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ON SOME CRITERIA FOR STARLIKENESS OF RATIONAL FUNCTIONS

SHAHLA EBRAHIMI, RASOUL AGHALARY* AND ALI EBADIAN

Abstract. In the present paper, we investigate a new class of analytic functions 7, , (A,B) and
subclasses of it, which consists of analytic functions f where satisfies the condition

u n+1
%LM(A,B)_{fe(Q/:(I—a)<f(Z—'Z)) +a<f(z—'z)) f’(Z)<iigi}-

By making use of differential subordination, we find conditions on the parameters of o, u,A
and B which guarantee univalance or starlikeness of the members of that class. Our results will
generalize or improve the earlier results obtained by other researches. Also we provide some
new criteria for rational functions to be univalent or starlike.

1. Introduction

Let .72 denote the class of all analytic functions f in the unitdisk D= {z € C:
|z <1}. For n > 1, a positive integer let

Gy=<feH: f(2)=z+ 2 @k}, (1)
k=n+1
and
hp=3feH: f)=z+b""'+ Y 2
k=n+2

with @] = &/, where <7 is referred to as the normalized analytic functions in the unit
disk, and by .7 the subclass of .7 consisting of functions in D which are univalent.
Also for —1 < B < A < 1 suppose that

3)

f*(A,B):{feﬂ': 4@ = LAz zeD},

f(z) 1+BZ

such that .#*(1,—1) = .7 is called the well known class of all starlike functions with
respect to the origin. Now we introduce the classes

1
UA,u) = fexz%:&;éo and f’(z)(iyH —1|<A, zeDy,
z fz)
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and % (A) := % (A,1). Itis known [2, 6], (see also [3, 18]) that functions in % (A)
are univalent if 0 < A < 1 but not necessarily univalent if A > 1. This class and other
relevant subclasses are extensively studied by authors in the [1,3,4,7,9-14,16, 18] and
references there in. Obradovié [7] and, Pannusamy and Singh [16] proved that
l—u
(I—p)+u>

In 2007, R. Fournier and S. Ponnusamy [4] extended it as follows:

UA,u)CcS* if u<l and 0<A K

|1 —p
VIT=uP+[uP?

Recently Obradovi¢ and Tuneski [10] (see also [8, 9]) studied coefficients of the class
%« (A). If reader desire to obtain more information about classes % (A, u) could check
out other articles which recently are published [11-14].

In this paper we extended classes % (A, u) as:

Vau(A,B) “4)

_ @) z \M 2 \MH 1+Az
_{fEJZ{T#O,(l—OC)<m) +a<m> f(Z)‘<1+BZ,ZED}

where —1 <B<A<1, a>0,and u is complex number. Also we define %4 (A, B)
= Vou(A,B)Ny, and Vo 1 (A, B) = Vo (A, B) (A, 1, where 7, .47, , are defined
in (1), (2), respectively.

We note that in general the functions belonging to this class are not necessary
univalent. For showing that let —1 < B <AL, A<, B< u=P|A| and o

u€C with Re(u) <1 then Z(A,u)C . iff 0<A <

l+|M ’
is chosen such that |A[|1 — 3| < { +| B‘ Now let us consider the function
z
f@)=———=
(14+Az)H

which is belongs to the class 74, . (A, B), because we have

(1-a) (%)Hjtcx(%)wlf’(z) =142 (1—%>z< igi

But it easy to see that f'(z) =0 for z = l( ) € D, and this shows that f is not
univalent in the unit disk. In the articles presented in this content, the domain of classes
are considered the disk with center at one and the radius is less than one. The question
is whether it is possible to change the class domain. In this article, we will try to
answer this question and study it. Therefore we define the classes ¥4 ;i ,(A,B) and
Yo,unp(A,B) and study properties such as starlikeness of elements of those classes. In
section 2 we find conditions on the parameters «, t,A,B,b and n such that guarantee
the starlikeness.

