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VAGUE AND BASIC CONVERGENCE OF SIGNED MEASURES

MICHAEL STANEK

Abstract. We study the relationship between different kinds of convergence of finite signed mea-
sures and discuss their metrizability. In particular, we study the concept of basic convergence
recently introduced by Khartov [11] and introduce the related concept of almost basic conver-
gence. We discover that a sequence of finite signed measures converges vaguely if and only if it
is locally uniformly bounded in variation and the corresponding sequence of distribution func-
tions either converges in Lebesgue measure up to constants, converges basically, or converges
almost basically.

1. Introduction

Consider finite signed Borel measures t,,,n € N, and u on R. Then the sequence
(Un)nen is commonly said to converge weakly to u, if

[ fdwn = [ rap. n—es (L.1)
R R

holds for all continuous, bounded f : R — R. A weaker form of this convergence is
vague convergence. Here we say that u, converges to u vaguely, if Eq. (1.1) holds
for all continuous f with compact support. Some sources define vague convergence
using continuous functions vanishing at infinity instead. In this paper, we call this
convergence loose convergence instead to distinguish it from vague convergence.
Another possibility to define convergence of signed measures is through conver-
gence (in some sense) of their distribution functions, defined by F ) (x) := p,,((—oo,x]).
Here, we will consider two kinds of such defined convergences: basic convergence and
almost basic convergence. Basic convergence has been defined by Khartov in [11] to
study convergence of quasi-infinitely divisible distributions. Following his definition,
the sequence (U, )nen is said to converge basically to u if each subsequence (i, )ken

contains a further subsequence (,unkl )ien such that F (s, ) (x)—F (b, ) (y) converges to

FM (x) — F®)(y) for all x,y € R\ 'S, where § is an at most countable set and may
depend on the subsequence. Note that this is equivalent to My, ((x,y]) converging to
u((x,y]) for all except for countable many x,y € R with x < y. This definition can be
slightly relaxed by demanding the pointwise convergence of differences to hold not for
all except at most countable many x,y, but only for almost all x,y with respect to the
Lebesgue measure. We call this relaxation almost basic convergence.
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Clearly, weak convergence implies loose convergence, which itself implies vague
convergence, and basic convergence implies almost basic convergence. As we will see,
there are also relationships between vague convergence and (almost) basic convergence
and between loose convergence and (almost) basic convergence.

In Chapter 2, we define vague, loose, basic and almost basic convergence and give
some examples of basically convergent sequences, which illustrate why details in the
definition cannot be omitted. We will then further study the relationship between these
four kinds of convergence and the question of their metrizability and find a character-
ization of basic and almost basic convergence in Chapter 3. As we shall see, almost
basic convergence is metrizable, while vague, loose and basic convergence are not. The
main result is Theorem 3.12, where we will see that a sequence of finite signed mea-
sures is vaguely convergent if and only if it is locally uniformly bounded in variation
and either basically or almost basically convergent.

These results can be seen as a more general version of the classical Helly-Bray
Theorem for finite non-negative measures, giving not only sufficient, but also necessary
conditions for vague convergence and considering signed measures. They generalize
results from Herdegen et al. [8], where the relationship between vague convergence
of signed measures and convergence of their distribution functions has been studied
as well. Since there pointwise convergence of distribution functions was considered,
instead of basic convergence, conditions which are both sufficient and necessary could
only be found in the case where the sequence of distribution functions satisfies the
condition of having no mass for all x € R. Even though this condition seems to be
quite natural, we will see in Example 3.16 that there exist sequences of distributions
which do not satisfy it, but still converge vaguely — hence a more general statement
which can also be applied to those sequences is of interest.

Moreover, Theorem 3.12 puts basic convergence into relation to vague conver-
gence and hence gives further insight into convergence properties of quasi-infinitely
distributions. Specifically, we see that since local boundedness in variation at least
of the negative parts was assumed in all theorems in Khartov [11] which involve ba-
sic convergence, basic convergence can there be replaced by vague convergence. When
boundedness in variation is assumed instead of local boundedness in variation or bound-
edness in variation only of the negative or positive parts, basic convergence can even be
replaced by the stronger condition of loose convergence.

Theorem 3.12 implies in particular that a sequence of finite signed measures
(Un)nen converges vaguely to some finite signed measure u if and only if (U,)uen
is locally uniformly bounded in variation and there exists a sequence (c,)qen of real
numbers such that F(#) 4 ¢, converges to F(*) locally in Lebesgue measure.

2. Definitions and examples

Notation

We denote N = {1,2,...} and Ny = {0,1,2,...}. With (signed) measures, we
always mean (signed) Borel measures on R. We denote the Lebesgue measure by A
and, for x € R, the Dirac measure at x by §,. For a finite signed measure u, we denote
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its positive and negative part according to the Hahn-Jordan decomposition by ™ and
u~ and by |u|:=u*+pu" its total variation. We denote the set of real-valued bounded
continuous functions on R by Cp(R), the set of real-valued continuous functions with
compact support on R by C.(R) and the set of real-valued continuous functions on R
which vanish at infinity by Co(R). By C!(R) we denote functions which are at least
once continuously differentiable, and write C!(R) = C.(R) N C'(R). We denote the
supremum norm for functions by ||-||... For any set A, we denote by 14 the function
for which f(x) =1 if x € A and f(x) = 0 otherwise. By 7" we denote the set of
right-continuous functions of bounded variation mapping from R to R, by #  the
subspace of all f € ¥ with lim,_,_. f(x) = 0. Here, bounded variation means that
limy, o TV|_,,  f < oo, where TV, denotes the total variation of f on [a,b]. For a

finite signed measure 1, we define its distribution function F(*) : R — R by

FIW) () = p((—eo,]).

