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DUALS OF PASCAL SEQUENCE SPACES VIA MODULUS FUNCTION

PRIYANKA SHARMA, KULDIP RAT AND SUNIL K. SHARMA *

Abstract. The main goal of this paper is to introduce the new concept of sequence spaces by us-
ing Pascal matrix via modulus function. We investigate various algebraic, topological properties
and inclusion relation of the newly constructed sequence space. We also make and efforts to find
duals of these spaces.

1. Introduction and preliminaries

Let us consider w be the space of all real or complex valued sequences. Any
vector subspace of @ is referred to be a sequence space. The spaces of all bounded,
convergent and null sequences can be written as /.., ¢ and ¢y and we represent these as

oo = {y = (Yin) € © : sUp| Y| < oo},
m
c={y=(yp) €w: lim y, exists},

co = {WZ(Wm)EwnEILQOWmZO}

Bounded, convergent, absolutely convergent, and p-absolutely convergent series are
denoted by bs, cs, ¢1 and £, respectively. Sequence space maps p; : ¢ — C defined
by ¢i(w) = y; are continuous for all i € N, where C and N indicates the sets of
complex numbers and non-negative integers, respectively. A sequence ¢ with a linear
topology is referred to as a K -space. An K -space ¢ is known to be FK -space provided
¢ is a complete linear metric space. An FK -space is a space with a normable topology,
which is referred to as a BK -space [11].

Let X and Y be two sequence spaces and A = (a;,,) denote an infinite matrix of
real entries, where [,m € N. Then, for a sequence &, we define the A-transform of &
as AE = ((A£);), where

(Aé)l = zalméma

provided that the series converges for each [ € N. If & € X implies that AE € Y, then
we say that A determines a matrix transformation from X into Y and it is represented
by A:X — Y. The class of all such matrices is denoted by (X : Y). For convenience,
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throughout this work, all summations without specified limits are understood to extend
from O to e=. Let F represent the family of all finite subsets of N and K C F. For
infinite matrix A, we denote the matrix domain by X4 for sequence space X and is
defined as follows:

Xa={E= (&) €w: AL € X}, (1)

Summability theory plays a fundamental role in functional analysis and has been ex-
tensively applied to the study of sequence spaces and matrix transformations (Bagar
[7]). Considerable effort has been devoted to constructing new sequence spaces as
generalizations of the classical spaces ¢,, ¢, ¢, and /. and to examining their du-
als, basis and topological structures. For instance, Basar and Altay [8] investigated the
space of sequences of p-bounded variation and related matrix mappings, while Altay
and Bagsar [2] introduced paranormed sequence spaces of non-absolute type by means
of weighted means. Further contributions include the introduction of Euler sequence
spaces and their generalizations by various authors see ([ 1, 3, 18]), the study of gener-
alized difference sequence spaces of non-absolute type defined by Sonmez and Bagar
[30]) and the analysis of matrix domains and their duals by Altay and Basar [4]). The
reader can refer to the articles [9, 20, 26], and the recent textbook [24] in order to the
reader is aware of some new results on the generated spaces of new sequence spaces
and the spaces of almost convergent sequences, and fundamental theorems in functional
analysis, summability theory, sequence spaces.

Building upon these developments, the present work is concerned with new se-
quence spaces generated by the Pascal mean and the associated Pascal matrix. We
investigate their structural and topological properties and establish connections with
existing results in summability theory.

A function f:[0,e0) — [0,00) is referred to as a modulus function (or simply a
modulus) if it satisfies the following conditions:

1. f(u) =0 if and only if u =0,

2. f is an increasing function,

3. flu+v) < f(u)+ f(v) forevery u,v € [0,00),
4. f is continuous from the right at 0.

Therefore, the function f must be continuous on the interval [0,0). A modulus func-
tion can either be bounded or unbounded. Numerous authors have frequently uti-
lized modulus functions in the construction of various difference sequence spaces, see
([15, 16,21, 23,27, 28, 32]).

Consider a linear metric space X . A mapping g : X — R is known to be paranorm
provided that

1. g(§)=0for £ €X;
2. g(=&)=¢g(§) for E € X;
3. g(&+x)<g(&)+glx) for &, x €X;
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4. If (oy) be a sequence of scalars converging to o and (&) € X such that g(& —
&) — 0, then it follows that g(c; & — a&) — 0 as [ — oo.

