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ALMOST CONVERGENCE AND QUINTET BAND MATRIX

KUBRA TOPAL

Abstract. In this study, we define the sequence spaces f(G(r,s,t,u,v)), fo(G(r,s,t,u,v)) and
fs(G(r,s,t,u,v)). We demonstrate that these newly defined spaces are BK -spaces and are lin-
early isomorphic to the sequence spaces f,fy and fs, respectively. Additionally, we provide
the Schauder basis and determine the f3- and y-duals of these spaces. Finally, we characterize
certain matrix classes associated with these spaces.

1. Introduction

w is a set of all real (or complex) valued sequences any vektor subspace of w is
called a sequence space where w is a vector space under pointwise addition and scalar
multiplication. The symbols /., ¢, ¢y and £, symbolize all bounded, convergent, null
and absolutely p-summable sequence spaces, respectively, where 1 < p < oo.

A Banach sequence space is defined as a BK -space each of the maps p, : Z — C
defined by pp(z) = z, which must be continuous for all n € N [14]. Considering this
definition, we can say that /., ¢ and ¢y are BK-spaces with sup-norm defined by
|z]l.. = sup|z| and ¢, is a BK -space with its p-norm defined by

keN

1

oo

lall, = { X lzl”

k=0

where 1 < p < oo [23].
Given an infinite matrix A = (a,), the A-transform of a sequence z = (zx) € w is
defined by:

(AZ)n = 2 Anklk -
k=0

Here, it is assumed that this transformation is convergent for each n € N [30].
Then, by (Z: T), we denote the class of matrices from Z into T and it is define
as follows:
(Z2:T)={A=(ay):Az€eT forall z€Z}.
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Furthermore, the matrix domain of A in a sequence space Z, denoted by Zy, is a
sequence space defined as:

Zy={z=(x)ew:Aze Z}. (1)

Let Z and T be two any Banach spaces and suppose L:Z — T is a bounded
linear operator. In this case, we denote by D(L), R(L) and B(Z,T) the domain of L,
the range of L and the set of all bounded linear operators from Z to T, respectively.
Additionally, for simplicity, B(Z) is written instead of B(Z:Z).

Now, let us the denote the sets of all bounded and convergent series by bs = (fo)s
and ¢s = ¢y, respectively, where S = (s,,x) denotes the summation matrix as follows:

_J L, 0<k<n
Snk 0, k>n

for all n,k € N.

Stefan Banach, using the Hahn-Banach theorem in the space /.., introduced the
idea of Banach Limits. Banach identified specific non-negative linear functionals on
l. that are invariant under shift operators and serve as extensions of the functional /,
defined on ¢ as

l:c — R
z2=(zn) — £(z) = lim g,

n—oo

which is a linear functional on ¢. These functionals later became known as Banach
Limits [14].

A linear functional L : /.. — R is classified as a Banach Limit if it fulfills the
following properties:

1. L(zy) >0ifz>0,n=0,1,2,...
2' L(P/(Zn>) :L(ZVI)’ P/(Z") :Zl’lJrj’ J: 1a2a3a"~
3. L(e) =1, where e= (1,1,1,...).

Lorentz further explored the concept of Banach Limits and introduced a new idea
known as ‘almost convergence’. A sequence z = (z,) € /. is said to be almost conver-
gent and the value Limz, = A is referred to as its F-limit if L(z,) = A is satisfied for
every limit L [22]. For further details on fundamental theorems in functional analysis,
summability theory, sequence spaces, and almost convergence, readers can refer to the
recent textbooks [2] and [25].

