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ALMOST CONVERGENCE AND QUINTET BAND MATRIX

KÜBRA TOPAL

Abstract. In this study, we define the sequence spaces f (G(r,s,t,u,v)) , f0(G(r,s,t,u,v)) and
f s(G(r,s,t,u,v)) . We demonstrate that these newly defined spaces are BK -spaces and are lin-
early isomorphic to the sequence spaces f , f0 and f s , respectively. Additionally, we provide
the Schauder basis and determine the  - and  -duals of these spaces. Finally, we characterize
certain matrix classes associated with these spaces.

1. Introduction

w is a set of all real (or complex) valued sequences any vektor subspace of w is
called a sequence space where w is a vector space under pointwise addition and scalar
multiplication. The symbols � , c , c0 and �p symbolize all bounded, convergent, null
and absolutely p -summable sequence spaces, respectively, where 1 � p <  .

A Banach sequence space is defined as a BK -space each of the maps pn : Z → C

defined by pn(z) = zn which must be continuous for all n ∈ N [14]. Considering this
definition, we can say that � , c and c0 are BK -spaces with sup-norm defined by
‖z‖ = sup

k∈N

|zk| and �p is a BK -space with its p -norm defined by

‖z‖p =

(



k=0

|zk|p
) 1

p

where 1 � p <  [23].
Given an infinite matrix A = (ank) , the A-transform of a sequence z = (zk) ∈ w is

defined by:

(Az)n =



k=0

ankzk.

Here, it is assumed that this transformation is convergent for each n ∈ N [30].
Then, by (Z : T ) , we denote the class of matrices from Z into T and it is define

as follows:
(Z : T ) = {A = (ank) : Az ∈ T for all z ∈ Z} .
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Furthermore, the matrix domain of A in a sequence space Z , denoted by ZA , is a
sequence space defined as:

ZA = {z = (zk) ∈ w : Az ∈ Z} . (1)

Let Z and T be two any Banach spaces and suppose L : Z → T is a bounded
linear operator. In this case, we denote by D(L) , R(L) and B(Z,T ) the domain of L ,
the range of L and the set of all bounded linear operators from Z to T , respectively.
Additionally, for simplicity, B(Z) is written instead of B(Z : Z) .

Now, let us the denote the sets of all bounded and convergent series by bs = (�)s

and cs = cs , respectively, where S = (snk) denotes the summation matrix as follows:

snk =
{

1, 0 � k � n
0, k > n

for all n,k ∈ N .
Stefan Banach, using the Hahn-Banach theorem in the space � , introduced the

idea of Banach Limits. Banach identified specific non-negative linear functionals on
� that are invariant under shift operators and serve as extensions of the functional l ,
defined on c as

� : c −→ R

z = (zn) �−→ �(z) = lim
n→

zn

which is a linear functional on c . These functionals later became known as Banach
Limits [14].

A linear functional L : � → R is classified as a Banach Limit if it fulfills the
following properties:

1. L(zn) � 0 if z � 0, n = 0,1,2, . . .

2. L(Pj(zn)) = L(zn) , Pj(zn) = zn+ j , j = 1,2,3, . . .

3. L(e) = 1, where e = (1,1,1, . . .) .

Lorentz further explored the concept of Banach Limits and introduced a new idea
known as ‘almost convergence’. A sequence z = (zn) ∈ � is said to be almost conver-
gent and the value Limzn =  is referred to as its F-limit if L(zn) =  is satisfied for
every limit L [22]. For further details on fundamental theorems in functional analysis,
summability theory, sequence spaces, and almost convergence, readers can refer to the
recent textbooks [2] and [25].

By using the forward difference operator  the difference spaces c0() , c() and
�() from the classical sequence spaces c0 , c and � are introduced by Kızmaz,
in [19]. Later, in the year 2003 the difference space bvp has been constructed as
the domain of backward difference matrix  in the classical space �p of absolutely
p -summable sequences in the case 1 � p <  by Başar and Altay [3] and in the
case 0 < p < 1 by Altay and Başar [1]. The construction of a new sequence space
was used through the domains of difference matrices co(p) , c(p) and �(p) in
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[31], c0(u,, p) , c(u,, p) and �(u,, p) in [9], c0(2) , c(2) and �(2) in [17],
c0(u,2) , c(u,2) and �(u,2) in [24], c0(u,2, p) , c(u,2, p) and �(u,2, p) in
[10], c0(m) , c(m) and �(m) in [16], �̂ , ĉo , ĉ and �̂p in [21], �(B) , c0(B) ,
c(B) and �p(B) in [28], f̂0 and f̂ in [4], f0(B) and f (B) in [29], f0(Q(r,s,t,u)) ,
f (Q(r,s, t,u) and fs(Q(r,s,t,u) in [11].