Then F(W) € . Moreover, it is well known that we have a one-to-one correspondence
between finite signed measures and functions in % .

Definitions of convergence types

Commonly, convergence of a sequence of finite signed measures (U,),en to a
finite signed measure u is defined by convergence

lim [ fdu, = / fdu @.1)

n—>oo

for all functions f in a suitable class of functions.

DEFINITION 2.1. We say that u, convergesto u

1. vaguely, and write u, — u, if Eq. (2.1) holds for all f € C.(R),
2. loosely , and write pt, — u, if Eq. (2.1) holds for all f € Cy(R),

3. weakly, and write W, — w, if Eq. (2.1) holds for all f € C,(R).

Here, we follow the most common definition of vague convergence in the litera-
ture, which is used for example in Herdegen et al. [8], Bauer [2, 30.1], Berg et al. [3,
Chapter 2, §4], Dieudonné [0, 7, Section XIII.4], Kallenberg [10, Chapter 5, p. 98] or
Klenke [12, 13.12]. Sometimes vague convergence is defined using functions which
vanish at infinity instead of functions with compact support. While these definitions
coincide for the class of probability measures, they are in general not equivalent for
signed measures. Note that weak, vague and loose convergence can be interpreted as
weak-* convergence with respect to Cj,C, respectively Cp by identifying a function f
with the functional u — [ fdu.
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Alternatively, one can consider convergence (in some way) of the distribution
functions of w,, 1 instead. One such kind convergence has been defined by A. Khartov
in [11] to study convergence of quasi-infinitely divisible distributions.

DEFINITION 2.2. [11] Let (fy)nen,f be functions mapping from R to R. We
say that (f,)uen converges basically to f and write f, = f, if every subsequence
(fin Jken contains a further subsequence ( I, )ien such that

Sy (1) = fo (v2) = f(x1) = fox2), 1 —o0 (2.2)

for all xj,x; € R\ S, where S is an at most countable set and may depend on the
subsequence.

For signed measures u and u,,n € N, we say that u, converges basically to
u for n — oo and write W, = U, n — oo, if the corresponding distribution functions
converge basically, i.e. if F(*) = F() for n — oo, i.e. if for each subsequence there
exists a further subsequence such that wy, ((x1,x2]) — u((x1,x2]) for n — e for all

x1,x2 € R\ S with x; < xp.

Finally, we will also work with a slight relaxation of basic convergence, where we
only demand Eq. (2.2) to hold almost everywhere instead of everywhere except for an
at most countable set.

DEFINITION 2.3. Let (fy)nen, /S be functions mapping from R to R. We say
that (f,)nen converges almost basically to f and write f, dm f, if every subse-
quence (fy, Jken contains a further subsequence ( fnkl)leN such that Eq. (2.2) holds

forall x;,x, € R\ S where S is a set of Lebesgue measure zero that may depend on the
subsequence.

For signed measures u and w,, n € N, we say that u, converges almost basically
to u for n — co and write U, == W, n — oo, if the corresponding distribution functions

converge almost basically, i.e. F(*) A g for n — oo, i.e. if for each subsequence

there exists a further subsequence such that i, ((x1 ,x2]) — u((x1,x2]) for n — oo for
A -almost all x;,x; € R with x; <xp.
REMARK 2.4.

(a) Basic convergence clearly implies almost basic convergence. Conversely, using
indicator functions over sets of the form

n 3 r e 31N [3k42 3k+3
A”:ﬂ 37’ 3m U 3m ) 3m )
m=1 k=0

whose intersection differs from the Cantor set just by countable many points,
we can construct a sequence of right-continuous functions of bounded variation
which converges to 1 on an uncountable set of measure zero and to 0 every-
whelse else. This sequence then converges to zero almost basically, but not ba-
sically. Hence almost basic convergence is in general indeed a weaker condition
than basic convergence.
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(b) Clearly, the basic, respectively almost basic limit is unique almost everywhere,
up to a constant. Since in ¥ and # we work with right-continuous functions,
the limit in % is unique, while the limit in #” is unique up to a constant.

Examples

In the following, we give a few examples of basically convergent sequences that
illustrate that details in the definition cannot be omitted. The first example illustrates
that it is indeed necessary to consider the differences f;,(x) — f,,(v) instead of f,(x):

EXAMPLE 2.5. Let w, =n-8_, forall n € N and u = 0. Then F*)(x) =0 if
x < —n and F)(x) = n elsewise. We see that F(*")(x) does not converge for any
x € R. However, if x,y € R and n > max(|x|,|y|) we have F#)(x)—FH)(y) =0,
hence w, = u. Note that also w, — u, since for all » >0 we have |u,| ([~r,7]) =0

forall n > r. Crucially, (U4,),en is uniformly bounded in variation on bounded intervals
in this case, even though it is not bounded in variation on R.

In general, it is necessary to consider subsequences, and the at most countable set
S, for which the convergence in Eq. (2.2) does not hold, may depend on the choice of the
particular subsequence. This becomes obvious in the following example, the sometimes
so-called typewriter sequence, as found, inter alia, in Khartov [11] and Bogachev [4,
Example 1.4.8]:

EXAMPLE 2.6. Forall n € N, let k, € Ny be such that 2% < n < 20+l Define
the sequence (Uy)nen of signed measures by

n— 2k n+1-—2k
h— and by = ——p—.

