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GENERAL ONE–SIDED MAXIMAL OPERATORS

ON WEIGHTED ONE–SIDED HERZ SPACES

KWOK-PUN HO

Abstract. This paper establishes the mapping properties of the general one-sided maximal op-
erators from the weak weighted one-sided Herz spaces to the weighted one-sided Herz spaces.
These mapping properties are inherited from the corresponding mapping properties from the
Lebesgue spaces.

1. Introduction

This main result of this paper establishes the mapping properties of the general
one-sided maximal function on the weighted one-sided Herz spaces.

The studies of the Hardy-Littlewood maximal function and the singular integral
operators are the core results of harmonic analysis [31, 32]. The studies of the the
singular integral operators and the Hardy-Littlewood maximal functions had been ex-
tended to the one-sided versions in [2, 20, 21, 22, 30]. They give us the mapping proper-
ties of the the Riemann-Liouville and Weyl fractional integral operators, the one-sided
singular integral operators and the one-sided Hardy-Littlewood maximal functions on
the weighted Lebesgue spaces [1, 16, 24]. The mapping properties of the one-sided
operators also give applications on the ergodic theory [23]. In particular, the general
one-sided maximal operators were introduced in [26]. The results in [26] provide a uni-
fied approach on for the studies of the one-sided operators on the weighted Lebesgue
spaces.

The Herz spaces were introduced by Herz in [6] for the studies of the Fourier se-
ries. It is an extension of the Lebesgue spaces and it becomes one of the most important
function spaces in harmonic analysis. It provides a number of applications on the par-
tial differential equations and Fourier analysis [5, 19, 27, 28, 34]. Moreover, recently,
there are several extensions of Herz spaces [13, 15, 17, 18, 33, 35]. The one-sided Herz
spaces with variable exponent are introduced in [9] to study the boundedness of the
one-sided maximal operators on the Herz type spaces. The one-sided Herz type spaces
introduced in [9] are different form the classical Herz spaces.

In this paper, we introduce the weighted one-sided Herz spaces and establish the
mapping properties of the general one-sided maximal operators on the weighted one-
sided Herz spaces.
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This paper is organized as follows. The definitions of the general one-sided max-
imal operators and the weighted one-sided Herz spaces are presented in Section 2.
The mapping properties of the general one-sided maximal operators on the weighted
Lebesgue spaces are also presented in this section. The main result of this paper is
established in Section 3.

2. Preliminaries and definitions

Let M be the class consisting of all Lebesgue measurable functions f : R →
[−,] . Let L1

loc denote the class of locally integrable functions on R .
For any Lebesgue measurable set E on R and non-negative Lebesgue measurable

function v , we write v(E) =
∫
E v(x)dx .

For any p∈ (0,) and non-negativeLebesgue measurable function v , the weighted
Lebesgue space Lp(v) consists of all f ∈ M satisfying

‖ f‖Lp(v) =
(∫

R
| f (x)|pv(x)dx

) 1
p

< .

The weighted weak Lebesgue space Lp,(v) consists of all f ∈ M satisfying

‖ f‖Lp,(v) = sup
>0

 (v({x ∈ R : | f (x)| > })) 1
p < .

We recall the general one-sided maximal operator from [26, Definition 1.1].

DEFINITION 1. Let h : {(x,y) ∈ R2 : x < y} → (0,) and k : {(x,y,z) ∈ R3 :
x < y < z} → (0,) be Lebesgue measurable functions. Suppose that for any (s,t) ∈
{(x,y) ∈ R : x < y} , k(s, ·,t) is locally integrable. For any locally integrable function
f on R , define

M+
h,k f (x) = sup

c∈(x,)
h(x,c)

∫ c

x
| f (s)|k(x,s,c)ds.

When h(x,y) = (y− x)− and k(x,y,z) = (z− y)−1 , 0 �  �  � 1, we write
M+

h,k by M+
 , . When  =  , M+

 , is the operator introduced and studied in [14].
These operators also have applications on the Kakeya maximal operator for radial func-
tions [4]. Moreover, when  =  �= 1, M+

 , is the maximal operator associated to the

Cesáro averages. When  = 1 and  ∈ (0,1) , M+
 , is the fractional one-sided maxi-

mal function [2, 24, 25].
We have the following result from [26, Theorem 2.1].