By using the forward difference operator A the difference spaces co(A), ¢(A) and
l(A) from the classical sequence spaces cp, ¢ and l. are introduced by Kizmaz,
in [19]. Later, in the year 2003 the difference space bv, has been constructed as
the domain of backward difference matrix V in the classical space ¢, of absolutely
p-summable sequences in the case 1 < p < o by Basar and Altay [3] and in the
case 0 < p <1 by Altay and Bagar [1]. The construction of a new sequence space
was used through the domains of difference matrices Ac,(p), Ac(p) and Ale(p) in
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[311, co(u,A,p ), c(u,A,p) and Le(u,A, p) in [9], co(A?), c(A2) and £..(A?) in [17],

co(u,A?), c(u,A?) and lo.(u,A?) in [24], co(u,A%,p), c(u,A% p) and fo.(u,A?, p) in

[10], co(A™), c(A™) and lw(A™) in [16], lu, ¢, ¢ and £, in [21], €s(B), co(B),

c(B) and ¢,(B) in [28], fo and f in [4], fo(B) and f(B) in [29], fo(Q(rs,t,u)),
fo(r, s,t,u) and f(Q(r,s,t,u) in [11].

2. Almost convergent quintet band matrix

In this part, we review some previous research and define new sequence spaces
So(G(r,s,t,u,v)), f(G(rs,t,u,v)) and fs(G(r,s,t,u,v)). Additionally, we show that
they are BK -spaces. Later, we also show that these spaces are linearly isomorphic to
the spaces fp, f and fs, respectively.

Lorentz provided a characterization of almost convergent sequences through the
following theorem.

THEOREM 1. [22] For the F -limit, Limz, = A ,to exist for the sequence z = (z,),
it is required and sufficient that the following condition is satisfied uniformly in n:

. Zn+Zn+l+~~~+Zn+i
lim

=A.
i—o0 i+1

By relating the concept of almost convergence to Theorem 1, the spaces fy, f and
fs are defined as the sets of all almost null sequences, almost convergent sequences
and almost convergent series are defined as:

fo=<z=(z) €w:lim 2 Itk _ uniformly in n
1~>°°k 0 i+1

l—}oo

f= {Z— (zx) ew:31 eC lmz Z':]i =1 umformlymn}

and

i ntk .
fs= {Z_(Zk)EW EI)LE(ChmZZ +1—/1 uniformlyinn},
0j=

[—)oo

in turn. Taking into account (1), the sequence space fs can be expressed in a new form
as follows:

fs=fs.
THEOREM 2. [13] The subsumptions ¢ C [ C le strictly hold.

THEOREM 3. [13] The spaces f and fy are classified as BK -spaces, defined by
the norm

i
Zn+k

l|zllf = sup .
! i,neN k§=‘6 i+1

and fs is classified as BK -space, defined by the norm ||z| rs = ||Sz|| r-
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Kizmaz, as noted in [19], was the first to define sequence spaces using the forward
difference matrix, introduced the spaces co(A), ¢(A) and fo(A) as follows:

co(A) ={z= () ew: ,}E};(Zk_zkﬂ) =0},
c(8) ={z=(z) € w: lim (z —2¢41) exists}

and
leo(A) = {z=(z) € w:supzx — gy 1| < oo}
keN

The difference matrix A = (e,;) is defined by,

1, k=n
engk = —1, k=n+1
0, o.w.

for all n,k € N.
Thereafter, Bagar and Kirisci utilized the generalized difference matrix to define
the generalized difference sequence spaces fy and f in [4] as:

m

fo=<z=(z) ew: lim Y Pty £ Sangjo1 0 uniformly in n
maooj:() m + l

and

m

fZ{Z:(Zk)EW:EVLE(C lim ZM

= A uniformlyinn ;.
m—e = m—+1

Additionally, Sonmez utilized the triple band matrix in [29] to establish the spaces
fo(B) and f(B), which are defined by,

m

fo(B) = {ZZ (z) ew: lim Y
=0

FZntj+ SZntj—1 +12n+j—2
m—+1

m-—oo 7

= 0 uniformly in n}

and

m

oy itz
f(B)= {z: (%) €w:3A €C lim Y PnjtSanj 1 H a2

Mm—seo 4 m+1

= A uniformly in n} .
j=0

Furthermore, Bisgin employed the quadruple band matrix to define the almost
convergent sequence spaces fo(Q(r,s,t,u)), f(O(r,s,t,u) and fs(Q(r,s,t,u)) in [11],
given as:

