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NORM INEQUALITIES FOR THE CHAOTICALLY
GEOMETRIC MEAN AND ITS REVERSE

YUKI SEO

(communicated by J. Pecari¢)

Abstract. Let A and B be strictly positive operators on a Hilbert space H such that 0 < m <

B < M for some scalars 0 < m < M and hg = % We prove a norm inequality for the

chaotically geometric mean A{gB = (1~ @) log AvalogB gnd s reverse: For each real number
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where the constant S(%) is the Specht ratio and || - || is the operator norm.

1. Introduction

A (bounded linear) operator A on a Hilbert space H is said to be positive (in
symbol: A > 0)if (Ax,x) > 0 forall x € H and strictly positive (in symbol: A > 0)
if A is positive and invertible. Let A and B be two strictly positive operators on a
Hilbert space H . In [6], the chaotically geometric mean A <), B is defined by

A g B=-exp((l —a)logA+ o logB) forall o € R.

If A and B commute, then A o, B =A'"“B* forall o € R.

In the preceding paper [10, 11], Nakamoto and the author obtained the following
norm inequality and its reverse for the chaotically geometric mean: Let A and B be
strictly positive operators such that 0 < m < A,B < M for some scalars 0 < m < M
and h = % Then

K(h?, o) ||A'~B*|| < ||A Og B| < ||AY*BY| forall a € [0,1], (1)

where K(h, &) is a generalized Kantorovich constant.

In this paper, we show a slight improvement of the norm inequality (1) for the
chaotically geometric mean and its reverse: Let A and B be strictly positive operators
such that 0 < m < B < M for some scalars 0 < m < M and hz = % . Then

S [aBeA | < 114 0u Bl < AT B4 forall e e R,

where the constant S(%) is the Specht ratio. Our main tools are Araki’s inequality and
its reverse.
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2. Results

First of all, we cite Araki’s inequality [1] and its reverse [7]:

THEOREM A. If A and B are positive operators such that 0 < m < A < M for
some scalars 0 < m < M, then

K(ha,p) ||BAB|? < ||B’APB?| < ||BAB|]P forall p €1]0,1],

where hy = % is a generalized condition number of A in the sense of Turing [13] and
a generalized Kantorovich constant K(h,p) [9, Definition 2.2] is defined by

W —h p—1 -1\
K(h”’)‘<p—1><h—1>< p 'hp—h)

for any real number p € R.

We state some properties of K(h,p) [9, Theorem 2.54]:

LEMMA 1. Let h > 0 be given. Then a generalized Kantorovich constant K (h, p)
has the following properties.

(i) K(h,p) = K(h™',p) forall p € R.
(ii) K(h,p) =K(h,1 —p) forall p € R.
(iii) K(h,0) =K(h,1) =1 and K(1,p) =1 forall p € R.
(iv) K(',2)F = K(W,5)"F for pr#0.
Also, Specht [12] estimated the upper bound of the arithmetic mean by the geo-
metric one for positive numbers: For xj,--- ,x, € [m,M] with 0 <m < M

X1+ X
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" (h) /x1-x

where i = (> 1) and the Specht ratio S(h) [9, page 71] is defined by

(h — 1A

S(h) = Zlogh (h#1) and S(1)=1. (2)

Yamazaki and Yanagida [14] showed the following close relation between the
Specht ratio and a generalized Kantorovich constant, also see [4, 8].

LEMMA 2. Let h > 0 be given. Then

K(hf,’“’) > S(W)  forallp>0andr>0 (3)
r

and
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The following lemma shows the Golden-Thompson type inequality for the operator
norm and its reverse, also see [3, 2].

LEMMA 3. Let A and B be selfadjoint operators such that m < B < M for some
scalars m < M. Then

4 4 A A
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S(erm)fl < HeA+B|| g

)

where S(eM™™) is the Specht ratio defined by (2).

Proof. Since 0 < ™ < e < eM and a generalized condition number of e? is

eM—™ it follows from Theorem A that
— A p AP pA pA A g AP
K(eM "’,p)‘e?eBe2 <‘e?e”362 <‘eleBeZ forall p € [0,1].
Taking 117 -th power of both sides, we have
1 A A PA PA 5 A A
KM p)i |leZePe || < |leT ePeT||” < |leTePe? (5)

It follows from (iv) of Lemma 1 and (4) of Lemma 2 that

—1
1
—) — §(eM—m)~! as p — 0.

K(eM_m7p)% =K (epM—pm7
p

1
pA pA || p
By the Lie-Trotter formula, we have |leT e8¢’ ||” — ||e* 8| as p — 0 and hence by

(5) it follows that

as desired. [

By Lemma 3, we have the following theorem which is a slight improvement of
(1):

THEOREM 4. Let A and B be strictly positive operators such that 0 < m < B <
M for some scalars 0 < m < M, hg = ™. Then for each real number o € R

"

S(h)~! HA“T“BO‘A“T“

| <14 0a Bl < |45 B2a "

)

where S(h) is the Specht ratio defined by (2).

Proof. For each o« > 0, replacing A and B by (1 — a)logA and ologB
in Lemma 3 respectively, we have the desired inequality since ¢ logm < ologB <
alogM and e*leeM—alogm — p& Tpthe case of @ < 0, wehave orlogM < alog B <
alogm and e*losm—cloeM — % By the property of the Specht ratio [9, Lemma
2.47], it follows that S(h;*) = S(h%) and hence we have this theorem. [
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The following corollary is a complementary result for Theorem 4:

COROLLARY 5. Let A and B be strictly positive operators such that 0 < m <
A < M for some scalars 0 <m < M, hy = % Then for each real number o € R

S(hl=%) HA “pora T

*|| <114 0 Bl < |Ja 5" Bea"T

Proof. 1f we apply B {>1_4 A to Theorem 4, then it follows that

S(hl=%) HB2A1 aB%|| < |IB O1_q Al

and hence we have this corollary. [

REMARK. Let A and B be strictly positive operators such that 0 < m < A, B <
M for some scalars 0 < m < M, h =2 Since HAFTQBO‘AFT(X < ||AY-“B%||, the

expression (1) in §1 implies

KK, o) HA‘*T"BGA‘%“ ‘ <|AOuB|  forall e 0,1]. (6)

By combining Theorem 4 and Corollary 5, we have

max{S(ha)fl,S(hlfa)fl}HA"T‘”BDCA‘%‘”]gHA%BH forall « € R. (7)

Then (7) is an improvement of (6). As a matter of fact, we have

KR, o) <S(h*)~'  forall 0 < o0 < 3. (i)

KR o) < S(h'=*)~"  forall }

To prove (i), it is sufficient to show K(h,o)~' > S(h?) forall 0 < o < L. By
Lemma 1 and (3) of Lemma 2, we have

<a<l. (i)

1—«o

1—a
—K (hloz’ o+ 1 B a> 2 S(hoc)lfa

11—«

1 11—«
K(h,a)™' =K(h,1 — o)™ :K(hl‘“, )

Since S(h*)s is increasing for 0 < s < 1 by [5, Lemma 9], it follows that S(h%) >
S(h%)? and hence we have

S(ha)l—a 2 S(h%)2(1—0{) 2 S(h%)

since 0 < a < 1. Therefore, it follows that K(h*, o) < S(h*)~! forall 0 < o0 < 5.
Similarly, we have (ii). Therefore we have

KR, a) < max{S(h*)~",S(h'=*)~'}  forall a € [0,1].
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