2. Almost convergent quintet band matrix

In this part, we review some previous research and define new sequence spaces
f0(G(r,s, t,u,v)) , f (G(r,s,t,u,v)) and f s(G(r,s,t,u,v)) . Additionally, we show that
they are BK -spaces. Later, we also show that these spaces are linearly isomorphic to
the spaces f0 , f and f s , respectively.

Lorentz provided a characterization of almost convergent sequences through the
following theorem.

THEOREM 1. [22] For the F -limit, Limzn =  ,to exist for the sequence z = (zn) ,
it is required and sufficient that the following condition is satisfied uniformly in n:

lim
i→

zn + zn+1 + . . . + zn+i

i+1
=  .

By relating the concept of almost convergence to Theorem 1, the spaces f0 , f and
f s are defined as the sets of all almost null sequences, almost convergent sequences
and almost convergent series are defined as:

f0 =

{
z = (zk) ∈ w : lim

i→

i


k=0

zn+k

i+1
= 0 uniformly in n

}
,

f =

{
z = (zk) ∈ w : ∃ ∈ C lim

i→

i


k=0

zn+k

i+1
=  uniformly in n

}

and

f s =

{
z = (zk) ∈ w : ∃ ∈ C lim

i→

i


k=0

n+k


j=0

z j

i+1
=  uniformly in n

}
,

in turn. Taking into account (1), the sequence space f s can be expressed in a new form
as follows:

f s = fS.

THEOREM 2. [13] The subsumptions c ⊂ f ⊂ � strictly hold.

THEOREM 3. [13] The spaces f and f0 are classified as BK -spaces, defined by
the norm

‖z‖ f = sup
i,n∈N

∣∣∣∣∣
i


k=0

zn+k

i+1

∣∣∣∣∣
and f s is classified as BK -space, defined by the norm ‖z‖ f s = ‖Sz‖ f .
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Kızmaz, as noted in [19], was the first to define sequence spaces using the forward
difference matrix, introduced the spaces c0() , c() and �() as follows:

c0() = {z = (zk) ∈ w : lim
k→

(zk − zk+1) = 0},

c() = {z = (zk) ∈ w : lim
k→

(zk − zk+1) exists}
and

�() = {z = (zk) ∈ w : sup
k∈N

|zk − zk+1| < }.

The difference matrix = (enk) is defined by,

enk =

⎧⎨
⎩

1, k = n
−1, k = n+1
0, o.w.

for all n,k ∈ N .
Thereafter, Başar and Kirişçi utilized the generalized difference matrix to define

the generalized difference sequence spaces f̂0 and f̂ in [4] as:

f̂0 =

{
z = (zk) ∈ w : lim

m→

m


j=0

rzn+ j + szn+ j−1

m+1
= 0 uniformly in n

}

and

f̂ =

{
z = (zk) ∈ w : ∃ ∈ C lim

m→

m


j=0

rzn+ j + szn+ j−1

m+1
=  uniformly in n

}
.

Additionally, Sönmez utilized the triple band matrix in [29] to establish the spaces
f0(B) and f (B) , which are defined by,

f0(B) =

{
z = (zk) ∈ w : lim

m→

m


j=0

rzn+ j + szn+ j−1 + tzn+ j−2

m+1
= 0 uniformly in n

}

and

f (B)=

{
z = (zk) ∈ w : ∃ ∈ C lim

m→

m


j=0

rzn+ j+szn+ j−1+tzn+ j−2

m+1
=  uniformly in n

}
.

Furthermore, Bişgin employed the quadruple band matrix to define the almost
convergent sequence spaces f0(Q(r,s,t,u)) , f (Q(r,s,t,u) and f s(Q(r,s, t,u)) in [11],
given as:

f0(Q) =

{
z = (zk) ∈ w : lim

m→

m


j=0

rzn+ j + szn+ j−1 + tzn+ j−2 +uzn+ j−3

m+1
= 0

uniformly in n

}
,
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f (Q) =

{
z = (zk) ∈ w : ∃ ∈ C lim

m→

m


j=0

rzn+ j + szn+ j−1 + tzn+ j−2 +uzn+ j−3

m+1
= 

uniformly in n

}

and

f s(Q) =

{
z = (zk) ∈ w : ∃ ∈ C lim

m→

m


j=0

n+ j


v=0

rzv + szv−1 + tzv−2 +uzv−3

m+1
= 

uniformly in n

}
.

