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THE EQUIVALENCE BETWEEN MANN
AND IMPLICIT MANN ITERATIONS

B. E. RHOADES AND STEFAN M. SOLTUZ

(communicated by R. Verma)

Abstract. We shall prove the equivalence bewteen the convergences of Mann and implicit Mann
iterations dealing with various classes of non-Lipschitzian operators.

1. Introduction

Let X be a real Banach space, B be a nonempty, convex subset of X, and

T : B — B be an operator. Let uy,xo € B. The following iteration is known as Mann
iteration, see [3]:

U1 = (1 — o,)uy + 04 Tuy,. (1)

For zy € B, the Ishikawa iteration [2], is defined by

ntl = (1 - an)zn + 0, Tyn,
2
Yn = (1 - Bn)zn + ﬁnTZw ( )
The sequences {a,} C (0,1), {B,} C [0,1) satisfy
lim ¢, = lim , =0, Y o = oc. (3)

n=0

For the rest of the paper, we suppose that there exists (I —¢T)~!, forall ¢ € (0,1)
such that the following iteration, known as implicit Mann iteration (see [11]), is well
defined:

Xn+l = (1 — OC,,)x,, + 0, Txp- (4)

REMARK 1.1. In order to have a well defined sequence {x,}, the existence of
(I —AT)"', VA € (0,1), is crucial. Take X = R, Tx = x*, ap = 1/3, xo = 4, to
see that there are no real values for x; that satisfy (4), i.e. x; = (1 — ap) xo + Ctx].
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The map J : X — 2¥ given by J(x) = {f € X* : (xf) = |«°,
WF Il = x|}, Vx € X, is called the normalized duality mapping. 1t is easy to see
that

(3,0()) < Iyl v,y € X, Vj(x) € J(x). (5)

For sake of simplicity we shall denote by W the following class:
Y= {y|y:]0,+00) — [0,+00) is a strictly increasing map such that y(0) = 0}.

DEFINITION 1.2. Let X be a real Banach space. Let B be a nonempty subset of
X. Amap T : B — B is called uniformly pseudocontractive if there exist maps y € ¥
and j(x —y) € J(x — y) such that

(Tx = Ty,j(x = y)) < lx=yl* = w(lx =), Vx,y € B. (6)

Taking y(a) := w(a)-a,Va € [0,+00), (¥ € ¥), we getthe usual definition of a
v — strongly pseudocontractive map. Taking v (a) := y-a?,y € (0,1), Va € [0, +o0),
(y € ¥), we get the usual definition of a strongly pseudocontractive map. If y := 0,
then we get the definition of a pseudocontractive map.

The convergence to a fixed point of (4), dealing with strongly respectively uni-
formly pseudocontractive maps was studied in [11] and [9]. Moreover, examples in
which Mann iteration does not converge, while implicit Mann iteration converges, and
vice versa, were given in [10].

A reasonable conjecture is that the Ishikawa iteration methods satisfying (3) and
the corresponding Mann iterations are equivalent for all maps for which either method
provides convergence to a fixed point. In an attempt to verify this conjecture, in a series
of papers [4], [5], [6], [7], [8] we have shown the equivalence for several classes of maps.
We shall prove here the equivalence between Mann and implicit Mann iteration for the
most general class of operators (6) .

We recall the following result from [1].

LEMMA 1.3. [1] If X is a real normed space, then the following relation is true

x4+ I1° < x* +2 (3, j(x +9)) 5 Yo,y € X,Vji(x +) € J(x + ). (7)

2. Sequences supplied by inequalities

LEMMA 2.1. Let {a,} be a nonnegative bounded sequence which satisfies the
following inequality

Ap+1 < ap — 406,11[/ (an+l) + 4an (an + MO',,) ,Vn 2 no, (8)

where M > 0, €,,0, > 0, Vn € N, lim,_o 0 = lim,_o 0, = lim,_,c & = 0
and Y2, 0y = 00. Then lim,_.oo a, = 0.