m

fo(Q) = {ZZ (z) Gw:mli_IEOZ

Jj=0

IZptj+ 8SZntj—1 T 12n4j—2 T UTpyj—3

0
m+1

uniformly in n} ,
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o & FZInt S j—1 1t Znsj—2 H UZpy -3
={z=(g)Ew:3I1eC 1 J J J 75 _
f(Q) {Z (zx) Ew ’“I_I’I:"ZB o
uniformly in n}
and
o sz e+ UZy3
fs(0) = z:(zk)ew:EIJLE(Chmzz I =2
M i Z0v=0 m+
uniformly in n}

Lately, Bisgin introduced the sequence spaces co(G), ¢(G), {-(G) and £,(G),
defined as follows:

c(G) = {z =(z)ew: ]}im (rzx + szgp—1 + 25—+ Uzp—3 +vzp—g) = 0} ,

c(G)= {z =(z) ew: klim (rzx + sze—1 +Htzp—o + uzpe—3 + vzp_4q) exists} ,

leo(G) = {z = (zx) Ew:sup|rzx + 571 Hize 2 tuze 3 +vzpq| < 00}
keN

and
0,(G)= {z = (z) Ew: Z|rzk +s7k 1 iz ot uzk 3+ vz alf < 00} , (1< p<eo).
3

Also, the quintet band matrix G = G(r,s,,u,v) = (gu(r,s,¢,u,v)), which was
introduced by Bisgin [12], is defined as:

r, k=n
s, k=n-—1
t, k=n-2

guk(rys,t,u,v) = w ke 3
v, k=n—4
0, o.w.

for all n,k € N and r,s,7,u,v € C\{0}. Here, it is easily seen that the equations,
G(1,-4,6,—4,1)=A*, G(r,5,t,u,0) = Q(r,s,t,u), G(1,—3,3,—1,0) =A%, G(1, -3,
1,—1,0) =A%, G(r,s,t,0,0) = B(r,s,1), G(1,—2,1,0,0) = A%, G(r,5,0,0,0) = B(r,s)
and G(1,—1,0,0,0) = A, where A*, Q(r,s,t,u), A>, B(r,s,t), A%, B(r,s) and A are
called fourth order difference, quadruple band, third order difference, triple band, sec-
ond order difference, double band and difference matrix, respectively. Hence, our re-
sults obtained in this paper are more comprehensive than the corresponding results in
the existing literature.
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Now, we define the sequence spaces,

S TZntj STt j—1 F12ngj2 t U j-3+ Vinyj-a

0
i+1

fo(G) = {ZZ (zx) €w: lim

1—o0

Jj=0
uniformly in n } ,

i

7(G) = {z: () ew: I eC > lim ¥, Zrts Ty 1 on 2 W3 Vo4

[—o0 j:() l+1
= A uniformly in n}

and
. g sy ity o fuz 3 vz
fs(G)=Sz=(zx)ew:IA€C > lim Y Y - =A
7% j20i=0 i+l
uniformly in n},
in turn.

From the expression (1), it is evident that the transformation G(r,s,z,u,v) of an
arbitrary sequence z = (zz) € w can be defined as follows:

Vi = (G(r,8,8,u,v)2)k = r2x + 52,1 + 122 + Uz 3+vzi—4

for Vk € N. Also, the spaces fo(G), f(G) and fs(G) can be redefined with the domain
of the quintet band matrix G = G(r,s,t,u,v) by:

Jo(G) = (fo)G, f(G)=(f)g and fs(G) = (fs)c- 2)
THEOREM 4. The spaces fy(G) and f(G) are BK -spaces with the norm
Hx”f(G) = ”foo(G) = HG(ESJ,M,V)Hf
and the space [s(G) is BK -space with the norm

||fos(G) = HG(KSJ,M,V))CH]?S.