Un = (84, — 8,), Wwhere a,=

Then F(H) = 1i,5,) - The interval [a,,by,) is shifting over [0,1) and vanishes for
n — oo, since b, —a, = 2% — 0 as n — o. Hence, for any x,y € [0,1) with x #y,
for infinitely many n € N we have F(*) (x) = F(#)(y) = 0, but also for infinitely many
n €N we have F#)(x) =0 and F#)(y) = 1. Therefore, F#)(x) — F(#2)(y) does
not converge unless we take a subsequence.

Let u = 0. Since functions in C,(R) are uniformly continuous on [0,1] and
b,—a, — 0 as n— oo,
[ fdwn— [ fap. n—es
R R

for all f € Cy(R), i.e. W, — u for n — co. This implies w, = u for n — o by

Bogachev [4, Thm. 1.4.7], which we will also state below as Theorem 3.11 for the
convenience of the reader.

The following example illustrates that basic convergence on its own does not imply
vague convergence:
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EXAMPLE 2.7. Let u, =n®>-8 —n>-8; forall n € N and u = 0 be signed

measures. Then for all n € N we have F(#) = 2.1 1 Thus we see that for all

[0.5)
x€R\ {0} and all n > ﬁ we have F(“")(x) =0, hence u, = u.
Note that this sequence does not converge vaguely. Let f € C.(R) be such that
f(x) =x forall x €[0,1]. Then

[ Fdun=n
R

for all n € N, which obviously does not converge.

3. Main results

Topological results

It is well known that weak convergence of sequences is topological and arises
from a non-metrizable topology, see e.g. Bogachev [4, 3.1]. This, however, does not
directly imply non-metrizability of weak convergence, since there could exist another
topology, possibly metrizable, inducing the same (sequential) convergence. We expect
the following result to be known, but could not find a ready reference and hence provide
a short argument, also because in Corollary 3.20 the same argument will be applied for
vague and loose convergence.

THEOREM 3.1. Weak convergence is not metrizable on the space of all finite
signed measures on R.

Proof. Assume weak convergence was metrizable. Let d be a metric such that
d (U, ) — 0 if and only if w, — . Forall m € N, we have m(8y—81) — 0 as n—

oo. That means that for all m € N there exists an N,, > 0 such that d(m(8 — 31 ),0) < %
for all n > N,,. Consider the sequence (U )men defined by w, == m(8 — 3 L ). Then

d(Um,0) < % for all m € N. However, U, cannot converge weakly to 0 for m — oo,
as it is not uniformly bounded in variation, see Bogachev [4, Thm. 1.4.7], stated in
Theorem 3.11. [

One big difference between basic and almost basic convergence is that almost
basic convergence is metrizable, while basic convergence is not.

LEMMA 3.2. Basic convergence is not metrizable on W' .

Proof. Assume basic convergence was metrizable on % . Let d be a metric on
W such that d(f,,f) — 0, n — o, if and only if f, = f. We will construct a se-
quence of functions such that d(f,,0) — 0 as n — oo, but f, # 0 using a Cantor-

like set. Let Iy =[0,1) and fy = 1j,. Since IL[O l)u[l—l 1) € W converges to zero

pointwise on R\ {0} for n — oo, it also converges basically to 0, hence there exist
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a,b e ( ) with a < b such that d(]]-[O a)U[b,l)70) < % Let fi = I]-[Oﬂ)u[b,l)' Now, the
functions IL[ ) [a 1, [b il ) [ 1 1) €W converge basically to zero, hence there

exist ay,ap, by, by W1th O0<a <ap <a < b < by <by <1 such that

1
d(110,4))Ulaz,)Ub.b1)Ulbn, 1), 0) < 3

Repeating this construction, we can inductively construct a sequence of functions (f;,),en
and sets of disjoint half-open intervals {In717 ... ,Ingn}, n € N, such that for all n € N:

e I,21—1 and I, 5 are disjoint subsets of 1, 1 forall k € {1,...,2" 71},
L4 fn = nu/%nzllnﬁk’

d(f,0) < 1 and

o limy e Sup;_;  onA(lyx) =0.

Then d(f,,0) — 0 as n — co. However, the pointwise limit of f, is the function 1¢,
where C=(",_; Ui":l I, k. C is very similar to the classical Cantor set, and in particular
is uncountable. This can be seen from the fact that C and (;,_; U,%nzl I, differ only by a
countable set, where 1, x denotes the closure of I, x. The set (_; Uﬁll I, x is compact,
non-empty and has no isolated points (i.e. is a perfect set), hence it is uncountable by
Hewitt and Stromberg [9, Theorem 6.65]. Since f;, converges pointwise to a function
which is different from zero on an uncountable set, but equals to zero on a set of positive
measure, so does each of its subsequences, hence f;, cannot converge basically to zero.
Thus basic convergence is not metrizable. [

REMARK 3.3. Clearly, basic convergence is also not metrizable on ¥/, since the
basic limit is not unique in #". This problem could be solved by considering the quo-
tient space of ¥ over suitable equivalence classes. However, the resulting space would
then be isomorphic to %, leading us back to Lemma 3.2.

In contrast to Lemma 3.2, almost basic convergence is metrizable on %. The
following lemma provides an explicit metric, in a fashion similar to the Ky Fan met-

ric o(X,Y) = inf{e > 0: P(|X —Y| > €} < &} for random variables X and Y, which
metrizes convergence in probability, see e.g. Dudley [7, Thm. 9.2.2].

