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GENERAL ONE-SIDED MAXIMAL OPERATORS
ON WEIGHTED ONE-SIDED HERZ SPACES

Kwok-PUN HO

Abstract. This paper establishes the mapping properties of the general one-sided maximal op-
erators from the weak weighted one-sided Herz spaces to the weighted one-sided Herz spaces.
These mapping properties are inherited from the corresponding mapping properties from the
Lebesgue spaces.

1. Introduction

This main result of this paper establishes the mapping properties of the general
one-sided maximal function on the weighted one-sided Herz spaces.

The studies of the Hardy-Littlewood maximal function and the singular integral
operators are the core results of harmonic analysis [31, 32]. The studies of the the
singular integral operators and the Hardy-Littlewood maximal functions had been ex-
tended to the one-sided versionsin [2, 20, 21,22, 30]. They give us the mapping proper-
ties of the the Riemann-Liouville and Weyl fractional integral operators, the one-sided
singular integral operators and the one-sided Hardy-Littlewood maximal functions on
the weighted Lebesgue spaces [1, 16, 24]. The mapping properties of the one-sided
operators also give applications on the ergodic theory [23]. In particular, the general
one-sided maximal operators were introduced in [26]. The results in [26] provide a uni-
fied approach on for the studies of the one-sided operators on the weighted Lebesgue
spaces.

The Herz spaces were introduced by Herz in [6] for the studies of the Fourier se-
ries. It is an extension of the Lebesgue spaces and it becomes one of the most important
function spaces in harmonic analysis. It provides a number of applications on the par-
tial differential equations and Fourier analysis [5, 19, 27, 28, 34]. Moreover, recently,
there are several extensions of Herz spaces [13, 15, 17, 18, 33, 35]. The one-sided Herz
spaces with variable exponent are introduced in [9] to study the boundedness of the
one-sided maximal operators on the Herz type spaces. The one-sided Herz type spaces
introduced in [9] are different form the classical Herz spaces.

In this paper, we introduce the weighted one-sided Herz spaces and establish the
mapping properties of the general one-sided maximal operators on the weighted one-
sided Herz spaces.

Mathematics subject classification (2020): 26D10, 42B25, 42B35, 46E40.
Keywords and phrases: One-sided maximal functions, one-sided fractional maximal operators, Herz
spaces.

© depay, Zagreb 35
Paper JCA-27-03


http://dx.doi.org/10.7153/jca-2026-27-03

36 K.-P.Ho

This paper is organized as follows. The definitions of the general one-sided max-
imal operators and the weighted one-sided Herz spaces are presented in Section 2.
The mapping properties of the general one-sided maximal operators on the weighted
Lebesgue spaces are also presented in this section. The main result of this paper is
established in Section 3.

2. Preliminaries and definitions

Let .# be the class consisting of all Lebesgue measurable functions f: R —
[—oo,c0]. Let L] . denote the class of locally integrable functions on R.

For any Lebesgue measurable set E on R and non-negative Lebesgue measurable
function v, we write v(E) = [ v(x)dx

For any p € (0,0) and non-negative Lebesgue measurable function v, the weighted
Lebesgue space L?(v) consists of all f € .# satisfying

1oy = ( A f<x>|f’v<x>dx)’l_’ ce

The weighted weak Lebesgue space LP*°(v) consists of all f € .# satisfying
L
1 lepew) = iﬂ%l(V({x ER:f(X)]>A})P <ee.
>

We recall the general one-sided maximal operator from [26, Definition 1.1].

DEFINITION 1. Let h: {(x,y) € R? : x < y} — (0,00) and k: {(x,y,z) € R :
x <y <z} — (0,0) be Lebesgue measurable functions. Suppose that for any (s,#) €
{(x,y) e R:x <y}, k(s,-,t) is locally integrable. For any locally integrable function
f on R, define
M;tkf(x)z sup h(x,c) |f )|k(x,s,c)ds.

c€(x,00)

When h(x y)=(y—x)"P and k(x,y,2) = (z—y)* ', 0< B < a < 1, we write

by MT e When o =3, M" wp is the operator introduced and studied in [14].
These operators also have apphcatlons on the Kakeya maximal operator for radial func-
tions [4]. Moreover, when ac =3 # 1, M wp is the maximal operator associated to the
Cesdro averages. When oo =1 and § € (0,1), M %ﬁ is the fractional one-sided maxi-
mal function [2, 24, 25].

We have the following result from [26, Theorem 2.1].