Lately, Bişgin introduced the sequence spaces c0(G) , c(G) , �(G) and �p(G) ,
defined as follows:

c0(G) =
{

z = (zk) ∈ w : lim
k→

(rzk + szk−1 + tzk−2 +uzk−3 + vzk−4) = 0

}
,

c(G) =
{

z = (zk) ∈ w : lim
k→

(rzk + szk−1 + tzk−2 +uzk−3 + vzk−4) exists

}
,

�(G) =
{

z = (zk) ∈ w : sup
k∈N

|rzk + szk−1 + tzk−2 +uzk−3 + vzk−4| < 
}

and

�p(G)=

{
z = (zk) ∈ w :

k

|rzk + szk−1 + tzk−2 +uzk−3 + vzk−4|p < 

}
, (1 � p <).

Also, the quintet band matrix G = G(r,s,t,u,v) = (gnk(r,s,t,u,v)) , which was
introduced by Bişgin [12], is defined as:

gnk(r,s,t,u,v) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

r, k = n
s, k = n−1
t, k = n−2
u, k = n−3
v, k = n−4
0, o.w.

for all n,k ∈ N and r,s,t,u,v ∈ C\{0} . Here, it is easily seen that the equations,
G(1,−4,6,−4,1)= 4 , G(r,s,t,u,0) = Q(r,s,t,u) , G(1,−3,3,−1,0)=3 , G(1,− 3

2 ,

1,− 1
4 ,0) = 3

i , G(r,s,t,0,0) = B(r,s,t) , G(1,−2,1,0,0) = 2 , G(r,s,0,0,0) = B(r,s)
and G(1,−1,0,0,0) =  , where 4 , Q(r,s,t,u) , 3 , B(r,s, t) , 2 , B(r,s) and  are
called fourth order difference, quadruple band, third order difference, triple band, sec-
ond order difference, double band and difference matrix, respectively. Hence, our re-
sults obtained in this paper are more comprehensive than the corresponding results in
the existing literature.
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Now, we define the sequence spaces,

f0(G) =

{
z = (zk) ∈ w : lim

i→

i


j=0

rzn+ j + szn+ j−1 + tzn+ j−2 +uzn+ j−3 + vzn+ j−4

i+1
= 0

uniformly in n

}
,

f (G)=

{
z = (zk)∈w : ∃ ∈C� lim

i→

i


j=0

rzn+ j+szn+ j−1+tzn+ j−2+uzn+ j−3+vzn+ j−4

i+1

=  uniformly in n

}

and

f s(G)=

{
z = (zk)∈w : ∃ ∈C � lim

i→

i


j=0

n+ j


l=0

rzl + szl−1 + tzl−2 +uzl−3 + vzl−4

i+1
= 

uniformly in n

}
,

in turn.
From the expression (1), it is evident that the transformation G(r,s,t,u,v) of an

arbitrary sequence z = (zk) ∈ w can be defined as follows:

yk = (G(r,s,t,u,v)z)k = rzk + szk−1 + tzk−2 +uzk−3 + vzk−4

for ∀k ∈N . Also, the spaces f0(G) , f (G) and f s(G) can be redefined with the domain
of the quintet band matrix G = G(r,s,t,u,v) by:

f0(G) = ( f0)G, f (G) = ( f )G and f s(G) = ( f s)G. (2)

THEOREM 4. The spaces f0(G) and f (G) are BK -spaces with the norm

‖x‖ f (G) = ‖x‖ f0(G) = ‖G(r,s, t,u,v)‖ f

and the space f s(G) is BK -space with the norm

‖x‖ f s(G) = ‖G(r,s,t,u,v)x‖ f s.

Proof. We know that f , f0 and f s are BK -spaces. If we consider that the
quintet band matrix is a triangle matrix and condition (2) is satisfied, we obtain that
f (G(r,s, t,u,v)) , f0(G(r,s,t,u,v)) and f s(G(r,s,t,u,v)) are BK -spaces by Wilansky’s
Theorem 4.3.12 [30]. Thus, the proof is complete. �

Now, for r,s, t,u,v ∈ C\{0} , we consider the equation

rz4 + sz3 + tz2 +uz+ v = 0.
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The roots of this equation are as follows:

1 = − s
4r

− 1
2
c− 1

2
d,

2 = − s
4r

− 1
2
c+

1
2
d,

3 = − s
4r

+
1
2
c− 1

2
p,

4 = − s
4r

+
1
2
c+

1
2

p,

where

a = t2 −3su+12vr,

b = −2t3 +9stu+72rtv−27ru2−27s2v,

c =

√√√√√ s2

4r2 −
2t
3r

− 1

3 3
√

2r

(
b−
√

b2−4a3
) 1

3 −
3
√

2a

3r
(
b−√

b2−4a3
) 1

3

,

d =

√√√√√ s2

2r2−
4t
3r

+
1

3 3
√

2r

(
b−
√

b2−4a3
) 1

3 +
3
√

2a

3r
(
b−√

b2−4a3
) 1

3

−− s3

r3
+ 4st

r2
− 8u

r

4c

 =

√√√√√ s2

2r2−
4t
3r

+
1

3 3
√

2r

(
b−
√

b2−4a3
) 1

3 +
3
√

2a

3r
(
b−√

b2−4a3
) 1

3

+
− s3

r3
+ 4st

r2
− 8u

r

4c
.