LEMMA 3.4. Almost basic convergence is metrizable on % . A metric is given by

d(f7g):min{£>O:ElceR:/l ({xe {—%,é] :f(x)—c—g(x)|>€}) <8},

where we use the convention [—%, %] =R.
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Proof. First of all, we show that the minimum exists. For this, replace the mini-
mum in the definition of d by an infimum, so that d(f,g) = infE, where

E = {£>O:EICER:)L<{)¢€ {—é,é] :|f(x)—c—g(x)>8}) <8}.

It is clear that E is an interval of the form (b,c0) or [b,c) for some b € [0,v/2).
Consider first the case that d(f,g) > 0. Let (&,),en be a sequence of real numbers
such that &, — d(f,g) as n — oo and d(f,g) < & < v/2 and
1 1 1
e —— < (3.1)
d(f,g) € 2n
for all n € N. Let (¢;)nen C R and let (S,),en be a sequence of Borel sets such that
A(Sp) < & and |f(x) —cpn—g(x)| < & forall x € [—1/g,,1/€,]\ Sy and n € N. Since
f,g € # , the function f — g is bounded, hence (c,) ey must be bounded as well and
hence contains a subsequence (cp, )reny converging to some ¢ € R. Now define

Su=1-1/d(f.8),—1/&|US,U[1/e,,1/d(f,8)]

forall n € N. Then A(S,) < & + 1/n due to Eq. (3.1) and |f(x) — ¢, — g(x)| < &, for
all x € [~1/d(f,g),1/d(f,8)]\ S, and all n € N.

Now, let § > 0 be arbitrary, but fixed. Then there exists Ky € N such that for all
k > Ky we have }cnk — c} < 6/2 and g, <d(f,g)+ /2. Then due to the triangle in-
equality |f(x) —c—g(x)| <d(f,g)+0 forall k> Ky and x € [-1/d(f,g),1/d(f, )]\
Sy, - We define S = Uleﬂ;":kgnj. Then |f(x) —c—g(x)| < d(f,g)+ 0 forall x €
[—1/d(f,g),1/d(f,g)]\S. Since & was arbitrary, it follows that we actually have
If(x) —c—g(x)| < d(f,g) forall x € [—d(f,g),d(f,g)]\S. Moreover, by the conti-
nuity of measures A (S) < d(f,g). Hence, the minimum is attained if d(f,g) > 0.

Consider now the case d(f,g) =0. Then for all n € N there exist a set S, of
measure at most 1/n and a constant ¢, such that |f—c,—g| < 1/n on [—n,n]\ S,.
Like above, there exists a subsequence (¢, )reny converging to some ¢ € R. Let K € N
be arbitrary. Then by the triangle inequality |f(x) —c— g(x)| < 1/n+ |cy —c| for all
x€[—K,K]\'S, and n > K. For every y > 0 we then see

A({xe[-KK]: |f(x) —c—g@)[>v}) <v

by choosing n such that 1/n+|c, — c¢| < y. This implies f = g+ ¢ almost everywhere
in [—K, K] and hence almost everywhere in R. Hence the minimum is also attained if
d(f7g) =0.

Clearly, d is nonnegative and symmetric, and d(f,g) = 0 if and only if f =
g+ ¢ almost everywhere for some ¢ € R. Since limy_, e f(x) =0 =lim,—_. g(x) by
definition of #", ¢ =0, and as f,g are continuous from the right, almost everywhere
equality implies equality. Hence d(f,g) =0 if and only if f = g.

Let f,g,h € # all be different. Let dy :=d(f,h) and d .= d(h,g). Then there
exist constants c¢j,c; € R and sets S1,5; € Z(R) such that A(S;) < d; for i € {1,2}
and |f(x) —c; —h(x)| < d, forall x € [-1/d;,1/di]\ S| and |h(x) —c, — g(x)| < da
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for all x € [—1/da,1/dy] \ S2. But then, since [—1/(d; +dz),1/(dy +d2)] \ (S1 U
§2) C ([=1/d1,1/dy)\$1) N ([~1/d2,1/do] \ S2) we have | £(x) — (c1 +¢2) —g(x)| <
If(x) —c1—h(x)|+|h(x) —ca—g(x)| < dy+dy forall x€ [—1/(d) +d2),1/(d1+da)] \
(S1US7). Since A(S1US2) < dj +da, we see that d(f,g) < d(f,h)+d(h,g). Hence
d is indeed a metric.

Let f,, f €% with d(f,,f) — 0 for n — oo. Then there exists a sequence
(¢n)neny C R such that for all n sufficiently large with 1/d(f,,f) > N the equality
|fu(x) —cn— f(x)| < d(fy, f) holds for all x € [-N,N]\ S, where S, is a set of mea-
sure at most d(fy,f). Since N is arbitrary, this means that f, —c, converges to f
locally in Lebesgue measure. Now let (fy, )ren be some subsequence of (f)nen-
Then f,, — c,, converges to f locally in Lebesgue measure as well. Therefore there
exists a further subsequence fnkl — ¢k, which converges to f almost everywhere, see
Cohn [5, Prop. 3.1.3] in conjunction with a diagonal sequence argument. But then

B0y () — gy (7)) = (o, (3) =) — Bimy s (f (0) — €)= £ ) — £ )

for almost all x,y € R. Hence f, dm f-

Conversely, assume f;, dm f. Then for any subsequence (fy, )ken there ex-

ists a further subsequence ( f"kz )ien and a set S of Lebesgue measure zero such that
T, (x) — S, (y) = f(x) — f(y) for all xe R\S. Let xp € R\S be fixed and let
cn = fu(x0) — f(xo) for all n € N. Then fnk, (x) = Cny, = fnk, (x) = fnk, (x0) + f(x0),
which converges to f(x) for all x € R\ S. In particular, Ju, —n, converges to f
locally in Lebesgue measure (see e.g. [5, Prop. 3.1.2]), hence clearly d(fnk, ,f) — 0.

