appell set of type II. Moreover, {P,(x) };_, is the orthogonal
set (see Proposition 2) related to {Q,(x)};"_,. By Theorem 5, there exist & and 3 such

that
P =g (5ia).

Next, from (35), it follows easily that

The first implication of the theorem follows.
Conversely, assume that there exist three constants o,  and y (B,y # 0) such
that

0,0 =g (5ia) - LSTIRIUMN (5:4). @z

It can be seen that {Q,(x)};_, is a quasi-orthogonal set. It remains to prove that
{0n(x)}57_ is a g-Appell set. Using the fact that D,[f(ax)] = a[D,f](ax), we get

(a/B) (X )_[n]qCI‘”“ (/ﬁ)(qx )
DV, L) =l __yle 7).
‘ (B 1 B r\p

It follows that D,Q,(x) = [n];Q,—1(gx). This ends the proof of the theorem. [J



CHARACTERIZATIONS OF CERTAIN SEQUENCES OF g-POLYNOMIALS 163

REFERENCES

[11 W. A. AL-SALAM, q-Appell polynomials, Ann. Mat. Pura Appl. vol 77 4 (1967), pp. 31-45.
[2] P. APPELL, Une classe de polynomes, Annalles scientifique, Ecole Normale Sup., ser. 2, vol. 9 (1880),
pp. 119-144.
[3] T.S. CHIHARA, On quasi-orthogonal polynomials, Proc. Amer. Math. Soc., 8 (1957), pp. 765-767.
[4] D. DICKINSON, On quasi-orthogonal polynomials, Proc. Amer. Math. Soc., 12 (1961), pp. 185-194.
[5] T.ERNST, A comprehensive treatment of q-calculus, Birkhduser (2012).
[6] V. KAc, P. CHEUNG, Quantum calculus, Springer, (2001).
[71 R.KOEKOEK, P. A. LESKY, R. F. SWARTTOUW, Hypergeometric Orthogonal Polynomials and their
q-Analogues, Springer, Berlin, (2010).
[8] M. RIESZ, Sur le probleme des moments. Troisieme note, Arkiv for Mathematik Astronomi och Fysik,
17 (1923), pp. 1-52.
[91 A.SHARMA, A. CHAK, The basic analogue of a class of polynomials, Revisita di Matematica della
Universita di Parma, vol 5 (1954) pp. 15-38.
[10] I. M. SHEFFER, On sets of polynomials and associated linear functional operator and equations,
Amer. J. Math. 53 (1931), pp. 15-38.
[11] G. SZEGO, Ein Beitrag zur Theorie der Thetafunktionen, Preussiche Akademie der Wissenschaften,
Sitzung der phys.-math. Klasse, (1926), pp. 242-251.

(Received August 11, 2023) P. Njionou Sadjang
National Higher Polytechnic School

University of Douala

Cameroon

e-mail: pnjionou@yahoo. fr

Journal of Classical Analysis
www.ele-math.com
jca@ele-math.com