A paranorm g is referred to as a total paranorm if g(&) = 0 implies that £ = 0. In
this case, the space (X,g) is known to be total paranormed space. It is a well-known
result that any linear metric space can be equipped with a metric derived from a total
paranorm [33].
Let P denote the Pascal means, which are generated by the Pascal matrix P =
(pim) given by [22], defined as
('), 0<m<l

[—m

m= , (,meN).
b { 0, otherwise ( )

The inverse P~! = (s;,,) of Pascal matrix P = (py,,), given by [13], as

—1)l-m [ 0<m<lI
Sim = SRR " , (I,meN). (2)
0, m>1

Pascal matrix possesses several properties. For instance, for any number [ > 0, we can
form three different kinds of matrices namely symmetric, triangle and upper triangle
matrices. The Pascal symmetric matrix S; = (s;;) of order [ is defined as

PRI
Sij:<l+.] >7 Lj=12,....n (3)
j—1
The triangle Pascal matrix L; = (¢;;) of order ! can be defined by
i—1 ..
; 0<j<
£U={©*% ST 4)
07 ]> i

and the upper triangle Pascal matrix U; = (u;;) of order [ is defined by
7D, 0<i<j
ui,fz{(”)’ A 5)
0, j<i.
It can be observed that U; = (L;)T, for every positive integer [.

1. If S; is the Pascal symmetric matrix of order / as defined by (2), L; be the
triangle Pascal matrix of order / as defined by equation (4) and U; is the upper
triangle Pascal matrix of order [ as defined by equation (5), then S; = L;U; and
det(S;) =1 [10].

2. If A and B are [ x [ matrices, then A is defined to be similar to B whenever there
exists an invertible matrix P of order / such that P"1AP = B [14].

3. The Pascal symmetric matrix S; of order /, defined by equation (3), is similar to
its inverse S;l [10].



80 P. SHARMA, K. RAJ AND S. K. SHARMA

4. The triangle Pascal matrix L; of order /, defined by equation (4), has its inverse
expressed as L; ' = ((—1)7/1;;) [12].

Several authors have focused on extending the classical sequence spaces £,, cp, ¢
and /. to broader classes with richer structural properties. In this direction, Aydin
and Bagar [6] introduced certain sequence spaces including ¢, and /.., while Aydin
and Basar [5] considered spaces containing c¢p and ¢ and Sengoniil and Basar [29]
examined Cesaro sequence spaces of non-absolute type. These works established the
linear and topological structures of the newly defined spaces, investigated their duals,
and studied associated matrix transformations.

Motivated by these contributions, we focus here on sequence spaces generated by
the Pascal mean and its associated matrix. Our aim is to construct such spaces, analyze
their structural properties, and determine their duals in connection with classical spaces.

The Pascal sequence spaces p..,p. and pq to consist of all sequences such that
their P-transforms belong to the classical spaces /.., c and cg, respectively, are defined

by Polat [25] and are given by
l
—m

m=0
!
Pe = {5 =(n)Ew: llijg’; (l_lm> Em existS},

=0
!
po= {€=(§m)ew:}g}%‘,o(l_lm)émzo}.

Using the notation introduced in (1), the spaces p.,p. and po can be redefined as
follows:

P = {5=(§m)6w181;p

Pe=(lw)p, pe=(c)p, po=(co)p- (6)

For a normed or paranormed sequence space ¢, the associated matrix domain Gp is
called the Pascal sequence space. In this context, the sequence y = (y;) is defined as
the P-transform of & = (&), given by

l

=2 (l_lm)ém, (1eN). ™

m=0

It is straightforward to verify that p..,p. and pg are linear normed spaces under the
norm defined by

1S 11po = 1€ 1pe = 1€ ]I = [[PS e (8)

In this paper, we introduce new Pascal sequence spaces p-, pc, and pg defined via a
modulus function and to establish several related results. In addition, we determine the
o-, B-, and y-duals of the spaces.
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2. Main results

In this section, we introduce the Pascal sequence spaces over the modulus func-
tion. Moreover, we present topological and algebraic characterstics of these recently
introduced sequence spaces. Let ¢ = (¢,,) be a bounded sequence of positive real num-
bers. The sequence spaces below are then defined as follows

< w} |

!
I (l_m) Yin

where 0 < g, < A < . In the case, g, = ¢q, for all m € N, the space reduces to
classical space [, when p > 1.
qm
exists } .

qm
:0}.