The basic tool for proving our results is the following lemma due to Miller and
Mocanu [5].
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LEMMA 1. Let the function w(z) is defined by
w(z) = ap?" + an 127 F an 0" (n=1,2,3,...)

be analytic in D. If |w(z)| attains its maximum value on the circle |z| = r at a point
z0 € D, then there exists a real number k > n such that

20w (20) _i
w(zo)
2. Main results

We will prove in the following theorem the elements of class 74 ,(A,B) are star-
like for suitable choices of o, u,A and B.

THEOREM 1. Let f € Vo un(A,B), =1 <B<AKI1, a>1, and u is complex
number with Ru < an. If

(A—B)z{( ! 5+ up }<17

1—AB)> * (1—|B|)*|oan— u|?
then f € .7*(8), where § = 21,
Proof. Let f € V4 un(A,B) and define p(z) = (ﬁ)“ From f € Y4 un(A,B) we
have 144
o, z
[ _< s
p(2) 0P (@) =175
and this is equivalent to
o , . 1-AB| A-B
B il [P iy 5
p(z) “ZP(Z) B <1 8 (5)
In the first step we show that p(z) < 14 A;z, where A = %. For this let the

function w is defined by p(z) = 1+ A;w(z). It is clear that the function w is analytic
in the unit disk and w(0) = w/(0) = ... =w"~1(0) = 0. We claim that |w(z)| < 1 for
all z in the unit disk, otherwise by using Lemma 1 there exists a point zg € D such that
[w(zo)] =1 and zow'(z9) = kw(zo) with k > n. Now

a 1-AB| o , AB—B?
p(0) 0P (20) = 752 | = |M1w(20) Mm/hW(Zo) — &2
oam— B|(A—B
I )
n 1-B
on— B|(A—-B
 pylan=ul_1BlA-B)
|l 1-B

_A-B |B[(A-B)
T 1-B] 1-B
_A-B
T 1-B%
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and this is contradiction with (5). Hence p(z) < 1+ A1z, where A; = %.

Also f € Vo un(A,B) implies that there exists Shawars function w such that

z \* 2\, _ 14+Aw(z)
o) reli) rO=timg

and so we have
, 1+Aw(z)
1 (zf (@) _ 5) _ B
1-8\ f(2) (75)"
Now f is starlike of order ¢ if and only if
1+Aw(z) .
arg 1+fw(z& < >
(75)
and it is sufficient to be
1+Aw(z) 2\ &
— — —. 6
we )| () | <5 ©

1+Aw(z) - A-B
But |arg 1+Bw(z)| < arcsin {—p

if

and |arg(ﬁ)“| < arcsinAy, so inequality (6) holds

1 ul?
(A‘B>2{<1—AB>2 i B>2an—u2} <

Thus the proof is complete. [
By putting u =n=1, oo =2 and B =0 in the Theorem 1 we obtain

COROLLARY 1. Let f € &/ and satisfies in the condition

Z Z 2 / \/§

<=,
2

then f € S*(3).
By putting u = a =1, n=2 and B =0 in the Theorem 1 we obtain

COROLLARY 2. Let f € @/ and satisfies in the condition
2
. 2
(7%) ro-1]< 2
f(2)
then f € S*.

<5
2
By putting u =a =1, n=2 and B= —A with 0 < A < 1 and solving the
condition related to A we obtain A ~ .295597. Now using Theorem 1 we obtain
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COROLLARY 3. Let f € @/ and satisfies in the condition

2
2 \?, . 14.295597;
( f(z)) P& < 295507

then f € S*.