Also, after some calculations we obtain:

1 +2 +3 +4 = − s
r

12 +13 +14 +23 +24 +34 =
t
r

123 +124 +134 +234 = −u
r

1234 =
v
r

4
1 +

s
r
3

1 +
t
r
2

1 +
u
r
1 +

v
r

= 0 (3)

2
1 +2

2 +2
3 +2

4 +12 +13 +14 +23 +24 +34

+
s
r
(1 +2 +3 +4)+

t
r

= 0 (4)

2
1 +2

2 +2
3 +12 +13 +23 +

s
r
(1 +2 +3)+

t
r

= 0 (5)
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1 +2 +3 +4 +
s
r

= 0 (6)

3
1 +3

2 +12
2 +22

1 +
s
r
(2

1 +12 +2
2 )+

t
r
(1 +2)+

u
r

= 0 (7)

3
1 +3

2 +3
3 +12

2 +12
3 +22

1 +22
3 +32

1 +32
2 +123

+
s
r
(2

1 +2
2 +2

3 +12 +13 +23)+
t
r
(1 +2 +3)+

u
r

= 0 (8)

3
1 +3

2 +3
3 +3

4 +12
2 +12

3 +12
4 +22

1 +22
3 +22

4 +32
1

+32
2 +32

4 +42
1 +42

2 +42
3 +123 +124 +134 +234

+
s
r
(2

1 +2
2 +2

3 +2
4 +12 +13 +14 +23 +24 +34)

+
t
r
(1 +2 +3 +4)+

u
r

= 0. (9)

THEOREM 5. The spaces f (G(r,s,t,u,v)) , f0(G(r,s,t,u,v)) and f s(G(r,s,t,u,v))
are linearly isomorphic to the spaces f , f0 and f s , in turn.

Proof. We give the proof only for f (G(r,s,t,u,v)) . Others can be proved by sim-
ilar methods. Accordingly, it is shown that there exists a linear bijection between the se-
quence spaces f (G(r,s,t,u,v)) and f . Define the transformation M : f (G(r,s,t,u,v))→
f by M(z) = G(r,s,t,u,v)z . Clearly, if z = (zk) ∈ f (G(r,s,t,u,v)) , then M(z) =
G(r,s, t,u,v)z ∈ f . Moreover, M is obviously a linear transformation and M(z) = 0
implies z = 0. Thus, M is injective. Let us define the sequence z = (zk) for all k ∈ N

as follows:

zk =
1
r

k


j=0

k− j


=0

k− j−

i=0

k− j−−i


l=0

 k− j−−i−l
1  l

2
i
3


4 y j,

where the sequence y = (yk) ∈ f . Considering this equation and the expressions
(3)–(9), we get

(Gz)k = rzk + szk−1 + tzk−2 +uzk−3 + vzk−4

=
k


j=0

k− j


=0

k− j−

i=0

k− j−−i


l=0

 k− j−−i−l
1  l

2
i
3


4 y j

+
s
r

k−1


j=0

k− j−1


=0

k− j−−1


i=0

k− j−−i−1


l=0

 k− j−−i−l−1
1  l

2
i
3


4 y j

+
t
r

k−2


j=0

k− j−2


=0

k− j−−2


i=0

k− j−−i−2


l=0

 k− j−−i−l−2
1  l

2
i
3


4 y j

+
u
r

k−3


j=0

k− j−3


=0

k− j−−3


i=0

k− j−−i−3


l=0

 k− j−−i−l−3
1  l

2
i
3


4 y j

+
v
r

k−4


j=0

k− j−4


=0

k− j−−4


i=0

k− j−−i−4


l=0

 k− j−−i−l−4
1  l

2
i
3


4 y j
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=
k−4


j=0

[
k− j−4


=0

[
k− j−−4


i=0

[
k− j−−i−4


l=0

 k− j−−i−l−4
1  l

2
i
3


4

×
(
4

1 +
s
r
3

1 +
t
r
2

1 +
u
r
1 +

v
r

)
+ k− j−−i−3

2  i
3


4

×
[
3

1 +3
2 +12

2 +22
1 +

s
r
(2

1 +12 +2
2 )+

t
r
(1 +2)+

u
r

= 0

]]