Since each subsequence contains a further subsequence which converges in the metric
d to f, the whole sequence must converge in d to f as well. Hence d(fy,f) — 0 if

andonly if f, 22 f. O

Almost basic convergence is however not induced by a norm.

LEMMA 3.5. There exists no norm ||-|| on # such that convergence in ||| is
equivalent to almost basic convergence.

Proof. Let ||-|| be a norm on # . Consider the sequence (f;)qen in # where

Ljo,1/n)
fo= A
1 L10.1/m |

Then || f,|| =1 forall n € N, but f,(x) =0 forall xR\ [0,1/n] and n € N. Hence
Jfn =0 as n— oo, since f,(x) =0 as n— oo forall x e R\ {0}. O

LEMMA 3.6. The metric space (W ,d) with d defined as in Lemma 3.4 is not
complete.

Proof. Consider sets used in the construction of the Smith-Volterra-Cantor set,
but with all intervals being half-open. For this, let Sop = (0,1]. We construct S; by
removing an interval of length 4! in the middle of S, i.e. S; = (0,3/8]U(5/8,1].
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Then S; consists of two intervals. In the next step, an interval of the length 472 is re-
moved from the middle of each of these intervals, i.e. S, = (0,5/32]U(7/32,12/32]U
(20/32,25/32]U (27/32,1]. This construction is continued inductively, i.e. for all
n € N the set S, is the union of 2" half-open intervals, and the set S, arises from
removing a half-open interval of length 4="~! from the middle of each of them.

Since A(S,\S,1) =2"-4""1 = 2772 due to S, \ S,+1 being 2" intervals of
length 4~"~! and since S, C S, forall n € N, we see that the set S := Mp—oS» has
Lebesgue measure 1/2. Moreover, one can see that for all x € S and € > 0 it holds
that A ([x,x+¢€)\S)>0.

As for all n € N the set S, consists of finitely many half-open intervals, the indi-
cator function f, := 1g, lies in % . Moreover, f, convergesto g := 1y pointwise for

n — oo, Since lim,_,_.. g(x) =0 we see that if f, dn f for some f € %, then neces-
sarily f = g almost everywhere by the definition of almost basic convergence. But for
all x€ S and € >0 we have g(x) =1, and A (g~ ({0})N[x,x+¢€)) > 0. It follows that
for a set B of Lebesgue measure 1/2 also f(x) =1 and A(f~1({0})N[x,x+¢)) >0
for all x € B and € > 0. But then f has infinite total variation and is not continu-
ous from the right at any x € B, a contradiction to the assumption f € % . However,
(fu)nen is a Cauchy sequence with relation to d, since f, = f,, everywhere except for a
set of Lebesgue measure |27~ — 27| and therefore d(f,, fin) < [27" 1 =277 1.
Hence (#,d) is not complete. [

LEMMA 3.7. The metric space (¥ ,d) with d defined as in Lemma 3.4 is sepa-
rable.

Proof. Let M={f:R—R:f=3" ¢l p),n€N,a;bici € Q,a; <b;}. Then
M is a countable subset of # . Let f € # . Then it is easily seen that due to the right-
continuity of f and density of Q in R there exists a sequence (fy),en C M which
converges to f pointwise and hence also almost basically. This shows that M is dense
in (#,d) and hence (# ,d) is separable. [

Relationship between types of convergence

The argumentation in the last step of the proof of Lemma 3.4 leads to the following
quite natural characterization of almost basic convergence.

THEOREM 3.8. Let f,, f € # (n € N). Then the following are equivalent:

. I
(i) fngfasn—wo,

(ii) fn converges to f locally in Lebesgue measure up to constants, i.e. there exists
a sequence (cy)nen of real numbers such that for all € >0, r >0

lim A ({x € [-rr] | fu(x) —cn— f(x)| > €}) =0.

n—oo
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(iii) There exists a sequence (cn)uen of real numbers such that for each subsequence
(fin Jken Of (fu)nen there exists a further subsequence (f,,k[ )ien and a Borel set
S of Lebesgue measure zero such that

fnk, (x> _C"kl —>f(x)’ l— oo
forall xe R\S.

alm

Proof. Let f, = f for n — co. By Lemma 3.4, d(f,f) — 0 as n — oo, and in
the proof of Lemma 3.4 it was shown that f,, then converges to f locally in Lebesgue
measure up to constants so that i) implies ii).

ii) implies iii) by Cohn [5, Prop. 3.1.3] in conjunction with a diagonal sequence
argument, since f, — ¢, convergesto f locally in Lebesgue measure.

If iii) holds, then f,, (x) — fuy, (y) = I, (x) — Cnyy — S, (y)+ Cny, — fx)—=f)

alm

forall x,y € R\ S, hence f,, = f. O

REMARK 3.9. If f € ¥, then lim,_._. f(x) existsin R, and f— f(—e) € # . If

alm

(fu)nen 1s a sequence in ¥, then f, dn fifand only if f, — f,(—o0) = f — f(—e0).
Hence Theorem 3.8 continues to hold word by word for f,,, f € 7.