THEOREM 2. Let f € Vo un(A,B) where —1 <B<A< 1,00 > % and W is com-
plex number such that ) M Ru<an. If0Ld <1 and

NCa—1)(1-1B])
o(1-|B])y/20(1-8)~1 if 0<§ < BINCa—(|B) a(l—o)

(A—B) <{ VOHHPNQa(1-3)-1)(1-]B)? h 2aluIN(1-[B)+a2
o?(1—|B|)(1-8) if ImN(2a—1)(1—\BI)—a(l—0¢)| <8<,

[u[N(ad—a+1)(1-[B])+a 20| u|N(1—|B|)+0o2

then f € .*(8) where N = [} trl llB‘ffl dt.
u
Proof. Let us define p(z) = (%) . Then from the definition of the class of
Yaunp(A,B) for f € Vo unp(A,B), we have

a 1+Az

/
- _<
P “zp (@) 1+ Bz

=14+2Aw(z),

where wy (Z> = 1+B(vzv(z)

w(0)=... =w1(0) =0 also A = A —B. Itis easy to check that
( z )“_ u/ w1 tz
f(2) t”“ "

zf’(z)_a—1+1 1+)Lw1(2

and w(z) is an analytic function with |w(z)| < 1 and w(0) =

and

fle) o« Y 1W1(Z)

-
+a

dt

SO

1 wi(
: (Zf’(z>—> AT Iy S+ i 2

1-6 \ f(2) iy 1W1(t5)d
t'a
Now Re (i’:;?) > § is equivalent to the condition
1w
1+A’.ua f :jﬁ dr+ a(l— 5)W1(Z) )
! #+ —iT, forall T €R and z € D,

t
- lw—l(f)d
[+E
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or

A {(l+iT)0162(1 55 [“/01 Z”llfz)dt[(a5—a+1)_ira(1 —5)]+aw1(z)” 41

Suppose that B,, denote the class of all Schwarz functions w such that w(0) = w/(0) =
.. =w"1(0) =0, and let

M = sup

)

1 Lwi(z) .
(A +iT)e2(1-9) [“/0 T dil(@d —ot 1) = iTa(l - )] +OCW1(Z)]

where sup is takenon z€ D, w € B,, T € R. In view of |w;(z)| < %,we obtain

1
M < su
Te% { 02(1-38)V1+T?

where

/(@ —ar 17 r e -op 2

1 —|B|
1tn717%
N= [ ———dt.
/o 1— B

Now it is enough to show that AM < 1. Let

¢(x) = \/% [HN\/(OCS —a+1)2+xa?(1-58)2+

With simple calculation we obtain

0, +o0).
=ik x € [0,+e)

uIN[=120(1 - 8)] - 45/ (08 — ot 1) xe?(1-8)?
B 23/ (08 — a4+ 12+ xa2(1 — 8)2v/1+x2(1 +x) '

/

¢'(x)

Case 1. Let 0< 8 < & ‘N(223|;\11\)/((11:‘§||))1z(217a)' Then we see that ¢ has its only

critical point in the positive real line at

_ 1 [uPN?(20(1 - 8) — 1)*(1 - |B|)
0T 1-5) ( o2

—(ad—a+ 1)2) .
Furthermore, we can see that ¢’ (x) > 0 for 0 < x <xp and ¢’(x) <0 for x > xo. Hence

@’ (x) attains its maximum value at xo and

_ a(l—8)[|uPN?(20(1 - 8) — 1)(1 — |B])* + o]
- V20(1=8) = 1/ + [uPN?*(2a(1 - 8) = 1)(1 = [B))*(1 - |B])’

@ (x) < @(x0)

u|N(2a—1)(1-|B)—a(1-a)
Case 2. Let 6 > 2a|uN(1—|B|)+o?2

for x > 0 and so the function ¢ gets its maximum value at x =0 and

. Then one can observe that ¢’(x) <0

_ uIN(@—a—1)(1-|B)+a

0(x) < 9(0) -
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Thus the proof is complete. [

8+3In3
8+61In3

we obtain N = % and

Byputtingn:Z,B:‘T1 and u = o with u >

so by using the above theorem we have

COROLLARY 4. Let f € ¥y u2(A,3L) and p > 5203 Jf

8+6In3 "
2u(1-8)-1 14(8+61n3)—(31n3+8)
< s ) - )
<A+1> < ) V/64+9(In3)2(2p(1-8)—1) FO0<8<TGiemy
4 6p(1-3) if 14(8+61n3)—(31n3+8) <§<1,

3In3[(ud—u+1)+8 1(8+61In3)
then f € .7*(§).