Proof. We know that f, fo and fs are BK-spaces. If we consider that the
quintet band matrix is a triangle matrix and condition (2) is satisfied, we obtain that
f(G(r,s,t,u,v)), fo(G(r,s,t,u,v)) and fs(G(r,s,t,u,v)) are BK -spaces by Wilansky’s
Theorem 4.3.12 [30]. Thus, the proof is complete. [

Now, for r,s,¢,u,v € C\{0}, we consider the equation

rit 52+t +uz+v=0.
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The roots of this equation are as follows:

s 1 1
(o] :—E—EC—ECZ,
o) = —%—%C-f—%d,
03 = _i—’—lc_lpa

4r 2 2
Oy = —i—i—lc—klp,

4r 2 2

where

a=1>—3su+ 12vr,
b= =26+ 9stu+72rtv — 27ru’> — 275>,

51

2 1 3 V2
T r 3
r 3r<b— b2—4a3>3
2 4 1 i /2
d— %—gjuﬁ(b— p—4a)’ + Vaa .
\ : 3r (b-vE—4a7)

2 1 3
po |2 1 (b—v2=aa®) " + Vaa

2r2 _§+3\3/§r

Also, after some calculations we obtain:
s
O1+0,+03+04 =—-
r
t
010, + 0103+ 0104 + 02,03 + 0204 + 0304 = —
-
u
010203 + 010204 + 010304 + 020304 = ——
,

v
01020304 = —
r
s t u v
of+-0i+-0f+-01+-=0
r r r r

Of + 03 + 03 + 0f + 0102+ 0103 + 0104 + 0203 + 0204 + 0304

K t
+;(O’1—|—O’2+O’3+O’4)—|—;=0

2 2 2 § t_
01+02+03+c71c72+c71c73+0203+;(014—02—1-03)4—;—O

3)

“4)

(&)
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N
61+62+63+0'4+;=0 (6)

N t u
0} +03+010; + 0207 + - (0] + 010, +03) +—(01+ 02) +~ =0 (7)

O} + 05 + 03 4+ 0103 + 0105 + 0201 + 0,07 + 030} + 0305 + 010,03

S t u
+;(of+o§+o§+mcz+mcs+0203)+;(cn+cz+63)+; =0 (8)

0} + 05 + 03 + 0} + 0105 + 0104 + 0104 + 020} + 0203 + 0207 + 0307
+O'3O'22—|-0'302%—|—0'4O'12+0'40'22+0'40'32—|—O'10'2C)'3—|—O'10'2C)'4—|—O'10'3O'4+0'20'30'4

S
+ ;(612+022+032+Gf+0102+0103 + 0104+ 02,03 + 0204 + 0304)
t u
+;(01+02+03+0'4)+;:O. )

THEOREM 5. The spaces f(G(r,s,t,u,v)), fo(G(r,s,t,u,v)) and fs(G(r,s,t,u,v))
are linearly isomorphic to the spaces f, fo and fs, in turn.

Proof. We give the proof only for f(G(r,s,t,u,v)). Others can be proved by sim-
ilar methods. Accordingly, it is shown that there exists a linear bijection between the se-
quence spaces f(G(r,s,t,u,v)) and f. Define the transformation M : f(G(r,s,t,u,v)) —
f by M(z) = G(r,s,t,u,v)z. Clearly, if z = (z) € f(G(r,s,t,u,v)), then M(z) =
G(r,s,t,u,v)z € f. Moreover, M is obviously a linear transformation and M(z) =0
implies z = 0. Thus, M is injective. Let us define the sequence z = (z;) for all k € N
as follows:

1 & kjhd i
Zk:;z 2 2 o T oyo304y),
where the sequence y = (yx) € f. Considering this equation and the expressions
(3)—9), we get