The equivalence of i) and iii) in Theorem 3.8 has a counterpart for basic conver-
gence:

COROLLARY 3.10. Let (fu)nen, f € ¥ . Then f, = f if and only if there exist
constants (cp)nen in R such that for each subsequence (fu, )ken 0f (fa)nen there exists
a further subsequence ( fnk])leN and an at most countable set S such that f, (x) —

cn, — f(x) for | — oo forall x € R\S.

Proof. 1If the second condition holds, then f,, (x) — I, (y) = ( I, (x) — an,) -
(fnk] (y) _C"kz) — f(x)— f(y) forall x,y € R\ S, hence f, = f as n — eo.

Conversely, assume f, = f for n — eo. Assume f, € # for all n € N and
f €W . Then by Theorem 3.8 there exist constants (c,),en such that for each subse-
quence (fu, )ken Of (fu)nen there exists a further subsequence ( fnk,)leN and a set S| of
Lebesgue measure zero such that f;,, (x)— my = f (x) for I — o forall x€ R\ S;. By
the definition of basic convergence, there exists an at most countable set Sy and a fur-
ther subsequence, which we do not rename, such that f,, (x) — I, (y) — f(x)—f()
for [ — oo and all x,y € R\ Sy. By fixing some y € R\ (SoUS;), this implies that
I, (x) —Cny, = f(x) as n— oo forall x € R\ Sy, since I, (y) —Cny, = f(y)asn— oo,

The statement can then be generalized on ¥ by considering f;, — lim,_,_co f;,(x)
for all n € N for a sequencein ¥'. [

In the proof of the next Theorem, we will use the following statement multiple
times, which we reformulate here for the convenience of the reader. It is found in
Bogachev [4, Thm. 1.4.7] and uses a kind of convergence similar to basic convergence.
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THEOREM 3.11. A sequence (Un)nen of finite signed measures on R converges
weakly to a finite signed measure W if and only if all of the following conditions hold:

(i) (Un)nen is uniformly tight, that is, for all € > 0 there exists a compact interval
[a,b] such that
|ta| (R\ [a,0]) < €
forall n e N.

(ii) sup||ual] < oo.
neN

(iii) For each subsequence (F (“”k)) of the sequence of distribution functions

keN
(F (“"))n c there exists a further subsequence (F IeN

able set S such that F(“""l)( ) — FMW(x) forall x € R\ S.

and an at most count-

(#nkl ))

We provide a similar statement for vague convergence, which puts basic conver-
gence into relation with vague convergence.

THEOREM 3.12. Let w,,u (n € N) be finite signed measures. Then W, — W if
and only if
(i) U, convergesto W either basically or almost basically and

(ii) (Un)nen is locally uniformly bounded in variation, i.e. for all r € R we have

sup |Un| ([=r,7]) == Cy < oo.

neN

Moreover, in (ii) it is sufficient if only (W, )nen or (W, )nen is locally bounded in
variation for any decomposition of (lin)nen into non-negative measures (U, ), o and
(M )pen Such that p, = 7 —u, forall ne N.

alm

Proof. Assume that F(*) =2 F(1) and that (,),en is locally uniformly bounded
in variation. Let f € C!(R). Choose r € R such that supp(f) C [~r,7]. Then

/ F)dp(r) / 7 (3.2)
/ F)du(r) / £ (33)

by partial integration. Let (cn)nen be as in Theorem 3.8 (iii). Since f has compact

and

support, [ f'(x)dx=0. Hence, if we define g, := F (un) — ¢, . then

/f P (¢)ds = /f an(t



VAGUE AND BASIC CONVERGENCE OF SIGNED MEASURES 13

and thus with Eq. (3.2)

[ roau o / £ (0)gnlt (3.4)

R

Now let (uy, )ren be a subsequence of (U, )nen. By definition of (cy),en and Theo-
rem 3.8, there exists a further subsequence (,unk’ )ien such that 8m, = F®M) pointwise
A -almost everywhere for [ — oo, Thus f7(¢) 8, (t) converges pointwise to f'(r)F ") (r)
for A -almost all 7 for [ — eo. Moreover, the convergence in some points and uniform
boundedness in variation of (g,),en restricted to [—r,r] implies that (g,),en is uni-
formly bounded on [—7,7], i.e. SUpP,c[_,,) nen [gn(x)] < eo. Then the sequence of func-
tions (f” 8, )”kz N converges pointwise A -almost everywhere to f'F(*) | is uniformly

bounded and has support in [—r,r], hence the dominated convergence Theorem yields

[ 7O, 0t~ [ FOF D@, 1o

Together with Eqs. (3.4) and (3.3) we have shown that each subequence (U, )ren con-
tains a further subsequence (“"kz )ien such that

| f, = / £ (O, 1) / 7OF® @) = [ fd
R R

for [ — oo. But then the whole sequence ( Jr fdu,,)n ¢y Must converge to Jr fdu as
well for n — oo. Hence [ fdu, — [ fdu forall f € CL(R).

For f € C.(R) with suppf C [—r,r], we can approximate f uniformly with func-
tions g in C!(R) with supp(g) C [—r,7]. Uniform boundedness of the total variations
of (Un)nen on [—r,r] and convergence [ gdu, — [pgdu then implies [y fdu, —
Jr fdu. Hence u, — u. Since basic convergence implies almost basic convergence,

we have shown that i) and i) imply vague convergence.