Also by putting B=0, n =2 and u = o, we obtain N = 1 and so in view of
Theorem 2 we have

COROLLARY 5. Let f € ¥y u2(A,0) and u > 3. If

64/2u(1-6)—1 1(8+61n3)—(31n348)
2 < d V64H9(In3)22u(1-6)~1) if 0<6< u(8+6mn3)
6u(1-6) if p(8+61n3)—(31n3+8) <5<,

3In3|(ud—u+1)+8 u(8-+61In3)

then f € .7*(8).

Also we remark that by putting B = 0 in the Theorem 2 we obtain Theorem 2.1
of [1] and by putting & = 1 and B = 0 we obtain Theorem 2 of [19].

THEOREM 3. Let % < a < 1, n is natural number, b is complex num-

ber such that n|b| < 1 and pu = an with —1 <B <A < 1. Also let f € Yy ynp(A,B)
if
\/1—t0(2a8+1 20)—n|bla if 0< §<K

= \B\ to+nN

A—B)<
( ) al(ld)nblatirad) o g s 1+ (o —1)n|b|
I%W+HN(706+1+O(5) an|b‘ +1 ’

_ aNQo—1)(1—|B))+a—1+nb|a? ol 4
where K = = n pre oanai—gn] 0 NV = Jo W’
IIB‘nN(ZaS 200+ 1) +n|blavM
o=
07 220 —1—2a8)[-N2(2a — 1 —2a8) + |b[?a?]’
and

M= (2a—1-20as) + 1’ N* (200 — 1 —208) — n|b|*a?| .

b
(1—1B])?
Then f € .7*(9).
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Proof. From the definition of the class 74y ,5(A,B) for f € Vo unp(A,B), we
have
u pt1
z z , 1+ Aw(z)
-a(5) ralrg) rO=mmg e, 0

where A =A—B and wy(z) = #fv)(z) with

WE By = {wejf, w(0) =w(0) =... =w™(0) =0, |w(z)| < 1}.

Using the same argument of Theorems 1 and 2 we observe that

N b —an [0y 4 s
m =1—-0dnbz — n/o P t, = A—D.

From (7) we obtain

Zf/(Z) _ a_1+l L+Awi(z)
f(2) o 1—ombz —An fIWIn( )dt
So
L[Zf'@_s}
1-6 [ f(2)
1+ 5 (— 0+ 1+ 08)2" + s (—a+ 1+ ad) [y ns-l)dt+ a1 ()
1 — anbz" — An [y W1YZ) |

f(z f'(2)
NOW‘RZ( >51fRela<Zf() 5>>0,0rf0rallT€R,

o(l—8)+anb(—o+ 14+ ad)" +An(—a+ 1+ ad) [, lwl( )dt+)Lw()
a(l—é)(l—(xnbz a3 )

7é _lT7

n+l
which is equivalent to
. 1 W1 (lZ)
wi(z)+n(—a+14+ad—iT(1-906)a) [, prES] dt
(I+iT)(1=0)a+nba(—o+14+ad—iT(1—56)o)z"

£ 1.

Now forall T € R and z € D, we define

(@) +n(—a+1+ad—iT(1-90)xa) 01 W,L(ﬁ)dt

wi
(1+iT)(1-8)oc+nbo(—o+ 14+ ad—iT(1—8)ot)z" |’

M = sup
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than

dt
1 _ 2 22(1 8yl
1_‘B|—|—n\/( a+1+ad)2+T2a2(1-6)2 [, g

a(1=8)VI+ T2 —nlblo/(—o+ 1+ ad8)>+T2a2(1 - 8)%

Now for completing the proof it is sufficient to show that AM < 1. For this we define

1 = NV (—o+ T+ a8)? +xa?(1 - §)2 .

