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AN ITERATIVE SCHEME FOR A SYSTEM
OF QUASI VARIATIONAL INEQUALITIES

MUHAMMAD ASLAM NOOR! AND ZHENYU HUANG?

(communicated by J. Pecaric)

Abstract. In this paper, we consider a new system of quasi variational inequalities involving
two different operators. Using the projection technique, we suggest and analyze a new iterative
method for solving this system of quasi variational inequalities. We also prove the convergence
of this iterative method under some mild conditions. As a special case, our results include the
results of Huang and Noor [6] for solving system of variational inequalities.

1. Introduction

Variational inequalities theory has emerged as a fascinating branch of applicable
mathematics with a wide range of applications in industry, finance and applied sciences.
Variational inequalities have been generalized and extended in several directions using
some novel and innovative techniques. A useful and significant generalization of the
variational inequalities is called the quasi variational inequality where the underlying
convex set also depends upon the solution implicitly or explicitly. It is well known that
a wide class of problems arising in pure and applied sciences can be studied by quasi
variational inequalities, see [1-14,16] and the references therein.

Inspired and motivated by the ongoing research in this field, Huang and Noor
[6] have considered and studied a system of variational inequalities involving two
different nonlinear operators. In this paper, we introduce a system of quasi variational
inequalities involving two different operators and study the convergence analysis of the
iterative method under some mild conditions. Since the system of quasi variational
inequalities includes the system of variational inequalities, quasi variational inequality
and variational inequalities as special cases, results proved in this paper continue to
hold for these problems. In this respect, our results can be viewed as a refinement of
the previous known results.
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2. Basic Results

Let K be a nonempty closed and convex set in a real Hilbert space, whose inner
product and norm are denoted by (-,-) and ||.|| respectively. Let T}, T, : K — K be
nonlinear operators. Let K(x,y) be a nonempty closed convex-valued set in H.

We consider the problem of finding x*,y* € K(x*,y*) such that

(pT1(y*,x") +x" —y",x—x") 20, Vxe K", x") (1)
(NT2(x",y") +y" —x",x—y") 20, VxeK(x",y") 2)
which is called the system of quasi variational inequalities (SQVID), where p >
0, m > 0 are constants.
For T\ = T, = T, SQVID is equivalent to finding x*,y* € K(x*,y*) such that
(NT("y") +y" = x"x—y") 20, VxeK(x",y")
which is called the system of quasi variational inequalities(SQVI) and appears to be a
new one.
Note that, if K(x*,y*) = K(y*,x*) = K, the nonempty closed and convex set in

H, then SQVID reduces to the following system of variational inequalities of finding
x*,y* € K such that

(pT1(y",x™) +x* —y", x —x*)
(NT2(x™,y") +y* =", x =)

, X€K,

>0
>0, x€Kk,

which is known as the system of variational inequalities involving two different nonlinear
operators (SVID). This system of variational inequalities (SVID) was considered and
introduced by Huang and Noor [6].

In brief, for appropriate and suitable choice of the operators T, T, and the convex-
valued set K, one can obtain a number of new and previous known problems from the
SQVID as special cases, which have been considered in [1-14,16]. This clearly shows
that the SQVID is quite general and unifying one and has important applications in
various branches of pure and applied sciences.

LEMMA 2.1. Fora given z € H, u € K satisfies the inequality
(u—z,v—u) 20, WYveK,

if and only if u € K satisfies the relation u = Pkz, where Py is a projection from K
onto H.

Lemma 2.1 plays an important role in obtaining our results. Using Lemma 2.1,
one can easily know that finding the solution (x*,y*) of the system of quasi variational
inequalities (SQVID) is equivalent to find x*,y* such that

x* = PK(y*,x*)[y* — pTl (y*,x*)],
y* = PK(x*,y*)[X* — nTz(x*,y*)]
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DEFINITION 2.1. A mapping T : K — H is called r-strongly monotonic if for all
x,y € K, there exists a constant » > 0, such that

(Tx —Ty,x—y) >rllx—y|[~

DEFINITION 2.2. A mapping T : K — H iscalled y -cocoerciveifforall x,y € K,
there exists a constant ¥ > 0, such that

(Tx —Ty,x—y) >v||Tx — Ty|].