THEOREM 1. Let 1 < p < g <0 and u,v be non-negative Lebesgue measurable
Sunctions on R. If for any x,y € R h(x,-) and k(x,y,-) are decreasing and there is a
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constant C > 0 such that for any a < b < c, u,v satisfy
1 1
b q ¢ ’ / 7
h(a,c) (/ u(t)dt) (/ VTP () kP (a,s,c)ds) <C, if p>1, (D)
a a
b 1
q
h(a,c) (/ u(t)dt) < Cess i(r;)f)v(s)k_l(a,s,c), if p=1, ()
a se(b,c
then there is a constant Cy such that for any f € LP(v)
1M f o=y < Coll £l o y-

The following is the mapping properties of M;”. p on the weighted Lebesgue spaces
from [26, Theorem 3.5]. '

THEOREM 2. Let 0 < B < a <1, p € (1,00) and u,v be positive Lebesgue mea-
surable functions on R. If vi = u”, u,v satisfy (1) and

1 1
]
P 49

then there exists a constant C > 0 such that for any f € LP(v)
||M§73f||m(u) <O fllr(vy-

For further results on the weighted norm inequalities of the one-sided operators,
see [1, 2, 16, 21, 22, 23, 24, 26, 30].

We now give the definition of the weighted one-sided Herz spaces on (0,). For
any k € N\{0}, define

IO: (_171)7 Ik: [2k7172k)7 Ifk:(_zka_zkil].
Define x; = xj, -

DEFINITION 2. Let ¢ € R, 0,p € (0,0) and v be a non-negative Lebesgue mea-

surable function. The weighted one-sided Herz space Kj' ’e(v) consists of all f € .#

satisfying
1

0
1£llgeo, = (2 zkaellkalli,,(v)> <o

kEZ
The weighted weak one-sided Herz space K, ao?, (v) consists of all f € .Z satisfy-

ing

1
0
I7lss) = (2 zkaenmﬁw) <o

keZ
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When v =1, we write Io(g’e(v) as I%g’g. When p = 60 and a = 0, the weighted
Herz space K 9(v) becomes the weighted Lebesgue space LP(v), therefore, the weigh-
ted one-sided Herz spaces are extensions of the weighted Lebesgue spaces. The bound-
edness of the one-sided geometric maximal operator on the weighted one-sided Herz
spaces was obtained in [12]. The one-sided Herz spaces had also been extended to the
one-sided Herz spaces with variable exponents in [9, 10].

Recall that the classical weighted Herz space Kﬁ,@(v) consists of all Lebesgue
measurable functions f satisfying

1

=

0
1A 1&g = (2 25| fagor ||2,,(V)> < oo,

k=0
When v=1, we write Ky (v) as K.
When o > 0, it is easy to see that Ko(v) — I%,(f’e(v). Moreover, we have
50,0
Ko (v) C Ky (v).
Define
f(x) = 2 T X+
k=—co v(I};) P

As o > 0, we see that ||fHKa9 = oo while
12

k=—oco

1
—1 )
_ ko
I/lgao ) = ( 3 o ) o

Thus, I%g’g(v)\KI‘j‘e(v) #0. Similarly, whenever o < 0, we find that Ko (v) —

K%o(v) and K%3(W\KS’ (v) £ 0.

Thus, the weighted one-sided Herz spaces are different from the classical weighted
Herz spaces. In [9], by taking the exponent function to be a constant function p(-) = p
with p € (1,0), we find that when o > O the one-sided Hardy-Littlewood maximal
function is bounded on the one-sided Herz type spaces, while the boundedness of the
Hardy-Littlewood maximal function on the classical Herz spaces requires that the o
satisfies —}—9 <oa<l1l-— }—) [19, Theorem 5.1.2 and Remark 5.1.3].

For the studies of the classical Herz spaces and its applications in harmonic anal-
ysis and partial differential equations, see [5, 6, 7, 8, 11, 13, 15, 19, 27, 28, 34, 35].