(G)r = rzi+ sz 1+tzk 2t uzp_3+vzg—g
k k—jk—j—ok— —i

- k—j—o—i—-l _| i _«a
=Y 2 o 0504041y
j=0a=0 i=0  [=0
g k=lk—j—lk—j—a—lk—j—o—i-1 . .
j—o—i— I i o, .
+; 2 2 (of} 0,030, Y;
j=0 a=0 =0 1=0
k—2k—j—2k—j—o—2k—j—a—i-2
t J J / k—j—a—i—1-2 | _i __a
+; 0-1 0-2030-4 yj
j=0 a=0 i=0 =0
k—3k—j—3k—j—a—3k—j—a—i-3
u ’ k—j—a—i—1-3 |
+; 2 Z (o) 0203 04 yj
j=0 a=0 i=0 =0
k—dk—j—4k—j—a—4k—j—a—i—4

o
ke j—a—iel—4 ]
Y o osoioly;
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a=0 i=0

k—j—a—i—4 i 4
—J—O0—1—l—= [ i o
] 0,030y

Jj=0 i=0
X (Gh‘ E013 + 50124' EC71 + E) +G§_j_a_i_3aéaf‘
r r r r
x [613+623+01022+62012+ ;(012+0102+022)+;(51 +c;2)+% :()H
k—j—a—3

+04 ol [0'13 + 035 + 03 + 0105 4 0107 + 020} + 0203 + 036} + 0305

S 2 ) 2 t u
+010,03 + ;(01 + 05+ 05+ 010+ 0103+ 0203) + ;(0'1 +or+03)+ -

k—j—3

+0, [013 + 05 4 03 + 0; + 0107 + 01037 + 0104 + 0201 + 0207 + 0207

+0307 + 0303 + 0307 + 0407 + 0403 + 0403 + 010203 + 610,04 + 610304
S

+0,0304 + —(0124— 0224—0324—034— 010, + 0103+ 0104 + 0,03
r

Vi

t u
+0,04+ 0304) + ;(0'1 +or+03+04)+ ;:|

+ [013 405 4 03 + 0; + 0103 + 0107 + 0103 + 0201 + 0207 + 620 + 0367
2 2 2 2 2
+0305+030,+040] +040, +0403+010,03+0] 0204+ 01 0304+0,0304
N
+—(012 + 022 + 032+ GZ + 010, + 0103+ 0104+ 0,03 + 02,04 + 0304)
r
u
r

t
+;(0'1 +0y+03+04)+ ]yk_3

+[o%+c§+o§+o§+mcz+mcs+olo4+ozoa

N t
+0,04 + 0304 + ;(0'1 +oy+03+04)+ ;:| Vk—2
N
+ [0'1 +0y+03+ 04+ ;]Ykl + Yk
= Yk
for all kK € N. So we obtain,

lim 2 Pt + ST jt g2+ Uansj=3 +Vansj—a 2 Yt
2P i1 e it 1

= F —limy,.

Namely, z = (zx) € f(G(r,s,t,u,v)) and M(z) =y. Therefore, M is surjective.
Additionally, for all z = (z) € f(G(r,s,t,u,v)), we obtain

M)y = 1G(rys,t,u,v)zll 7 = [zl (6 (rs ) -
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Hence, M preserves the norm. Consequently, M is a linear bijection. As a result, we
conclude that f(G(r,s,t,u,v)) = f. Thus, the proof is complete. ]

3. The Schauder basis and [3,y-duals of new sequence spaces

In this section, we talk about Schauder basis of the spaces f(G(r,s,t,u,v)) and
fs(G(r,s,t,u,v)). Also, we identify the - and y-duals of this spaces.

Let X be a normed space and b = (b;) a sequence in X . The sequence b = (by)
is a Schauder basis for X if and only if for every x = (x;) € X, there exists a unique
sequence of scalars () such that

n
Hx— E OCkka —0
— X
k=0
as n — oo,

COROLLARY 1. [4] The space f has no Schauder basis, where f is almost con-
vergent sequence space.

REMARK 1. [18] Let X be an arbitrary sequence space and A = (a,;) be a trian-
gle matrix. Then X4 has a basis if and only if X has a basis.

COROLLARY 2. The spaces f(G(r,s,t,u,v)) and fs(G(r,s,t,u,v)) hasno Schau-
der basis.