DEFINITION 2.3. A mapping T : K — H is called relaxed (y, r) -cocoercive if for
all x,y € K, there exists constants y > 0,r > 0, such that

(Tx —Ty,x—y) = =y||Tx = Ty|]* + rllx = yI.
Clearly the class of the relaxed (Y, r) -cocoercive mappings in Definition 2.3 is the

most general class than the class of r-strongly monotonic mappings in Definition 2.1
and Y -cocoercive mappings in Definition 2.2.

DEFINITION 2.4. A mapping T : K — H is called u-Lipschitzian if for all
x,y € K, there exists a constant u > 0, such that

[|Tx — Ty|| < wllx —yll.

LEMMA 2.2. (see [15]). Suppose {0,}22, is a nonnegative sequence satisfying
the following inequality:

Onr1 < (1 =A,)8, + 0y, foralln >0,
with A, € [0, 1], Z;io An = 00, and 6, = 0(Ay). Then lim,_,, §, = 0.

In order to consider the convergence analysis of the iterative methods, we need the
following assumption, which is mainly due to Noor [9,10].

ASSUMPTION 2.1. The projection operator Py satisfies the following condition
HPK(XJ’)(W) - PK(th)(W)” g V”x - M”, v'x’ya u,v,we H7
where v > 0 is a constant.

REMARK 2.1. We remark that Assumption 2.1 is true for the special case, K(x,y) =
m(x) + K, which appears in many important applications (see [7]), where m is a point-
to-point mapping and K is a closed convex set in H. It is well known that

P (xy) (W) = m(x) + Px[w — m(x)].
If m is a Lipschitz continuous with a constant V > 0, then
1Pk (W) = Py (W)l
[[m(x) = m(u) + Px[w — m(x)] = Pg[w —m(u)]|
[lm(x) = m(@u)|| + |Pkw = m(x)] = Px[w — m(u)]|
2[|m(x) = m(u)|| < 2V]x — ull,
which shows that Assumption 2.1 is true for v =2V > 0.

NN
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3. Iterative Algorithms and Convergence

In this section, we suggest and investigate a class of iterative methods for solving
the system of quasi variational inequalities(SQVID) using the projection technique.
We also consider the convergence analysis of the iterative method under some mild and
suitable conditions.

Using Lemma 2.1, we can suggest the following iterative method for SQVID.

ALGORITHM 3.1. For arbitrarily chosen initial points xg, yo, compute the sequence
{x.} and {y.} by

( ay ) Xn + anPK(yn,xn)[ n pTl (Yn7xn)}7 (3)

Xnt1l = 1- )
Yn+1 = (1 - bn)anrl + anK(an,y,,)[xn+l - nTZ(xn+l7yn)L (4)
where a,,b, € [0,1] forall n >0 and p >0, n > 0 are constants.

For a, = 1 = b, for all n > 0, then Algorithm 3.1 reduces to the following
iterative algorithm.

ALGORITHM 3.2. For arbitrarily chosen initial points xg, yp, compute the sequence
{x.} and {y.} by

Xn+l = PK(yn,x,,)[yn —pTy (ynaxn)L
ynJrl = PK(x)1+1:)'r1) [‘x"+1 - nTz(‘x"+1 ) yn)]7
For K(y,x) = K(x,y) = K, the convex set, Algorithm 3.1 reduces to the following
iterative method for solving SVID, which is mainly due to Huang and Noor [6].