(8)
Differentiating ¢(x) with respect to x, we get

AN (1-8)(2a(1-8)— 1)~ {55 /(—at1408)+xa? (1-8)2+ n\b\ai(\;é)Z =
VN O¢+1+065)2+x0@(1 8)2(al(1-8)VT+x—n|b|\/(—a+1+0a8)2+xa2(1-8)2])2

¢'(x) =

Now if b # 0 then denominator of ¢(x) is positive for all x > 0, provided § <
1+ (a—D)nlb|
on|b|+1
ferent steps.

, 0<a <1 and n|b| < 1. For completing the discussion we consider dif-

Case 1. Let 241 < § < 1+ag|b|£21‘b‘ than it is clear that ¢’(x) <0, so

ﬁ—i—nN(—oH—l—Hxé))

1
¢(x) < 9(0)= o (1_5—n|b(—a+1+a6)

= \B\ +nN(—o+1+ad)

therefore f € .*(5) when (A—B) AT=8) == a+l+a5)]<l,and
20— 1 1+ (a—1)n|b|
0
20 ~°%° anlb|+1
nN(20—1)(1—|B|)+-o—1+nlb
Case 2. Let (ao[(1+r)t\(h\a‘4r|2)rjl_vo(tlf\-l_?|)‘] o 5 < 2%041 and define
N(x)ZnN(ZO((l—(S)—1)—1%w\/(—a+1+065)2+x062(1—5)2
201 =
n|blo(1 6)m’
1 —|B|
than
201 _ (1—
N’(x):a(l d) (1-9) n n|b|
20— B)) | \/(ma+1+ad)?+xa2(1—98)> 1+x
Now when

(1-5) b
Va1 ad)?+xa?(1-96)2  VI+x
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or
b (—a+14+ad)*—(1-8)* <x(1-8)*(1—-a?8%), )

then N’(x) < 0. But the right side of (9) is positive, and the left side is negative because

Wb (—o+1+ad)? —(1-8)% < (—a+1 +a5)2— (1-8)2,

and the rlght side of the above relatlon is negative for § < ;%7. Since 20‘ L < a—+1
for 0 < a < 1. Thus for § < 20‘ L the right side of (9) is negatlve and so N(x) is
decreasing and
—a+1+ad—nlblo?(1-§
N(x) < N(0) = nN(2a(1 — 8) — 1) — %+ +a1—|’zla|| 071=9) .
So by considering the case 1 and case 2, we conclude that f € .*(5) when
+nN(—a+1+a0)
(A—B)—— =L <1,
of[(1—=06)—n|b|(—a+ 1+ ad)]
for
nN(20t—1)(1—|B|) + a—1+n|b| a? 5< 1+ (a—1)n|b|
o[l +n|bla+2nN(1 — |B])] onlb[+1
nN(20—1)(1—|B|)+a—1+n|p|o?
Now let 0 < 0 < [ Trlpla2nN(1=TH]) and define
o 1
Vo T+ ad)2+xo2(1-6)?
Substituting ¢ in (8) we obtain
—L= +nN
-8
() = ()= __ ,
V1= (—a+1+0a8)22+ o?(1—8)%2 — nal|b|

when 0 <1 < m7 S0 Max,c(oe)P(x) = Max,. 7(1+ll+(18)u/(t). Differentiating

of y(z) we obtain

R(t
(1) .
VI-(Cati+ad)2+2a2(1-3) (\/1 a+1+a5)2+t2a2(1—5)2—n|b|a)

V(1) =

where

R(t) = I_Lw —nNi(20— 1~ 208) — nlplery /1 +12(20— 1 —2015).