+ k− j−−3
3 

4

[
3

1 +3
2 +3

3 +12
2 +12

3 +22
1 +22

3 +32
1 +32

2

+123 +
s
r
(2

1 +2
2 +2

3 +12 +13 +23)+
t
r
(1 +2 +3)+

u
r

]]

+ k− j−3
4

[
3

1 +3
2 +3

3 +3
4 +12

2 +12
3 +12

4 +22
1 +22

3 +22
4

+32
1 +32

2 +32
4 +42

1 +42
2 +42

3 +123 +124 +134

+234 +
s
r
(2

1 +2
2 +2

3 +2
4 +12 +13 +14 +23

+24 +34)+
t
r
(1 +2 +3 +4)+

u
r

]]
y j

+
[
3

1 +3
2 +3

3 +3
4 +12

2 +12
3 +12

4 +22
1 +22

3 +22
4 +32

1

+32
2 +32

4 +42
1 +42

2 +42
3 +123+124+134+234

+
s
r
(2

1 +2
2 +2

3 +2
4 +12 +13 +14 +23 +24 +34)

+
t
r
(1 +2 +3 +4)+

u
r

]
yk−3

+
[
2

1 +2
2 +2

3 +2
4 +12 +13 +14 +23

+24 +34 +
s
r
(1 +2 +3 +4)+

t
r

]
yk−2

+
[
1 +2 +3 +4 +

s
r

]
yk−1 + yk

= yk

for all k ∈ N . So we obtain,

lim
i→

i


j=0

rzn+ j + szn+ j−1 + tzn+ j−2 +uzn+ j−3 + vzn+ j−4

i+1
= lim

i→

i


j=0

yn+ j

i+1
= F − limyn.

Namely, z = (zk) ∈ f (G(r,s,t,u,v)) and M(z) = y . Therefore, M is surjective.
Additionally, for all z = (zk) ∈ f (G(r,s,t,u,v)) , we obtain

‖M(z)‖ f = ‖G(r,s,t,u,v)z‖ f = ‖z‖ f (G(r,s,t,u,v)).
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Hence, M preserves the norm. Consequently, M is a linear bijection. As a result, we
conclude that f (G(r,s,t,u,v)) ∼= f . Thus, the proof is complete. �

3. The Schauder basis and  , -duals of new sequence spaces

In this section, we talk about Schauder basis of the spaces f (G(r,s,t,u,v)) and
f s(G(r,s, t,u,v)) . Also, we identify the  - and  -duals of this spaces.

Let X be a normed space and b = (bk) a sequence in X . The sequence b = (bk)
is a Schauder basis for X if and only if for every x = (xk) ∈ X , there exists a unique
sequence of scalars (n) such that

∥∥∥x− n


k=0

kbk

∥∥∥
X
→ 0

as n →  .

COROLLARY 1. [4] The space f has no Schauder basis, where f is almost con-
vergent sequence space.

REMARK 1. [18] Let X be an arbitrary sequence space and A = (ank) be a trian-
gle matrix. Then XA has a basis if and only if X has a basis.

COROLLARY 2. The spaces f (G(r,s,t,u,v)) and f s(G(r,s,t,u,v)) has no Schau-
der basis.

The set M(T,U) is named as multiplier space of T and U . Also this set is defined
by:

M(T,U) = {a = (ak) ∈ w : at = (aktk) ∈U for all t = (tk) ∈ T} ,

where T and U are the any sequence spaces. Then, the  - and  -duals of the space T
are defined as:

T  = M(T,cs) and T  = M(T,bs),

in turn.
Now, to use in the next lemma we write the following:

sup
n∈N


k

|tnk| <  (10)

lim
n→

tnk = k for all k ∈ N (11)

lim
n→

k

tnk =  (12)

lim
n→

k

|(tnk − k)| = 0 (13)

sup
n∈N


k

|tnk| <  (14)
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lim
k→

tnk = 0 for all n ∈ N (15)

lim
n→

k

∣∣2tnk

∣∣=  (16)

where tnk = tnk − tn,k+1 and 2tnk = (tnk) .

LEMMA 1. Let us assume that B = (bnk) be an infinite matrix. In this case the
followings hold:

(i) B = (bnk) ∈ ( f : c) ⇔ (10), (11), (12) and (13) hold [27],

(ii) B = (bnk) ∈ ( f : �) ⇔ (10) holds [27],

(iii) B = (bnk) ∈ ( f s : c) ⇔ (11), (14), (15) and (16) hold [26],

(iv) B = (bnk) ∈ ( f s : �) ⇔ (14) and (15) hold [4].