The set M(T,U) is named as multiplier space of T and U . Also this set is defined
by:
M(T,U)={a=(a;) ew:at = (aty) €U forall t = (1) € T},
where T and U are the any sequence spaces. Then, the - and y-duals of the space T

are defined as:
TP =M(T,cs) and TY = M(T,bs),

in turn.
Now, to use in the next lemma we write the following:

sup Y [fme| < oo (10)

neN
limz,, = u, forallke N (1D
n—o0

nlgggtnk =u (12)
Tim ' [A(we — )| =0 (13)

k

sup Y. | Aty < oo (14)

neN
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klim ta =0 foralln e N (15)
lim Y |A%,] =4 (16)
n—oo X

where Aty =ty —t, 441 and Aty = A(Aty).

LEMMA 1. Let us assume that B = (b,;) be an infinite matrix. In this case the
followings hold:

(i) B=(bw) € (f:¢) < (10), (11), (12) and (13) hold [27],
(ii) B=(by) € (f : £o) < (10) holds [27],
(iii) B = (by) € (fs:c) < (11), (14), (15) and (16) hold [26],
(iv) B=(by) € (fs: L)< (14) and (15) hold [4].

THEOREM 6. Given the sets &, &, &, &4, &, & and & as follows:

n j—k j—k—o j—k—a—i

22 D 2 ij“’1020304b

j =ko=0 i=0

élz{b:(bk)EW:supi

neN =0

1 Jj—k j—k—ot j—k—oa—i ) )
L={b=Bew:im-Y Y ¥ Y o " oloicfp;
—> . . 1:0

exists for each k € N }
n 1 k k—jk—j—ok—j—o—i
&= {b: (by) € w: lim 2 [; 2 2 O'f iz 10'10'30'4 by exists

n j—k j—k—o j—k—a—i . p
j—k—o—i=l _I i o
E E o 0,030, bj — Uk

|

| & ckikeikoasi
o= qb=(b) w: lim > Y ol eloiolbi=0
—> i : 1=0

foreach n € N}
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1 Jj—k j—k—oj—k—o—i . -
2 —k—0—1—
& =<b=(by) INEEDY Y of osolofb;
P iZka=0 i=0 =0
exists}
where
1 Jj—k j—k—ot j—k—o—i i - )
My = lim — D ol " olololb;, VkeN.

In that case the followings hold:
(i) {F(G(rs,tu)}f =&n&N&NE
(”) {f(G(r,s,t,u,v))}y = 51
(iii) {fs(G(r.s,t,uv)}P = E&NENENE
(iv) {fs(G(r,s,1,u,v))}" =& N&.

Proof. Tt is sufficient to prove only (i), as the others can be done similarly. Let
b = (by) € w and the sequence x = (x;) be as follows:

1 k k—jk—j— '
j—a—i—l __]
= 2 Z 2 Z 0'1 0,050,'y;
j=0a=0 i=0 1=0
for all k € N. In that case, we obtain
n n 1 k k—jk—j—ok—j—o—i o 1
—J]—0—1— [ Ol
Zbkxk = Z ;Z Gl J 020'3104)1]' bk
k=0 k=0 |" j=00=0 i=0 1=0
n 1 & Jj—k j—k—a j—k—o—i )
_ j—k—o—i—l _| i _«
= ;2 oj 0,030, ;| yi
k=0 | " j=ka=0 i=0 1=0
= Q}’)n

forall n € N. Also, Q = (gu«) is defined as follows:

njkjkOCjkOCleall
_ 2 2 2 2 0-1 0-20-3(.)-4b,, nggn
Gnk = § " jZka=0 i=0 =0
Oa k>n

for all n,k € N. Therefore, bx = (bgxy) € cs whenever x = (x;) € f(G(r,s,t,u,v)) <
Qy € ¢ whenever y = (y) € f.
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This result gives the fact that b = (b) € {f(G(r,s,t,u,v))}f < Qe (f:¢). If
we consider this fact with (i) of Lemma 1, we have b = (b;) € {f(G(r,s,t,u,v))}F <