It is easy to see that R(0) = —nlbloe > 0. Since

1= \BI

R(t)=—-Q2a—1-2ud) {nN\/l +1220—1 —2a6)+n|ba}
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and 20— 1—208 >0, s0 R'(r) < 0 and R(z) decreases. Also

1
R(—oc+1+oc6)

1 20—1-200 , 1-0
- ~nlblo? — "
1—|B| —a+1+0ad —a+1+ad
nN(2a—1)(1—|B|) + a—1+n|b|a?
o(1+n|bloc+2nN(1 —|B]))
—nN|B|(—200 4+ 20— 1) — ad|B|+ |B|(ac— 1)

a(1+n|bla+2aN(1 - |B|)) {5—

<0.
Hence we conclude that R(7) have a root in [0, m) But R(79) = 0, where
— IB‘nN(ZaS 200+ 1) +n|blavM
o =
07 22a—1-2a8)[-N22a— 1 —208) + |b)2a?]’
with

M= (2a—1—2a6)[ + 1’ N* (200 — 1 —208) — n|b|*a?| .

1
(1—1B[)?
With substituting 7y in y(7), we have

= \B|t0 +nN

\/1 —13(2ad+1—2a)—n|b|la

v(ty) =

and the proof is complete. [J

In the proof of Theorem 3 we do not consider the case b = 0. Using the symbols
of that theorem we assert
COROLLARY 6. Let %\, < o < 1, n is natural number, U = on and
—1<B<ALL.If f€Vouns(A,B) where b=0, than f € .*(§) when

(1-|B)y/20.(1=8)—1 if 0< 8 < UZBINCa— Do

(A—B) < { VTN 2a(1-8)-1)(1-[B])? a(I+2(T=[B)nN)
1-6)(1-[B o (1=|B)nN2a—1)+a—1
l+(1—a‘(B|)"NE—OC‘+Il)+O£5) lf | |1+2((1 OC‘Bl)nNO( <6< 1,

where N = fol |B\t"+l

Proof. The same as proof of Theorem 3, let f € ¥, ,5(A,B), and b =0 in (8).
Then differentiating (8) we obtain

nN(1—8)(20(1—8) — 1|B‘\/ (—a+1+ad)?+xa2(l1—5)?
2\/1+x\/(—a+1+(x5) +x02(1=8)202(1—8)%(1 +x)

o' (x) =
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If iNQa(l—8)—1)— %ﬁ“a < 0, than ¢'(x) < 0 for all positive x and so @(x)
is decreasing and ¢ (x) < ¢@(0). Therefore

1
l—a)

00) < 9(0) = o7 <I_IB+nN(—a+1+a5)), x€[0,00).

Now if nN(2a(1—0)—1)— %ﬁaa > 0, than ¢’(x) for x > x is negative and ¢’(x)
for x < xo is positive so ¢(x) gets its maximum value in x(, where

_ n’N?*2a(1-8)—1)(1—|B|)?*— (—a+1+ad)?
B 02(1—5)2 '

X0

Hence
B i PN (201 - 8) = 1)(1 - |B))
21 =38)2+ N2 2a(1—38) — 1)2(1— B2 — (—a+ 1 + a5)?’

and the proof is complete. [J]

o (x) < @(x0)

By settingn=1, o« =1, u=1, B=0 and A = A in Theorem 3 we obtain the
following theorem of [17] (see theorem 1.2).

COROLLARY 7. If f € % (A) and a = Vﬂzﬂ <1, then f € .7*(8) whenever
0 <A <A(D), where

V(1-28)(2—a2—28)—a(1-28) . l+4a
201-9) if 0<8<3—,
A0) = 1-8(1+a) 1
— a . 1+a
1+6 lf ﬁ g 6 < 1 +a'

Also by letting u = o = % and b =B =0 and n =1 in the corollary 6 we obtain

COROLLARY 8. Let f € o, if
1 z 3 2( z 3 ,
g(%) +§<%) f@-1

Furthermore by letting c =u=n=1,b=8=0and B= %17 we obtain N =1n3,
A ~./328837. Hence using corollary 6 we have

<3z,
2

then f € S*.