THEOREM 1. Let 1 � p < q < and u,v be non-negative Lebesgue measurable
functions on R . If for any x,y ∈ R h(x, ·) and k(x,y, ·) are decreasing and there is a
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constant C > 0 such that for any a < b < c, u,v satisfy

h(a,c)
(∫ b

a
u(t)dt

) 1
q
(∫ c

a
v1−p′(s)kp′(a,s,c)ds

) 1
p′

< C, if p > 1, (1)

h(a,c)
(∫ b

a
u(t)dt

) 1
q

< Cess inf
s∈(b,c)

v(s)k−1(a,s,c), if p = 1, (2)

then there is a constant C0 such that for any f ∈ Lp(v)

‖M+
h,k f‖Lq,(u) � C0‖ f‖Lp(v).

The following is the mapping properties of M+
 , on the weighted Lebesgue spaces

from [26, Theorem 3.5].

THEOREM 2. Let 0 <  �  � 1 , p ∈ (1,) and u,v be positive Lebesgue mea-
surable functions on R . If vq = up , u,v satisfy (1) and

1
p
− 1

q
= − ,

then there exists a constant C > 0 such that for any f ∈ Lp(v)

‖M+
 , f‖Lq(u) � C‖ f‖Lp(v).

For further results on the weighted norm inequalities of the one-sided operators,
see [1, 2, 16, 21, 22, 23, 24, 26, 30].

We now give the definition of the weighted one-sided Herz spaces on (0,) . For
any k ∈ N\{0} , define

I0 = (−1,1), Ik = [2k−1,2k), I−k = (−2k,−2k−1].

Define k = Ik .

DEFINITION 2. Let  ∈ R ,  , p∈ (0,) and v be a non-negative Lebesgue mea-
surable function. The weighted one-sided Herz space K̊ ,

p (v) consists of all f ∈ M
satisfying

‖ f‖
K̊,

p (v) =

(

k∈Z

2k‖ f k‖Lp(v)

) 1


< .

The weighted weak one-sided Herz space K̊ ,
p, (v) consists of all f ∈ M satisfy-

ing

‖ f‖
K̊,

p, (v) =

(

k∈Z

2k‖ f k‖Lp,(v)

) 1


< .
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When v ≡ 1, we write K̊ ,
p (v) as K̊ ,

p . When p =  and  = 0, the weighted
Herz space K̊ ,

p (v) becomes the weighted Lebesgue space Lp(v) , therefore, the weigh-
ted one-sided Herz spaces are extensions of the weighted Lebesgue spaces. The bound-
edness of the one-sided geometric maximal operator on the weighted one-sided Herz
spaces was obtained in [12]. The one-sided Herz spaces had also been extended to the
one-sided Herz spaces with variable exponents in [9, 10].

Recall that the classical weighted Herz space K
p, (v) consists of all Lebesgue

measurable functions f satisfying

‖ f‖K
p, (v) =

(



k=0

2k‖ f Ik∪I−k‖Lp(v)

) 1


< .

When v ≡ 1, we write K
p, (v) as K

p, .

When  > 0, it is easy to see that K
p, (v) ↪→ K̊ ,

p (v) . Moreover, we have

K
p, (v) � K̊ ,

p (v) .
Define

f (x) =
−1


k=−

1

v(Ik)
1
p

Ik .

As  > 0, we see that ‖ f‖K
p,

=  while

‖ f‖
K̊,

p (v) =

( −1


k=−

2k

) 1


< .

Thus, K̊ ,
p (v)\K

p, (v) �= /0 . Similarly, whenever  < 0, we find that K̊ ,
p (v) ↪→

K
p, (v) and K

p, (v)\K̊ ,
p (v) �= /0 .

Thus, the weighted one-sided Herz spaces are different from the classical weighted
Herz spaces. In [9], by taking the exponent function to be a constant function p(·) = p
with p ∈ (1,) , we find that when  > 0 the one-sided Hardy-Littlewood maximal
function is bounded on the one-sided Herz type spaces, while the boundedness of the
Hardy-Littlewood maximal function on the classical Herz spaces requires that the 
satisfies − 1

p <  < 1− 1
p [19, Theorem 5.1.2 and Remark 5.1.3].

For the studies of the classical Herz spaces and its applications in harmonic anal-
ysis and partial differential equations, see [5, 6, 7, 8, 11, 13, 15, 19, 27, 28, 34, 35].