3. Main result

We establish the mapping properties of the general one-sided maximal operators
on the weighted one-sided Herz spaces in this section. The followings are the main
results of this paper,
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THEOREM 3. Let o € (0,00), 0 € (0,00), 1 < p < g <ooand u,v be non-negative
Lebesgue measurable functions on R. If for any x,y € R h(x,-) and k(x,y,-) is de-
creasing and u,v satisfy (1)—(2), then there exists a constant C > 0 such that for any

fekym)
+
”Mh,kf”k“ﬁf(u) < CHf”I;'gﬂ(V)

Proof. Let f € IQ(I?"B (v) and i € N. Whenever x € [;, for any ¢ > x, it follows that

(x,¢) C (x,00) C UT_;1;. Therefore,
) [ 1£(5) k(. 5,)ds
X

— h(x,c) / e 1y O lk(x,s.)ds
<th(%u If)( )-

By taking the supremum over ¢ € (x,o0) on (3), we find that for any x € I;

20 ()M f () < My (07 1, £) ().
When x ¢ I;, we have
20 ()M f () = 0 < My (7 1, £) ().
Thus, (4) and (5) guarantee that for any x € R,
x5 ()M, f () <My (o1, f) ().
We apply the norm || - || .=,y on both sides of (6), we find that
HXIiM}-::kf”L‘I*“(u) < ||M;Ik(){u;;i1jf)||m°°(u)

Theorem 1 yields
126 Mpy o f | o=y < Cliawz i fllr ) < CZ_HXI,fHLP(v)
=i

for some C > 0.
We now split the estimate into two cases, 0 € (1,e0) and 6 € (0,1].
We first consider the case 8 € (0,1]. The 6-inequality and (7) yield

0
2(2iaHXL—MZkf||L%°° o< cy (22"1%1 llere )

i€Z i€Z \Jj=

BE

Mg

20020 o, Fll oy )

N

LE Jj=i

~.

C 229 ZJaHXIfHLP )-

3)

“4)

(&)

(6)

)
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We interchange the summations and obtain

SOy i)’ <SS, 26 )

i€z JELi=—o
. J .
=C Y 2 fllw)? Y, 2000
JEZ i=—o0

As o >0, we have 3/ 200=)% < C for some C > 0 independent of j. Hence,

1

0
HMZka,g;g(u) = (2(Z’O‘II%IiM*fIIm(u))e)

i€z
1
) 4
<C (2(2’“||mf||u<v>>9> = Clfllggo ®)
i€Z

for some C > 0.
When 0 € (1,0), (7) gives

0
3 % M o)’ <C 3 (Z?’”’ff ““’M)
Jj=i

i€Z i€Z

0
:CZ (22 azlaHll fHLI’ ) .

i€z

The Holder inequality and [29, Proposition 1.2] give

2(zia||XI,-Mh+7kaLq>°°(u))9
i€z

0
o ’ 6’
<Cy, (222 2’“”%1 Florw) ) (Zz%(z‘—j)oc> .
j=i

i€Z

As o >0, we find that E 2 2 (=% < C for some C >0 independent of j. Therefore,
by interchanging the summatlons we obtain

3 2 M i) < € 3, 32802 )

i€Z i€Z j=i
9 (i—j)
<C3 3 2Dy, )
JELi=—o0
i J 0/
:CZ(ZIOCHXI,»JCHLP(V))B D 95 (i-ja
Jjez = —oo

<CY QN a fllr)?

jez
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where we have the last inequality because or > 0. Hence,

g
HMZkf”fgg;f(u) = (2(21aXhMikf||m(u))e>
’ i€
1
) 0
<c<2@mxg¢mwﬁ = Clfllgao - ©)
JEZ
Therefore, (8) and (9) yield the boundedness of M, , : Ky ’e(v) — Ky 4 (w). O
We also have the mapping properties of Mof_ p on the weighted one-sided Herz
spaces.

THEOREM 4. Let 7,0 € (0,00), 0 < B < a <1, pe(l,), g€ (p,o) and u,v
be positive Lebesgue measurable functions on R. If v = u?, u,v satisfy (1) and

1 1
— o —a-p,
P q
then there exists a constant C > 0 such that for any f € I%},/’B (v)
+
”Maﬁf”k};ﬁ(u) < C”fHK;’e(V)

The proof of the above theorem is similar to the proof of Theorem 3, therefore, for
brevity, we leave the proof to the reader.

When S € (0,1), Mfr_ﬁ is the one-sided fractional maximal operator. Theorem
4 gives the mapping propérties of the one-sided fractional maximal operators on the
weighted one-sided Herz spaces.

COROLLARY 1. Let 7,0 € (0,00), 0 < B <1, pe(l,00), g€ (p,o°) and u,v be
positive Lebesgue measurable functions on R. If vi =uP, u,v satisfy (1) and

1 1
— =18,
P q

then there exists a constant C > 0 such that for any f € I%},/’B (v)
+
HMlﬁf”f(gﬁ(u) < CHf”f(gﬁ(Vy
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