COROLLARY 9. Let f € . If

<i>2f’(z) —1/15435

e < ./61742,

then f € S*.
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COROLLARY 10. Ler f € 7/% 125(A,0) for |b| <1, than f € .7*(8) when

-fpl=s(tlp) s 1=lb)

A o
Al<—53% 1+ o]

THEOREM 4. Let o > 1, n is natural number and u = on, also let

—n?ab+ 1+ n2—n2o2b?

0<A <A =
1 +n2
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If b is real number such that ob+ A < % and f € Vo unp(A,0), then f € Y*(O‘T_l).

Proof. Let f € Vo unp(A,0), then in view of definition of that class we have

(1-a) (%)# +o (%)Hlf’(z) =1+ Aw(2),

where w € ,,. Furthermore from (10) we obtain
u 1
z w(rz)
2 ) —1—anb -2 / dr,
(ﬂ@) TRy T

(%)“ - 1‘ < an|b|+An=n(a|b|+A).

Now the above relation implies

(7).

Also from (10) we have

SO

f'(z) oa—1  1+Aw(z)

f(2) a (x(ﬁ)“.

Since in view of (11) we can write

arg (ZJJ:;S) - a7_1> ' < larg(14+Aw(z))|+

=(7i5)

< arcsinA + arcsin(n(a|b| +A)).

Now it is easy to check that arcsin A +arcsin(n(a|b|+A4)) < 7, if

A<At = —n2ab—|—\/1—|—n2—n2a2b2’
1 +n?

so the proof is complete. [J

< arcsin(n(a|b| +A)) and |arg(1+Aw(z))| < arcsinA.

(10)

(1)

12)

By setting u = o =n =1 we get the result obtained in [15]. Also by setting

oa=u =2 and n=1 in the Theorem 4 we obtain
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COROLLARY 11. Let |b] < % and [ € ) satisfies the condition
2 3
. —2b+ V2 —4b?
_<L) +2<L) Flo)—1| < 20 V24D
/@) f2) 2

then f € .7*(%).

Furthermore by setting 4 =n =2 and o = 1 in the Theorem 4 we have

COROLLARY 12. Let |b| < \/TE and f € gh, satisfies the condition

2\ . —4b+ /5~ 4b?
'(%) F) -1 < B

Finally we prove

then f € ./*.

THEOREM 5. Let f € Vg un(A,B), -1 <B<A<1,0<a<1,and u is com-
plex number with Ru < on. If
A-B ofon — |
L= |B| ™ Jom—p[+|u[(1+a)

then
zf'(2) (A—B)(Jon — p|+|u|)

f@) ‘ ofjan — p|(1—|B]) — (A= B)|ul]

Proof. Let f € V4 un(A,B) and define

(2 \* (e
”“"(f@) and 0() ="y~ b

then from the definition of the class 74 ,,,(A,B) and using the same argument of the
Theorem 1 we have

(A—B)|u|
P(Z) = 1"‘%2, (13)
and AR
Ip(2)(aQ(z) +1) - 1| < T8 (14)

Now in view of (13) and (14) we have

_|lp@(a2Q) +1) = 1] (p(zx) = 1)
|Q(Z)‘ - ‘ OCp(Z) ‘
Ip(2)(@Q(z) +1) — 1|+ [p(z) — 1]

a|p(z)|

A—B (A-B)|p|
T=18] T (= [BDlen—x]

= _ (A-B)y| =
o (1= )

N
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So

f(2) of|an —p|(1—|B[) — (A= B)|u|]

and the proof is complete. []

L)) = Bon—ul i)

By setting u =a =1, n=2 and B= —A where 0 <A < 1 in the Theorem 5 we
obtain

COROLLARY 13. Let f € @ and 0 < A be real number such that i—AA < % If

2\, . 1+A? 24
(m) A e A ek

then

z2f'(z) 4A
) ‘1'< 34

Also by setting u = o =1, n =2 and B =0 in the Theorem 5 we obtain

COROLLARY 14. Let f € @) and 0 <A< S, If

(i>2f’<z>—1 <A,

f(2)
then . ”
o<
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