Supz |Clnk‘ < oo,
neN

lim g, = . forall k € N,
k

and
Tim 3 [A (g — )| = 0.
3

Consequently, {f(G(r,s,t,u,v))}ﬁ =& N&nNENE,. Thus, the proof is com-
plete. 0

4. Matrix classes

In this part, we provide a characterization of certain matrix classes that are asso-
ciated with the spaces f(G(r,s,t,u,v)) and fs(G(r,s,t,u,v)). From this point onward,
we work with the matrices D = (d,;x) and H = (h,;) defined by

oo j—k j—k—o j—k—o—i

dpge = — 2 2 )y Z ol "o} olof by, (a7

J ko=0 i=0
hy = by + Sbnfl,k + tbn,;k + ubn737k + Vbn,47k (18)
for all n,k € N, in turn.

THEOREM 7. Let X be any sequence space. If B = (by) is an infinite matrix
whose entries satisfy conditions (17) and (18) then the following statements hold:

(i) Be (f(G(r,s,t,u,v)): X) < D€ (f:X) and {by }ren € £(G(r.s,t,u,v))P for
all n €N,

(ii) Be (X : f(G(r,s,t,u,v))) < He(X:f).

Proof.

(i) Let Be (f(G(r,s,t,u,v)):X). Suppose that f(G(r,s,t,u,v)) = f and y = G(r,s,
t,u,v)x, where y = (yx) € f is any sequence. Then, DG(r,s,t,u,v) exists and
{bni}ren € {f(G(r,s,t,u,v))}ﬁ for Vn € N. This implies that {d, }ren € ¢ for
Vn € N. Hence, Dy exists and Y d,vr = >y buixy forall n € N, thatis Dy = Bx.
So,De (f:X).



58

K. TorpAL

Conversely, suppose that D € (f : X) and {bu}ren € {f(G(r,s,t,u,v))}P for
Vn e N. Let x = (x¢) € f(G(r,s,t,u,v)) be any sequence. It is clear that Bx
exists. Furthermore, we obtain

14 k—j k— .
N buxi = 2 [ D 2 2 2 cr" e laécécf‘yj] bk
k=0

k=0 j=00=0 i=0

Jj—k j—k—o j—k )
z[ $5'5"s of“”aécgofnj]yk

j=ka=0 i=0

for all n € N. If we take the limit y — oo, then we arrive with the conclusion
Bx = Dy. Thus, we have that B € (f(G(r,s,t,u,v)) : X).

(ii) For an arbitrary sequence x = (x;) € X, take into account the following equality:

{G(Bx)}n = r(Bx)n+ s(Bx)y—1 +1(Bx)p—2+ u(Bx)—3+ v(Bx)p—4
=Y (rbuk + sby—1 j+ by + by 3k + Vb4 )Xk
3

= (Hx),

forall n € N. By applying the generalized limit, we conclude that Bx € f(G(r,s,t,
u,v)) < Hx € f. Thus, the proof is complete. [

Now, let us consider an infinite matrix B = (b,x). In this case, the following

statements hold:

F — lim by = py forall k€N (19)
n—oo
F—1im Y by = u (20)
n—oo %
F—1im Y bj= 2D
n—voojzo
sup Y, A( D b,-k) < (22)
neN j=0
sup Y, Zb,k <oo (23)
neN k| j=

N by = py forall ke N (24)
n

S bu=n (25)
n k

(jzn%)bjk_.uk)

=0 (26)

n—oo
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lim — > b, =0 uniformly in 27
p_}wz p_HZ, ik — Mk yinn (27)
1 P
( N by ji— uk) =0 uniformly in n (28)
p"w + 1 j:0 .
n+i
lim ( Y bj— uk) =0 uniformly in n (29)
17%°°
lim » —— A b'k—uk> =0 uniformly in 7. 30)
po= T p+ 115 <j0 !