3. Main result

We establish the mapping properties of the general one-sided maximal operators
on the weighted one-sided Herz spaces in this section. The followings are the main
results of this paper,
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THEOREM 3. Let  ∈ (0,) ,  ∈ (0,) , 1 � p < q < and u,v be non-negative
Lebesgue measurable functions on R . If for any x,y ∈ R h(x, ·) and k(x,y, ·) is de-
creasing and u,v satisfy (1)–(2), then there exists a constant C > 0 such that for any
f ∈ K̊ ,

p (v)
‖M+

h,k f‖
K̊,

q, (u) � C‖ f‖
K̊,

p (v).

Proof. Let f ∈ K̊ ,
p (v) and i ∈ N . Whenever x ∈ Ii , for any c > x , it follows that

(x,c) ⊂ (x,) ⊂ ∪
j=iI j . Therefore,

h(x,c)
∫ c

x
| f (s)|k(x,s,c)ds (3)

= h(x,c)
∫ c

x
∪j=iIj (s)| f (s)|k(x,s,c)ds

� M+
h,k(∪j=iIj

f )(x).

By taking the supremum over c ∈ (x,) on (3), we find that for any x ∈ Ii

Ii(x)M
+
h,k f (x) � M+

h,k(∪j=iIj
f )(x). (4)

When x �∈ Ii , we have

Ii(x)M
+
h,k f (x) = 0 � M+

h,k(∪j=iIj
f )(x). (5)

Thus, (4) and (5) guarantee that for any x ∈ R ,

Ii(x)M
+
h,k f (x) � M+

h,k(∪j=iIj
f )(x). (6)

We apply the norm ‖ · ‖Lq,(u) on both sides of (6), we find that

‖IiM
+
h,k f‖Lq,(u) � ‖M+

h,k(∪j=iIj
f )‖Lq,(u).

Theorem 1 yields

‖IiM
+
h,k f‖Lq,(u) � C‖∪j=iIj f‖Lp(v) � C




j=i

‖Ij f‖Lp(v) (7)

for some C > 0.
We now split the estimate into two cases,  ∈ (1,) and  ∈ (0,1] .
We first consider the case  ∈ (0,1] . The  -inequality and (7) yield


i∈Z

(2i‖IiM
+
h,k f‖Lq,(u))

 � C
i∈Z

(



j=i

2i‖Ij f‖Lp(v)

)

= C
i∈Z

(



j=i

2(i− j)2 j‖Ij f‖Lp(v)

)

� C
i∈Z




j=i

2(i− j)(2 j‖Ij f‖Lp(v))
 .
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We interchange the summations and obtain


i∈Z

(2i‖IiM
+
h,k f‖Lq,(u))

 � C 
j∈Z

j


i=−

2(i− j)(2 j‖Ij f‖Lp(v))


= C 
j∈Z

(2 j‖Ij f‖Lp(v))


j


i=−

2(i− j) .

As  > 0, we have  j
i=−2(i− j) < C for some C > 0 independent of j . Hence,

‖M+
h,k f‖

K̊,
q, (u) =

(

i∈Z

(2i‖IiM
+ f‖Lq,(u))



) 1


� C

(

i∈Z

(2i‖Ii f‖Lp(v))


) 1


= C‖ f‖
K̊,

p (v) (8)

for some C > 0.
When  ∈ (1,) , (7) gives


i∈Z

(2i‖IiM
+
h,k f‖Lq,(u))

 � C
i∈Z

(



j=i

2i‖Ij f‖Lp(v)

)

= C
i∈Z

(



j=i

2(i− j)2 j‖Ij f‖Lp(v)

)

.

The Hölder inequality and [29, Proposition 1.2] give


i∈Z

(2i‖IiM
+
h,k f‖Lq,(u))



� C
i∈Z

(



j=i

2

2 (i− j)(2 j‖Ij f‖Lp(v))



)(



j=i

2
 ′
2 (i− j)

) 
 ′

.

As  > 0, we find that 
j=i 2

 ′
2 (i− j) <C for some C > 0 independent of j . Therefore,

by interchanging the summations, we obtain


i∈Z

(2i‖IiM
+
h,k f‖Lq,(u))

 � C
i∈Z




j=i

2

2 (i− j)(2 j‖Ij f‖Lp(v))



� C 
j∈Z

j


i=−

2

2 (i− j)(2 j‖Ij f‖Lp(v))



= C 
j∈Z

(2i‖Ij f‖Lp(v))


j


i=−

2

2 (i− j)

� C 
j∈Z

(2 j‖Ij f‖Lp(v))

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where we have the last inequality because  > 0. Hence,

‖M+
h,k f‖

K̊,
q, (u) =

(

i∈Z

(2i‖IiM
+
h,k f‖Lq,(u))



) 1


� C

(

j∈Z

(2 j‖Ij f‖Lp(v))


) 1


= C‖ f‖
K̊,

p (v). (9)

Therefore, (8) and (9) yield the boundedness of M+
h,k : K̊ ,

p (v) → K̊ ,
q, (u) . �

We also have the mapping properties of M+
 , on the weighted one-sided Herz

spaces.