THEOREM 6. Given the sets 1 , 2 , 3 , 4 , 5 , 6 and 7 as follows:

1 =

{
b = (bk) ∈ w : sup

n∈N

n


k=0

∣∣∣∣∣1r
n


j=k

j−k


=0

j−k−

i=0

j−k−−i


l=0

 j−k−−i−l
1  l

2
i
3


4 b j

∣∣∣∣∣< 

}

2 =

{
b = (bk) ∈ w : lim

n→

1
r

n


j=k

j−k


=0

j−k−

i=0

j−k−−i


l=0

 j−k−−i−l
1  l

2
i
3


4 b j

exists for each k ∈ N

}

3 =

{
b = (bk) ∈ w : lim

n→

n


k=0

[
1
r

k


j=0

k− j


=0

k− j−

i=0

k− j−−i


l=0

 k− j−−i−l
1  l

2
i
3


4

]
bk exists

}

4 =

{
b = (bk) ∈ w : lim

n→
k

∣∣∣∣∣
[

1
r

n


j=k

j−k


=0

j−k−

i=0

j−k−−i


l=0

 j−k−−i−l
1  l

2
i
3


4 b j − k

]∣∣∣∣∣
= 0

}

5 =

{
b = (bk) ∈ w : sup

n∈N


k

∣∣∣∣∣
[

1
r

n


j=k

j−k


=0

j−k−

i=0

j−k−−i


l=0

 j−k−−i−l
1  l

2
i
3


4 b j

]∣∣∣∣∣< 

}

6 =

{
b = (bk) ∈ w : lim

k→

1
r

n


j=k

j−k


=0

j−k−

i=0

j−k−−i


l=0

 j−k−−i−l
1  l

2
i
3


4 b j = 0

for each n ∈ N

}
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7 =

{
b = (bk)∈w : lim

n→
k

∣∣∣∣∣2

[
1
r

n


j=k

j−k


=0

j−k−

i=0

j−k−−i


l=0

 j−k−−i−l
1  l

2
i
3


4 b j

]∣∣∣∣∣
exists

}

where

k = lim
n→

1
r

n


j=k

j−k


=0

j−k−

i=0

j−k−−i


l=0

 j−k−−i−l
1  l

2
i
3


4 b j , ∀k ∈ N.

In that case the followings hold:

(i) { f (G(r,s, t,u,v))} = 1∩2 ∩3∩4

(ii) { f (G(r,s, t,u,v))} = 1

(iii) { f s(G(r,s, t,u,v))} = 2 ∩5∩6∩7

(iv) { f s(G(r,s, t,u,v))} = 5 ∩6 .

Proof. It is sufficient to prove only (i), as the others can be done similarly. Let
b = (bk) ∈ w and the sequence x = (xk) be as follows:

xk =
1
r

k


j=0

k− j


=0

k− j−

i=0

k− j−−i


l=0

 k− j−−i−l
1  l

2
i
3


4 y j

for all k ∈ N . In that case, we obtain

n


k=0

bkxk =
n


k=0

[
1
r

k


j=0

k− j


=0

k− j−

i=0

k− j−−i


l=0

 k− j−−i−l
1  l

2
i
3


4 y j

]
bk

=
n


k=0

[
1
r

n


j=k

j−k


=0

j−k−

i=0

j−k−−i


l=0

 j−k−−i−l
1  l

2
i
3


4 b j

]
yk

= (Qy)n

for all n ∈ N . Also, Q = (qnk) is defined as follows:

qnk =

⎧⎨
⎩

1
r

n

j=k

j−k


=0

j−k−

i=0

j−k−−i


l=0

 j−k−−i−l
1  l

2
i
3


4 b j, 0 � k � n

0, k > n

for all n,k ∈ N . Therefore, bx = (bkxk) ∈ cs whenever x = (xk) ∈ f (G(r,s,t,u,v)) ⇔
Qy ∈ c whenever y = (yk) ∈ f .
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This result gives the fact that b = (bk) ∈ { f (G(r,s,t,u,v))} ⇔ Q ∈ ( f : c) . If
we consider this fact with (i) of Lemma 1, we have b = (bk) ∈ { f (G(r,s,t,u,v))} ⇔

sup
n∈N


k

|qnk| < ,

lim
n→

qnk = k for all k ∈ N,

lim
n→

k

qnk = 

and
lim
n→

k

|(qnk − k)| = 0.