ALGORITHM 3.3. For arbitrarily chosen initial points xg, vy, compute the sequence
{xx} and {y,} by

Xn+1 = (1 - an)xn + anPK[yn — pT (ynaxn)L
Yn+1 = (1 - bn)xn+1 + anK[anrl - nTZ(anrlyyn)L

where a,, b, € [0,1] forall n > 0.
For Ty = T, = T, Algorithm 3.1 reduces to:
ALGORITHM 3.4. For arbitrarily chosen initial points xg, yp, compute the sequence

{x.} and {y,} by

Xn+l = (1 - an)xn + anPK(y,,,xn)[yn - pT(yn>xn)]>
Yn+1 = (1 - bn)xn+l + anK(Xn+1,)';1)[xn+l - nT(xn+l7yn)]7

where a,,b, € [0, 1] forall n > 0. Algorithm 3.4 appears to be new one for SQVI.

In a similar way, for suitable and appropriate choice of the operators 7,7, and
the convex-valued set K(x,y), one can obtain several new and known algorithms from
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Algorithm 3.1. This clearly shows that Algorithm 3.1 is quite general and includes the
previous methods as special cases.

We now consider the convergence criteria of Algorithm 3.1 and this is the main
motivation of our main result.

THEOREM 3.1. Let K(x,y) be a nonempty closed convex subset of a real Hilbert
space H and let (x*, y*) be the solution of SQVID. Let Ty : K X K — H be relaxed
(11, r1) -cocoercive and Wy -Lipschitzian in the first variable, and T, : K x K — H be
relaxed (Y2, r2) -cocoercive and Uy -Lipschitzian in the first variable with conditions

ri— Yiug Vi —nud)? —ui2v—v?) 5
p— 2 2 ( )

uy My
o> nui 4 w/v2—v), ve(o1), (6)

and

_nopg| V- nm)? - w2y —v?) .
n ) 3 (7)

My My
o> pus 4w/ v(2 —v), ve(,1). (8)

Let a,, b, € [0,1], 3.2, ay = 00, and lim,_,oo b, = 1. If Assumption 2.1 holds
with a constant v € (0, 1), then for arbitrarily chosen initial points xo,yo € K, x,
and y, obtained from Algorithm 3.1 converge strongly to x* and y* respectively.

Proof. Let x*,y* be a solution of the SQVID. Then

X = (1 —a))x™ + anPK(,v*,X*)[y* —pTi(y", x")] )
yoo= (1 - bn)y* + anK(x*,y*)[X* - nTz(X*J*)] (10)

From (3), (9), and Assumption 2.1, we have

Hxn+l _X*H
= H(l - an)xn + anPK(yn,xn)[ n — PT (Yn7xn)}
7(1 - an)x* - anPK(y*,x*)[y* - pTl(y*7X*)”|

< (1 —an)|fxn — x|
+anHPK(yn.,Xn)[yn —pT (yrnxn)] - PK(y*,x*)[y* —pT (y*JC*)]H

< (1 —an)[len —x"|
+‘InHPK(,v*,)c*)[ n— PT1 (Vs Xn)] — PK(y*,X*)[y* —pTi(y*", x")]||
+anHPK(yn.,Xn)[yn — PT1 (Y, x0)] — PK(y*,x*)[yn — PT1(Yn, %a)]||

< (U= an)lln = x| + @l [[yn = PT1 (v, x0)] = " = pT1 (0", x)]]|

+Vlyn =yl
= (1= an)llxn = x| + anllyn — y* = p[T1(¥ns %) — T1(y", x")]||
Ve =¥ (11)
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From the relaxed (y;, ) -cocoercive and p; -Lipschitzian definition in the first variable
on T}, we have

|y
|y
|y

N

n =Y = P[T1 (s %) — T1 (¥, x")]| :

n *y*Hz - 2p< Tl(y”,x,,) - Tl(y*7X*)ayn *y*> +/)ZHTI(anxn) - Tl(y*7X*)|‘2
= Y117 = 200=1 T2 s 0) = To (7", x|+ Ly — y*I]

AO?IT1 3y x0) = T1 (", 57

N

|y
1

From (1

where

w =117+ 207pf[yn = ¥ 1P = 20m1lyw = y*[1P + 021 lly — ¥*I?
+2pnui = 2r + p*u]llyn — 7| (12)

1) and (12), it follows that

[ = x| < (1= an) [l — X7

+a, {\/1 +2pn1u} — 2pr1 + P2ui + V} lyn — ¥l

= (L —an)ljxn — x| + @61 [[y. — y*[l (13)

0 = \/ L+ 2pnuf —2pr1 + P2uf]V? + v.