THEOREM 4. Let , ∈ (0,) , 0 <  �  � 1 , p ∈ (1,) , q ∈ (p,) and u,v
be positive Lebesgue measurable functions on R . If vq = up , u,v satisfy (1) and

1
p
− 1

q
= − ,

then there exists a constant C > 0 such that for any f ∈ K̊,
p (v)

‖M+
 , f‖

K̊,
q (u)

� C‖ f‖
K̊,

p (v)
.

The proof of the above theorem is similar to the proof of Theorem 3, therefore, for
brevity, we leave the proof to the reader.

When  ∈ (0,1) , M+
1, is the one-sided fractional maximal operator. Theorem

4 gives the mapping properties of the one-sided fractional maximal operators on the
weighted one-sided Herz spaces.

COROLLARY 1. Let , ∈ (0,) , 0 <  < 1 , p ∈ (1,) , q ∈ (p,) and u,v be
positive Lebesgue measurable functions on R . If vq = up , u,v satisfy (1) and

1
p
− 1

q
= 1− ,

then there exists a constant C > 0 such that for any f ∈ K̊,
p (v)

‖M+
1, f‖

K̊,
q (u)

� C‖ f‖
K̊,

p (v)
.
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[1] H. AIMAR, L. FORZANI AND F. MARTÍN-REYES, On weighted inequalities for singular integrals,
Proc. Amer. Math. Soc. 125 (1997), 2057–2064.

[2] K. ANDERSEN AND E. SAWYER, Weighted norm inequalities for the Riemann-Liouville and Weyl
fractional integral operators, Trans. Amer. Math. Soc. 308 (1988), 547–557.

[3] C. BENNETT AND R. SHARPLEY, Interpolation of Operators, Academic Press, 1988.
[4] A. CARBERY, E. HERNANDEZ AND F. SORIA, Estimates for the Kakeya maximal operator and radial

functions in R, in: Harmonic Analysis (Sendai, 1990), ICM90 Satell. Conf. Proc., Springer, Tokyo,
1991, 41–50.

[5] H. G. FEICHTINGER AND F. WEISZ, Herz spaces and summability of Fourier transforms, Math.
Nachr. 281 (2008), 309–324.

[6] C. S. HERZ, Lipschitz spaces and Bernstein’s theorem on absolutely convergent Fourier transforms,
J. Math. Mech. 18 (1968/69), 283–323.

[7] K.-P. HO, Localized operators on weighted Herz spaces, Math. Nachr. 297 (2024), 4067–4080.
[8] K.-P. HO, Bilinear operators on ball Banach function spaces, J. Geom. Anal. 34 (2024), Article no.

337.
[9] K.-P. HO, One-sided maximal operators on Herz spaces with variable exponents, Math. Inequal. Appl.

28 (2025), 189–198.
[10] K.-P. HO, One-sided operators on ball Banach function spaces, J. Geom. Anal. 35, Article Number

276 (2025).
[11] K.-P. HO, Herz spaces and integral operators on Morrey spaces, accepted by Journal of Mathematical

Society Japan.
[12] K.-P. HO, One-sided geometric maximal operator on the weighted one-sided Herz spaces, (preprint).
[13] L. HUANG, F. WEISZ, D. YANG AND W. YUAN, Summability of Fourier transforms on mixed-norm

Lebesgue spaces via associated Herz spaces, Anal. Appl. (Singap.), 21 (2023), 279–328.
[14] W. JURKAT AND J. TROUTMAN, Maximal inequalities related to generalized a.e. continuity, Trans.

Amer. Math. Soc. 252 (1979), 49–63.
[15] Y. LI, D. YANG AND L. HUANG, Real-Variable Theory of Hardy Spaces Associated with Generalized

Herz Spaces of Rafeiro and Samko, Lecture Notes in Mathematics, no. 2320, Springer 2022.
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