LEMMA 2. Let us consider B = (by) as an infinite matrix. Then, the followings
hold:

(i) B=(bw) € (c: f) ifand only if (10), (19) and (20) hold [20]
(ii) B=(bw) € (e : f) if and only if (10), (19) and (27) hold [15]
(iii) B=(bw) € (f: f) ifand only if (10), (19), (20) and (28) hold [15]
(iv) B=(by) € (f:cs) ifand only if (23), (24), (25) and (26) hold [7]
(v) B=(bw) € (cs: f) ifand only if (14) and (19) hold [5]
(vi) B= (by) € (cs: fs) if and only if (21) and (22) hold [5]
(vii) B= (by) € (bs: f) ifand only if (14), (15), (19) and (29) hold [6]
(viii) B = (bu) € (bs: fs) if and only if (15), (21), (22) and (29) hold [6]
(ix) B=(by) € (fs: f) ifand only if (15), (19), (28) and (29) hold [8]
(x) B=(by) € (fs: fs) ifand only if (21), (22), (29) and (30) hold [3].

By combining Lemma 1, conditions (17) and (18), Theorem 7 and Lemma 2 we
can also present the following results.

COROLLARY 3. Consider replacing the entries of the matrix B = (by) in (10)—

(16) and (19)—(30) with the entries of the matrix D = (d,;). In this case, the followings
hold:

(i) B= (bnk) € (f(G(r,s,t,u,v)) :C) zfand Ol’lly lf {bnk}keN € {f(G(V,S,l7u7V))}B
forall n € N and (10), (11), (12) and (16) hold;

(”) B= (bnk) S (f(G(r,s,t,u,v)) :ew) lfandonly if{bnk}keN S {f(G(r,s,t,u,v))}B
forall n € N and (10) holds;

(iii) B= (bu) € (f(G(r,s,t,u,v)) : cs) if and only if {by}ren € {f(G(r,s,t,u,v))}P
forall n € N and (23), (24), (25) and (26) hold;
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(ZV) B= (bnk) € (f(G(r,s,t7u7v)) :bs) lfﬂlnd Ol’lly if{bnk}kEN € {f(G(I",S,l7u7V))}ﬁ
forall n € N and (24) holds.

COROLLARY 4. Consider replacing the entries of the matrix B = (by) in (10)-
(16) and (19)—(30) with the entries of the matrix H = (hy). In this case, the followings
hold:

)
buk) € (es: f(G(r,s,t,u,v))) if and only if (14) and (19) hold;
)

if and only if (14), (15) (19) and (29) hold:
nk) € (fs: f(G(rs,t,u,v)
cs: f5(G(r,s,t,u,v))) if and only if (21) and (22) hold;
(viii) B= bs: fs(G(r,s,t,u,v))) if and only if (15), (21) (22) and (29) hold;

)

= (bu) € (
= (bu) € (
(k) € (
(i) € (
(v) B=(bw) € (bs: f(G(rs,t,u,v
(D) € ( (
(k) € (
(k) € (
(bu) € (fs : fs(G(r,s,t,u,v))) if and only if (21), (22) (29) and (30) hold.

)
)
) if and only if (15), (19) (28) and (29) hold;
)
)
)

(ix) B=

5. Conclusion

Upon examining the quintet band matrix operator G(r,s,t,u,v) defined here, it is
clear that G(1,—4,6,—4,1) =A%, G(r,s,t,u,0) = Q(r,s,t,u), G(1,-3,3,—1,0) =A>,
G(r,0,0,u,0)=D(r,0,0,s), G(nsJ,0,0):B(nsJ), G(1,-2,1,0,0)=A%, G(r,s,0,0,0)
= B(r,s) and G(1,—1,0,0,0) = A, where A*, Q(r,s,t,u), A3, B(r,s,t), A>, B(r,s)
and A are named fourth order difference, quadruple band, third order difference, triple
band, second order difference, double band and difference matrix, respectively. Accord-
ingly, the conclusions derived from the quintet band matrix operator are more compre-
hensive compared to previous findings. As a result, this study addresses a gap in the
existing literature.
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