From (5) and (6), we see that 6; < 1.

Similarly, from the relaxed (72, r2) -cocoercive and i, -Lipschitzian definition in

the first

N

N

variable on T, , we obtain

a1 = x* = N[To (a1, 3) = To(x", 37|

|[%ns1 — X*Hz = 2n(Ta(Xns1,¥n) — T2 (X", "), Xpg1 — X¥)
A0 Ta (1, 30) — Ta (6, %) |2

w1 = [P = 20[=12|| T2 (ns1, ) = T2 (6", 3P + 72 [ags — ¥7[7]
AT (i1, 30) — Ta (6", %)

i1 = X[+ 2092 T2 (a1, 30) = T2 (6%, )P = 207 | pn — 27|
10| Ta (X1, ) — To(x*,3)||?

i1 = X[ + 20972043 [ a1 = ¥|P = 2072 a1 — x
Jrrlz.‘thanrl *x*Hz

[1+ 20y — 2073 + N30 P — x*[|%. (14)

*HZ



AN ITERATIVE SCHEME FOR A SYSTEM OF QUASI VARIATIONAL INEQUALITIES 37

Hence from (4), (10), (14), and Assumption 2.1, it yields that

Y1 — ¥
< (L= b)lxnr — x| + (1 = by)[[y* = x7]
+anPK(XnH,yn)[anrl - nTZ(anrlvyn)} - PK(X*,,V*)[X* - nTz(X*’y*)H\
< (1= bn)l[xnsr = x| 4 (1 = ba) [[y* — x7]|
+anPK(xn+1.,yn)[xn+l - nTz(an,yn)} - PK(an.,yn)[X* - nTz(x*J*)]H
F0u [Pk (g X — NT2 (6", y)] = Prar yo) X" — nTa(x™, y")]]
= (1= bu)llxnpr = x| + (1 = ba)[[y" — x|
+bul[xn1 — x° = N[T2(Xp11,90) — T2 (x*, y%)]|]
+bpV|xn 1 — x|
< (1= b))l Xn1 = X7 + buB|xns1 = x*[| + (1 = ba)[[y" — 7|
(1= (1= 02)) [oaer — " + (1= By)[ly* — ]
< o = X[ 4+ (1= ba)[ly" = X", (15)
where

0, = {\/1 + 20105 — 2002 + NP 4 v

From (7) and (8), we know that 6, < 1.
Combining (13)-(15), we have

[ = x| < (1 = aw)|lxn — ™[] + @nbr|[yn — y*||
< (L =an)fxn = x¥[| + @b [[|xn — x"[[ + (1 = bur) ||y — x7]]
(1 —an(l = 0)][Jxn — x*|[ + @n61 (1 = by—y)|[y" — x*||.
Since (1—6;) € (0,1], > a,(1—61) = 0o, and a,0,(1—b,—1)||y* —x*|| = o(a,),

then by Lemma 2.2, lim,—, ||x, — x*|| = 0. The result lim,_, ||y, — ¥*|| = 0 is
from (15). This completes the proof. [

REMARK. Algorithm 3.1 extends the main results of [6] from the solvability of the
system of variational inequalities (SVID) to the solvability of the system of quasi varia-
tional inequalities (SQVID). Moreover, since SQVID includes SVID, quasi variational
inequality and variational inequalities as special cases, results proved in this paper hold
for these problems and give a refinement of the previous results [6,8,9,10,11,14,16] to
the more general relaxed (Y, r) -cocoercive mappings.
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