To show the converse, let u,,u (n € N) be finite signed measures, not locally
uniformly bounded in variation. Then there exists an » € R and a subsequence (L, )ren
such that

|t | ([=r7]) > &

forall k € N. Let ¢ € C.(R) be such that ||(pH°° =land p=1on[-rr]and p =0
on R\ [—r—1,r+1]. Moreover, define the signed measure fi by dfi = pdu,i.e. fi is
the signed measure with density ¢ with respect to i, and analogously let dfi, = @du,
forall n € N. Since ¢ =1 on [—r,7|, u and [i coincide on subsets of [—r,r]. The
same is true for fi, and u, for all n € N. This implies that for all k € N

|| = || ((=r21) = [t | (=) > &,
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hence the measures [i,, are not bounded in variation. Since each weakly convergent

sequence of signed measures is bounded in variation by Theorem 3.11, this implies that

fin, /A~ [i. Hence there exists a function f € C,(R) such that [ fdiw, # [ fdii. Now,
R R

since ¢ is the density of [i with respectto u,

[ rdi= [ f-qdu
R

R

and analogously for all n € N

[ fatn = [ £-odu.
R

R

Since both f and ¢ are continuous and supp(¢) C [—r— 1,r+ 1], the function f- ¢
isin C.(R). But by the choice of f

[ +-0du,= [ fdi# [ sdii= [ 1-pdu
R R R R

for n — eo. Hence u, /~— u for n — o. We have shown that any vaguely convergent
sequence of finite signed measures is locally uniformly bounded in variation.

It remains to show that any vaguely convergent sequence of finite signed measures
is basically convergent as well. Let u,,u be finite signed measures with u, — U
and let r > O be arbitrary, but fixed. Similar to above, let ¢, € C.(R) be such that
ll@rll. = 1 and that ¢ =1 on [—r,#] and @ =0 on R\ [-r— 1,7+ 1]. We define the
signed measures u, u" by du) = @-du, and du” = @,du. Let f € C»(R) be arbitrary,
but fixed. Then f- ¢, € C.(R), hence

/f-cprduw/f-cprdm n— oo
R R

due to the vague convergence of L, to U, thus similar to above

[ rawi= [ 1o~ [ f-oudn= [ aw
R R R

R

for n — oo. We see that u/ —— u’. It follows from Theorem 3.11 that u/ = u’. But

since u), and , coincide on [—r,7] forall n € N and so do u” and u, the correspond-
ing distribution functions differ only by constants on [—r,7]. Hence the basic conver-
gence W, = u” implies that u, = p on [—r,r], i.e. for each subsequence (i, )ken
of (Un)nen there exists a further subsequence (U, . )ien and an at most countable set S
such that

) () = FU) (3) — B0 () — FW0) ()
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forall x,y € [—r,r]\ S for [ — 0. Through a classical diagonal sequence argument, this
basic convergence on compact intervals implies t, = 1 on R. Since basic convergence
implies almost basic convergence, we have shown that vague convergence implies i) and
ii).

Regarding the sufficient condition of local boundedness of (U, ),en or (4, )nen,
assume that u, converges basically or almost basically to w. Forall n € N let u, u,
be some nonnegative measures such that u, = @t — . Then for any x,y € R

Pl () — Fln) () = <F(un+)(x) _F(/“t;r)(y)> _ <F(“'7)(x) _F(M.T)(y)> . (35

Now let x >y be arbitrary, but fixed and assume that (4, ),en is locally bounded.
Then due to the (almost) basic convergence, for any subsequence (L, )ren there exists

a further subsequence (i, )icn and some £ > x, § <y such that F (ki) (xX)—F (b, ) (¥)
converges to F(M) (£) — F(#) (5) for [ — 0. Therefore F (H""l)(i) -F (“"kz)(y) is bounded
in [. Now since (1, )nen is locally bounded, it follows from Eq. (3.5) that F (K, (%) —
F (%‘1)()7) is bounded in  as well. Since F*2) is monotonically increasing for all
n € N, it follows that also F (#’il)(x) —F (M;"I)(y) is bounded in /. Since every sub-

sequence of <F () (x) — F (- )(y)> . contains a subsequence that is bounded, the
ne

whole sequence has to be bounded. Hence we see that the local uniform boundedness
of (4, )nen implies the local uniform boundedness of (W, ),en, which clearly implies
that (U ),en is locally uniformly bounded in variation.

The same way, it can also be shown that local uniform boundedness in variation of
the negative parts implies local uniform boundedness in variation of the positive parts
and hence of the whole sequence. [

The following is now immediate from Theorem 3.12:

COROLLARY 3.13. Let u,,u (n € N) be finite signed measures. Assume that
(Un)nen is locally bounded in variation. Then the following are equivalent:

Ly ——
2. Uy converges basically to L.

3. Uy converges almost basically to [i.

Using Theorem 3.8 we can reformulate Theorem 3.12 as follows:

COROLLARY 3.14. Let iy, ut (n € N) be finite signed measures and F*) and
FW) their corresponding distribution functions. Then t, — w if and only if (U, )nen

is locally uniformly bounded in variation and there exists a sequence (cp)pen in R
such that F ) 4 ¢, converges to F (1) locally in Lebesgue measure.
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The connection between vague convergence of signed measures and convergence
of their distribution functions has already been studied before in Herdegen et al. [8].
In their work, they introduced the notion of a sequence of signed measures U,,n € N
having no mass at a point x € R, if for any € > 0 there exists an open neighbourhood
Ny of x such that
limsup |ty | (Nye) < €.

n—oo

They then proved:

THEOREM 3.15. [8, Thm. 3.8] Let a € R and u, 1, be signed measures (n € N).

(a) If F) (x) — F() (q) — FW) (x) — F(") (@) at all continuity points x of F\Y) and
(Un)nen is locally uniformly bounded in variation, then W, —— .