Through out the paper,the following inequality will be used. Let ¢ = (g,) be the
sequence of positive real numbers such that 0 < g;, < sup,,gn = A and define F =
max{1,247 1} Then for any sequences (y,) and (o,,) in C the following inequality
holds

qm

1
(P7f7q>”:{T:(Wm)ew:sup[2

I |m=o

Zl,fm<l_lm)wm

m=0

(P.f,q)e = {‘I’: (Ym) Ew: sup

! l

(P.f,q)o = {II/: (Wm) Gw:llim
7 m=0

Wi + 0| < F [y 4 |G |*").

THEOREM 1. The spaces (P,f,q)w, (P,f,q)c and (P,f,q)o are linear spaces
over the field of complex numbers C.

Proof. We prove the result for the space (P, f,q)w. Let W, 0 € (P, f,q)«. Then

l q’n
l
sup| Y fm ( ) V| < oo, 9
1 mzzl() l—m
su i wl 1 )s " <oo (10)
ZP P m I—m m .

Suppose that ¢, 8 € C. Then there exist integers Ry and Qg such that

] <Ry and |B|< Qg
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qm]
[

qh‘l
) +FQ‘Esup<
I

Thus, we have
! I ! i
el )]s 2ol )
! / dm
sup(a 3, L) on

1
!
A
< PR sup ( ,Z‘ofm (l _m> P

< oo,

sup

qm)

! l
Zofm (l — m) Om

)

Then, ap + fo € (P,f,q). Thus, the space (P,f,q)« is linear. Similarly, we can
prove for the spaces (P, f,q). and (P, f,q)o. This completes the proof of the theo-
rem. [J

THEOREM 2. Let = (fm) be a sequence of modulus functions. Then, the spaces
(P.f,q), (P.f.q)c, (P.f,q)o are paranormed by g defined by

AN

where 0 < q,, <A < oo forall meN.

Proof. Consider the space (P, f,q)«, clearly g(¢) =0, whenever ¢ = 0. Since
gm/E < 1, by using the definition of the modulus function and the Minkowski inequal-
ity, we have

qm] 1/E

N N (TR SEVA G [P

JCICANIARES
A EETA GNP
< ([ (<[ (o)
3 (L) L)) T)

glop+o) = [sup

qm/E

+
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1 I l qm I/E
< (S?p 2; (j%i(l_1n>‘ﬂn‘kj%1<l_qn)‘nw1) )
I qm/E\ 1/E
(w2 (L)oo L)omt) )

= g(¢) +g(0).

Furthermore, since the inequality
A ] < max{1, |2 |7}

holds for all A € R, it follows that

)= {S‘?p,;()(ﬁ"( m)(/lwm>+fm<l_lm>(x<pm1)>q'"]1/E
= sup [ > Al (l_lm> O+ fn (l_lm) (pm_l} 1/E

m=0

< max [{1,x|}~g(<p)}

Let the sequence of scalars A; convergeto A, i.e., A} — A as [ — oo and let the sequence
{y!'} C (P, f,q)« be such that g(y' — y) — 0 as [ — oo. Then,

0<g(hy' —Ay)

=gMy' =2y + 2y — Ay) (11
=g(( =)W' + A (v —y))

<g((u=2) ) +eA(y' —y))

= A= Al-g(w') +max{1,|A[}e(vw' — w).

By combining the facts that y! — y as [ — o and g(y' — w) — 0 as [ — oo, together
with equality (11), we have

gyl —Ay) =0 as [ — oo,

Thus, g is a paranorm on the space (P, f,q)w. O

THEOREM 3. The spaces (P,f,q)w, (P,f,q)c and (P,f,q)o are complete with
the paranorm defined in Theorem 2.

Proof. Now, we will prove our result for (P, f,q). So let us consider that (y?)
be a Cauchy sequence in (P, f,q), where

={ylvi.vi,.. .}
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For given € > 0, there exists a positive integer 1o(€) such that

E E
<e” Vit >no(e).