Consequently, { f (G(r,s,t,u,v))} = 1 ∩ 2 ∩ 3 ∩ 4 . Thus, the proof is com-
plete. �

4. Matrix classes

In this part, we provide a characterization of certain matrix classes that are asso-
ciated with the spaces f (G(r,s,t,u,v)) and f s(G(r,s,t,u,v)) . From this point onward,
we work with the matrices D = (dnk) and H = (hnk) defined by

dnk =
1
r




j=k

j−k


=0

j−k−

i=0

j−k−−i


l=0

 j−k−−i−l
1  l

2
i
3


4 bn j (17)

hnk = rbnk + sbn−1,k + tbn−2,k +ubn−3,k + vbn−4,k (18)

for all n,k ∈ N , in turn.

THEOREM 7. Let X be any sequence space. If B = (bnk) is an infinite matrix
whose entries satisfy conditions (17) and (18) then the following statements hold:

(i) B ∈ ( f (G(r,s, t,u,v)) : X) ⇔ D ∈ ( f : X) and {bnk}k∈N ∈ f (G(r,s,t,u,v)) for
all n ∈ N ,

(ii) B ∈ (X : f (G(r,s,t,u,v))) ⇔ H ∈ (X : f ) .

Proof.

(i) Let B∈ ( f (G(r,s,t,u,v)) : X) . Suppose that f (G(r,s,t,u,v))∼= f and y = G(r,s,
t,u,v)x , where y = (yk) ∈ f is any sequence. Then, DG(r,s, t,u,v) exists and
{bnk}k∈N ∈ { f (G(r,s,t,u,v))} for ∀n ∈ N . This implies that {dnk}k∈N ∈ �1 for
∀n∈N . Hence, Dy exists and k dnkyk =k bnkxk for all n∈N , that is Dy = Bx .
So, D ∈ ( f : X) .
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Conversely, suppose that D ∈ ( f : X) and {bnk}k∈N ∈ { f (G(r,s, t,u,v))} for
∀n ∈ N . Let x = (xk) ∈ f (G(r,s,t,u,v)) be any sequence. It is clear that Bx
exists. Furthermore, we obtain




k=0

bnkxk =



k=0

[
1
r

k


j=0

k− j


=0

k− j−

i=0

k− j−−i


l=0

 k− j−−i−l
1  l

2
i
3


4 y j

]
bnk

=



k=0

[
1
r




j=k

j−k


=0

j−k−

i=0

j−k−−i


l=0

 j−k−−i−l
1  l

2
i
3


4 bn j

]
yk

for all n ∈ N . If we take the limit  →  , then we arrive with the conclusion
Bx = Dy . Thus, we have that B ∈ ( f (G(r,s,t,u,v)) : X) .

(ii) For an arbitrary sequence x = (xk) ∈ X , take into account the following equality:

{G(Bx)}n = r(Bx)n + s(Bx)n−1 + t(Bx)n−2 +u(Bx)n−3 + v(Bx)n−4

= 
k

(rbnk + sbn−1,k + tbn−2,k +ubn−3,k + vbn−4,k)xk

= (Hx)n

for all n∈N . By applying the generalized limit, we conclude that Bx∈ f (G(r,s,t,
u,v)) ⇔ Hx ∈ f . Thus, the proof is complete. �

Now, let us consider an infinite matrix B = (bnk) . In this case, the following
statements hold:

F − lim
n→

bnk = k for all k ∈ N (19)

F − lim
n→

k

bnk =  (20)

F − lim
n→

n


j=0

b jk = k (21)

sup
n∈N


k

∣∣∣∣∣
( n


j=0

b jk

)∣∣∣∣∣<  (22)

sup
n∈N


k

∣∣∣∣∣
n


j=0

b jk

∣∣∣∣∣<  (23)


n

bnk = k for all k ∈ N (24)


n

k

bnk =  (25)

lim
n→

k

∣∣∣∣∣
( n


j=0

b jk − k

)∣∣∣∣∣= 0 (26)
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lim
p→

k

∣∣∣∣∣ 1
p+1

p


j=0

bn+ j,k− k

∣∣∣∣∣= 0 uniformly in n (27)

lim
p→

k

∣∣∣∣∣
(

1
p+1

p


j=0

bn+ j,k − k

)∣∣∣∣∣= 0 uniformly in n (28)

lim
p→

k

1
p+1

∣∣∣∣∣
p


i=0


( n+i


j=0

b jk − k

)∣∣∣∣∣= 0 uniformly in n (29)

lim
p→

k

1
p+1

∣∣∣∣∣
p


i=0

2
( n+i


j=0

b jk − k

)∣∣∣∣∣= 0 uniformly in n. (30)

LEMMA 2. Let us consider B = (bnk) as an infinite matrix. Then, the followings
hold:

(i) B = (bnk) ∈ (c : f ) if and only if (10), (19) and (20) hold [20]