(b) If W, —— u, a is a continuity point of F™, and (W,)uen has no mass at the

continuity points of W, then F#) (x) — F() (a) — F) (x) — F\M) (a) for all con-
tinuity points x of F").

In contrast to Theorem 3.15, which considers pointwise convergence of distribu-
tion functions (up to constants), our result considers basic convergence, almost basic
convergence or local convergence in Lebesgue measure up to constants of the sequence
of distribution functions. Thereby we loose the requirement of the sequence having
no mass and reach a proper if-and-only-if-statement. In comparison to Theorem 3.12,
part (a) in Theorem 3.15 has the stronger assumption of pointwise convergence at the
continuity points of F®) instead of local convergence in Lebesgue measure, resp. al-
most basic convergence, and achieves vague convergence as well. Part (b), on the other
hand, achieves pointwise convergence instead of convergence in Lebesgue measure, but
needs the additional assumption of the sequence having no mass at the continuity points
of F(®) . In the following, we will see an example for a sequence of signed measures,
which violates the condition of the sequence having no mass everywhere, but converges
vaguely.

EXAMPLE 3.16. The sequence of signed measures which we considered in Ex-
ample 2.6 violates the condition of having no mass at x for all x € [0,1). By a slight
modification, we get a sequence which even violates this condition for all x € R. For
all n € N, let k, € Ny be such that 2% < n < 2%*+1 Define the sequence (u,),en of
signed measures by

n— 2k n+1-—2k
T and bn:knT.

This sequence is similar to the sequence presented in Example 2.6. Its distribution
functions do not converge pointwise at any point x € R, since one can easily see that
the sequence (F ) (x)),en accepts both values 0 and 1 infinitely many times for all
x € R. Moreover, for any x € R the condition of (u,),en having no mass at x is
violated, as limsup,,_,., |tx| ((x,y)) =2 for all x,y € R,x <y. However, the sequence
converges to 0 vaguely (but not weakly), basically and in Lebesgue measure.

Un = (84, — O,), Where a,=k,
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REMARK 3.17.

(a) The conditions i) and ii) in Theorem 3.12 are independent from each other. In
Example 2.7 above we found a sequence of measures which converges basically,
but is not locally bounded in variation and hence does not converge vaguely.
Conversely, the sequence

_ J &, niseven
=16, nisodd

is uniformly bounded in variation, but does not converge basically, since there
exist subsequences with different pointwise limits.

(b) As seen in Example 2.5, uniform boundedness on all compact intervals does not
imply uniform boundedness on R. We will see below that using the stronger
assumption of uniform boundedness on R in Theorem 3.12 we get loose conver-
gence instead of vague convergence.

(c) For non-negative measures, the negative parts are trivially uniformly bounded
in variation since they are zero. Hence, for them basic convergence and almost
basic convergence are equivalent to vague convergence.

(d) Since vague convergence, local convergence in Lebesgue measure up to constants
and local boundedness in variation are local conditions, one can easily general-
ize Theorem 3.12 also for sigma-finite signed measures or even more general
for suitable mappings from Uiy B([—k,k]) to R, using distribution functions
centered at a for some a € R instead of classical distribution functions.

A characterization similar to Theorem 3.12 holds for loose convergence.

THEOREM 3.18. Let (Up)nen, U De finite signed measures. Then W, LN u if and

only if W, convergesto U either basically or almost basically and (Uy),eN is uniformly
bounded in variation, i.e. sup,cy || (R) < eo.

Proof. If (Un)nen is uniformly bounded in variation and almost basically con-
vergent to u then [p fdu, — [pfdu for n — oo for all f € Cy(R), since we can
approximate functions in Cp(R) uniformly with functions in C.(R) and w, — u by
Theorem 3.12. )

Conversely, since loose convergence implies vague convergence, U, — W also
implies F(#) = F(®) a5 n — oo by Theorem 3.12.

Let u, N . Recall that the space of finite signed measures is a Banach space
with relation to the total variation norm and that Cy(R) is a Banach space with relation
to the supremum norm. We can interpret a finite signed measure  as an element of the
dual space of Cy(R) by identifying it with the mapping f +— [ fdu . Then the operator
norm of u is equivalent to the total variation of u. If now w, converges vaguely to u,
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then [ fdu, convergesto [y fdu forall f € Co(R) and hence {u,} as a set of linear
operators is pointwise uniformly bounded. By the uniform boundedness principle it
then is also bounded in operator norm, i.e. in total variation. [

Observe that Ambrosio et al. [1, Def. 1.58] also provides a relation between loose
convergence and vague convergence together with uniform boundedness in variation.

REMARK 3.19. In Lemma 3.18, it is not enough to have uniform boundednes
in variation of either the positive part or the negative parts of the sequence of signed
measures. The sequence considered in Example 2.7 is basically convergent and not
uniformly bounded in variation, but the corresponding sequence of negative parts of
measures is uniformly bounded in variation.

Theorem 3.12 and Lemma 3.18 also yield:

COROLLARY 3.20. Vague and loose convergence are not metrizable on the space
of all finite signed measures on R.

Proof. The same argument as for Theorem 3.1 can also be applied to vague and
loose convergence, using Theorem 3.12 and Lemma 3.18, since the sequence () men
constructed in Theorem 3.1 is not even locally uniformly bounded in variation. [J

Regarding metrizability, we can summarize: Loose (resp. vague) convergence
is (on the space of finite signed measures) not metrizable. It is however equivalent
to (local) uniform boundedness in variation and either basic convergence, which is
not metrizable either (Lemma 3.2), or almost basic convergence, which is metrizable
(Lemma 3.4).
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