)fm(ufl -y
Foreach m € N,

|((Pafaq)ufl)m - ((P7f7q>wt)m|qm
< | r.aw = (P 1.a |

d !
II/rln_mgofm (l—m) Win

l l ! '
—m)w me(l—m)w ’

m=0
E
fu(w' —y")

qm

3

J’_
w2
~£
S
M-
™
C\

+ sup
I

Then,
<ef Vir>mne).

Thus, the sequence

{((PafafI)llfO)m;((P:f7Q)Wl)m7((P:f7Q)W2);n’}

is a Cauchy sequence of real numbers for every m € N. Since R is complete, it is
convergent. Then

(P.f @)y ) — (P f, @) W)m as | — oo,

By employing the infinitely many limits ((P, f,q)¥)o, ((P,f,q2)W¥)1,..., we have

)] = sup| 3 (" Yol +sup| S s, )0 )
m b) lp m:()m l—m m lp m:O m l—m m
l l l l l t qm
= Sl;p mz=:0ﬁn (l—m) Y _mz:‘,oﬁn (l—m) O
l qm
< sup N (P L)W ) — (P.f, @)W )
m=0
<€

Thus, (¢ — @) € (P, f,q)-. Since the space (P, f,q) is linear, we have ¢ € (P, f,q)w
¢! —¢@ asl— oo in (P f,q).. Hence the space (P, f,q) is complete. [

THEOREM 4. The spaces (P, f,q)w, (P, f,q). and (P,f,q)o are K -space.
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Proof. First we have to prove that S;(¢) =1 for j € N is linear. For this, let
@=0j,06=0,€(P,f,q)»and A €C,then S;(¢p+0)=(¢+0);=¢;+0;=5;(¢)+
Sj(o)

Sj(Aw) = (Aw)j = Ay = AS;(w),
for all j € N. Therefore, §; is linear. Now, we have to prove that S; is continuous.
It is sufficient to establish that it is bounded. For this, let v = (y;) € (P, fi,qi)w, then
ISi(w)| = |wyj|, ¥j €N, we have

S.
1,0 = sup WL o WL vl
v2o lWlerg. w0 lWlerg. ~ wio IVl

(Rfi:qi)m =1.
(P.f.q)e

Thus, S; is bounded implies S; is linear and continuous. Hence, (P, f,q)« is a K-
space. [

THEOREM 5. The spaces (P, f,q)w, (P,f.q)c and (P, f,q)o are FK -space.

Proof. Consider a space (P, f,q)« is complete space. Then the space (P, f,q)« is
an FK-space. U

THEOREM 6. The spaces (P, f,q)w, (P,f,q)c and (P, f,q)o are a Frechet space.

Proof. Let us consider that ¢ = (¢;) and 0 = (0;) be two sequences in (P, f,q)e
and (A;) be a sequence of scalars such that

o(y,w)—0, o6(o,0)—0, S6(oj+wy,0+y)—0 and A, —Aas [ — oo
Then, we have
0 < lim &(y; + 01, + o) (12)
= lim [[(y; + 01) — (v + 0]
< lim (ly; = vl + o, — o))

= lim S(u/;,u/)+llim 5(0;,0)=0

0 < lim & Ay, A) (13)
= lim Ay = A w|
= lim [|(4 =)y +A (v — v
< lim (|4 =2 llwall+ 4] v = i)
= lim (14 = AL [will + [A] - [lwe = ) = O

from the inequalities (12) and (13) that the algebraic operations are continous on space
(P, f,q)e - Therefore, (P, f,q) is Frechet space. [
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3. The o, B, y-duals of the spaces (P, f,q)-, (P,f.q)c and (P.f,q)o
The o, 3, and y-duals of the sequence spaces (P, f,q)w, (P,f,q). and (P, f,q)o
are defined by the propositions and their proofs in this section. We define the multiplier
space S(X,Y) for the sequence spaces X, Y as follows. For the sequence spaces X,
Y, we define the multiplier space S(X,Y) as follows
S(X,Y)= {Z = (zm) €@ §z= (émzrn) €Y forall & = (ém) EX}'

Garling [17] defined the o, B, and y-duals of a sequence spaces X as follows: X%,
XP and X7, respectively.

X*=8(X,0), XP=8(X,cs), X'=S5(X,bs).