(ii) B = (bnk) ∈ (� : f ) if and only if (10), (19) and (27) hold [15]

(iii) B = (bnk) ∈ ( f : f ) if and only if (10), (19), (20) and (28) hold [15]

(iv) B = (bnk) ∈ ( f : cs) if and only if (23), (24), (25) and (26) hold [7]

(v) B = (bnk) ∈ (cs : f ) if and only if (14) and (19) hold [5]

(vi) B = (bnk) ∈ (cs : f s) if and only if (21) and (22) hold [5]

(vii) B = (bnk) ∈ (bs : f ) if and only if (14), (15), (19) and (29) hold [6]

(viii) B = (bnk) ∈ (bs : f s) if and only if (15), (21), (22) and (29) hold [6]

(ix) B = (bnk) ∈ ( f s : f ) if and only if (15), (19), (28) and (29) hold [8]

(x) B = (bnk) ∈ ( f s : f s) if and only if (21), (22), (29) and (30) hold [8].

By combining Lemma 1, conditions (17) and (18), Theorem 7 and Lemma 2 we
can also present the following results.

COROLLARY 3. Consider replacing the entries of the matrix B = (bnk) in (10)–
(16) and (19)–(30) with the entries of the matrix D = (dnk) . In this case, the followings
hold:

(i) B = (bnk) ∈ ( f (G(r,s,t,u,v)) : c) if and only if {bnk}k∈N ∈ { f (G(r,s,t,u,v))}
for all n ∈ N and (10), (11), (12) and (16) hold;

(ii) B = (bnk) ∈ ( f (G(r,s,t,u,v)) : �) if and only if {bnk}k∈N ∈ { f (G(r,s,t,u,v))}
for all n ∈ N and (10) holds;

(iii) B = (bnk) ∈ ( f (G(r,s,t,u,v)) : cs) if and only if {bnk}k∈N ∈ { f (G(r,s,t,u,v))}
for all n ∈ N and (23), (24), (25) and (26) hold;
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(iv) B = (bnk) ∈ ( f (G(r,s,t,u,v)) : bs) if and only if {bnk}k∈N ∈ { f (G(r,s,t,u,v))}
for all n ∈ N and (24) holds.

COROLLARY 4. Consider replacing the entries of the matrix B = (bnk) in (10)–
(16) and (19)–(30) with the entries of the matrix H = (hnk) . In this case, the followings
hold:

(i) B = (bnk) ∈ (c : f (G(r,s,t,u,v))) if and only if (10), (19) and (20) hold;

(ii) B = (bnk) ∈ (� : f (G(r,s,t,u,v))) if and only if (10), (19) and (27) hold;

(iii) B = (bnk) ∈ ( f : f (G(r,s,t,u,v))) if and only if (10), (19), (20) and (28) hold;

(iv) B = (bnk) ∈ (cs : f (G(r,s,t,u,v))) if and only if (14) and (19) hold;

(v) B = (bnk) ∈ (bs : f (G(r,s,t,u,v))) if and only if (14), (15) (19) and (29) hold;

(vi) B = (bnk) ∈ ( f s : f (G(r,s,t,u,v))) if and only if (15), (19) (28) and (29) hold;

(vii) B = (bnk) ∈ (cs : f s(G(r,s,t,u,v))) if and only if (21) and (22) hold;

(viii) B = (bnk) ∈ (bs : f s(G(r,s,t,u,v))) if and only if (15), (21) (22) and (29) hold;

(ix) B = (bnk) ∈ ( f s : f s(G(r,s,t,u,v))) if and only if (21), (22) (29) and (30) hold.

5. Conclusion

Upon examining the quintet band matrix operator G(r,s,t,u,v) defined here, it is
clear that G(1,−4,6,−4,1)= 4 , G(r,s,t,u,0) = Q(r,s,t,u) , G(1,−3,3,−1,0)= 3 ,
G(r,0,0,u,0)=D(r,0,0,s) , G(r,s,t,0,0)=B(r,s,t) , G(1,−2,1,0,0)=2 , G(r,s,0,0,0)
= B(r,s) and G(1,−1,0,0,0) =  , where 4 , Q(r,s,t,u) , 3 , B(r,s, t) , 2 , B(r,s)
and  are named fourth order difference, quadruple band, third order difference, triple
band, second order difference, double band and differencematrix, respectively. Accord-
ingly, the conclusions derived from the quintet band matrix operator are more compre-
hensive compared to previous findings. As a result, this study addresses a gap in the
existing literature.
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[5] F. BAŞAR AND R. ÇOLAK, Almost-conservative matrix transformations, Doğa Mat. 13 (3) (1989),
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