We proceed by utilizing certain lemmas established by Stieglitz and Tietz [31],
which are essential in the proof of the Theorems.

LEMMA 1. A € (co:¥¢;) = (c:¥y) if and only if

sup Y

I meF

Z Aair

rek

< oo, (14)

LEMMA 2. A € (cp:c) if and only if

SLleZ\alr\ < oo, (15)
lim d = 0 (o € R). (16)

LEMMA 3. A € (cp: lw) if and only if (15) holds.

THEOREM 7. The o -dual of the sequence spaces (P, f,q)w, (P, f,q)c and (P,f,q)o
is the set
- w} |

Proof. Let a = (a;) € ® and let us consider the matrix B whose rows of the matrix
B are the products of the rows of the matrix P~! and sequence a = (q;). The relation

D:{a:(am)ew:supz

meF |

S s (, L N

mek

i—1 . .
b, 0<j<i,
Ll:(elj): {éj_l) ]>,l] l (17)
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‘We can derive that

a;@; = sup (18)

S -y (, ! Jaon

m=0

1
= 2 blmo-m
m=0

= (Bo); (leN).

By equality (18), we analyze that a@ = (@;¢;) € z, whenever @ € (P, f,q)w, (P, f,q)c
and (P, f,q)o, Bs € 71, Whenever 0 € L., ¢ and ¢( then, we derive by Lemma [ that

mEE:Kfm(_l)lim <l _l m) “

which yields the consequence that

((Rfaq)“)a: ((P7f7q>c)a and ((P,f,q)o)a :D |:|

sup 2

meF |

< oo,

THEOREM 8. Let us consider the sets D1,D,,D3 defined as follows

)
S ()

1 m i .
m}:ﬁn (z—m)al

D, = {a:(am)ew:supzl:

leN ;=0

D, = {a:(am)ew: Zsup

zml

exists for eachm € N} ,

exist } .

D3 = {a—(am)ewzhmz

m=0

((Rf&l)o)ﬁ = DiNDy,
((Rfﬂ)c)ﬁ = D1NDyNDs,
((P.f.q)-)" = D2 Ds.

Proof. We will give the proof for (P, f,q)o. Let us consider the equation

1 .
2 A Pm = Z (2 .f;n (l—lm) Gi) am (19)
m=0

m=0

= (Do),
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where

L i—m i
= (di) = i%<fm(_1> (i—m))ai’ Osm<L o gr leN. (0

0, m>1,
Thus, we infer from Lemma 2 with equality(19) that

ay = (anWn) €cs, whenever v = (y,) € (P,f,q)o

and
Do €c, whenever 0= (0y) € cp.

Using relations (15) and (16), we conclude that llim dp,, exists for each m € N and

(L))
. ai < oo,
i—m
which shows ((P,f,q)o)? =DND,.
The proof for the spaces (P, f,q)c, (P, f,q)- is same, so we omitit. [

1
sup 2 {
i=m

[eN =

THEOREM 9. The sequence spaces (P,f,q)w, (P,f,q)c and (P, f,q)o all have
D, as their y-dual.

Proof. Consider the space (P, f,q)o. Let us assume the equality

i
—i m
S ()]
[ i
2 me l m(. )ai Om
= i—m
i I _ ;
<SS nen(],)a
m=0| |i=m L—m
Now taking supremum over [ € N, we get
Z me z m<. i )ai
m=0 |i=m m
l
< |lole, sup Z sup
I m=0 I |i=m

< .

sup
leN

< sup
l1eN

2 AmYPm
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This means that a = (an) € {(P,f.q)o}", so D1 C {(P,f.q)o}¥. Conversely, let a =
(am) € {(P.f,q)0}" and y € (P, f.q)o. we have

[

4 i—m i
S fu(-1) (i_m>ai O € Lo,

m=0 | i=m

whenever ay = (a,Wy) € bs. Consequently, in the class (¢, /) contains the matrix
D provided in equation (20). Thus, the condition

l

! .
sup | Y Zﬁn(—l)i_m<,_l )ai < oo,
1 m

m=0 |i=m l
is satisfied, which implies that a = (a,,) € D . In other terms,

{(PvaQ)O}y CDy.

This complete the proof of the theorem. [J
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