Proof. Since {a,} is bounded, there exists m > 0 such that: a, < m,Vn € N. Set
M = max{m,M}.
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Denote a := liminfa,. We shall prove that a = 0. Suppose that a > 0. Thus
there exists an Ny € N such that

ay = C—l, Vn > N
2
Because lim,, ., &, = 0, there exists an N, € N such that
v (%) v (%)
n S , Oy < , Vn = N,.
IS 3y 3 P

Set Np := max{N1,N,}. Using a, > § we get —y/ (a,y1) < —Y (%) , which leads to
Ap+1 < an — 40‘n1.l/ (an 1) + 405,1 (an +Mo-n)

X
< a, — 4o,y

Thus, we have o, 3y (%) < @, — @,11, which implies that 3 &, < oo, contradicting
(3). Thus there exists a subsequence {a,;} of {a,} such that limj_ a, = 0. Fix
€ > 0. Then there exists an n3 € N such that

€ .
Z, v‘] 2 ns.

Ay <
Also, there exists an n4 € N such that
€ &
v (3) o < ¥ (%) v
oM " 2
Set ny := max{ns,ns,No}. We have Ak < 5,Vk > 0. Otherwise, for a fixed k we
have @, < % and k1 2 £, which leads to the following contradiction:

o, <

n -z ng,

&
1 S pjrii1 S Ak — 4004k Y (anj+k+1) + 400 4k (Ofnj+k + M(7nj+k)
2

2 2
S Gnjrk — 405nj+k1I/ (2) + 4anj+k (U/ 4) +MW (4)>

2M

€
Za
and a1k < £,Vk > 0, so that lim, .o a, =0. O

= anj+k <

REMARK 2.2. Let {a,} be a nonnegative bounded sequence which satisfies the
inequality
(1 B an)Z 206” ZM(XH

n < n n 78}17v 2 ) 9
Ant1 1—2ocna 1—205,1"/(a+1)+1—205n n z no )
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where €, > 0, Vn € N, > ° o, = 00, and lim,—. 04, = lim,_~ & = 0. Then
lim,_, o a, = 0.

Proof. Note that (9) is equivalent to

< (1 - an)Z 206” ( ) + 2MOC,,
ay B an — Qn n
! 1-—20, 1-—20, Va1 1-—20,
20, o,
= dn — n T A n M n
= T ag ¥ (@) + T (O £ Mén)

< ap — 4o,y (ans1) + 40y, (04 + Mey) .

Note that ﬁ < 4, Vn = ny. Set 0, = ¢, to obtain (8); and by Lemma 2.1 to

reach the above conclusion. [

3. Main result

THEOREM 3.1. Let X be a real Banach space, B be a nonempty, convex subset
of X, andlet T : B — B be a uniformly continuous and uniformly pseudocontractive
map with T (B) bounded. Let x* be the fixed point of T. If there exists (I — tT)™",
forall t € (0,1), the sequences {0y}, {Pn} satisfy (3), and {u,},{x,} are bounded,
then the following are equivalent:

(i) the Mann iteration (1) convergesto x*,
(ii) the implicit Mann iteration (4) converges to x*.

Proof. The uniqueness of the fixed point comes from (6). Suppose that
lim,_,» u, =x*. Using
lim ||x, — u,| =0, (10)
and
0< HX* *an < ”“n *x*H + ||x,, - “nH

we get lim,_, x, = x*. Conversely, suppose that lim,_,», x, = x*. Then
0 < [|x* = unl| < [Jxn — x| + [lxa — ual| — O,

leads to lim,_, x, = x*. The proof is complete if we prove relation (10).
Set M = sup, (|lunll, || Tun||, ||xx]|) . Observe that M < oco. Using (1), (4)
and (5) we get

[E ”n+1H2 (1 — 06) (X0 — ) + O (TXpp1 — T”n)Hz

< (1= ) [xn — tnl” + 206 { Tt — Tty j (X1 — i)

=(1- an)2 [ ”nHZ +200 (Txnp1 = Tty 1,j(Xns1 — Uni1))
+ 20, ( Tup1 — Ty, j(Xng1 — Ung1))

< (102 [ —t0a® +20 [ 1=ttt |* —2060 (X041 10011 ])

+ ay HTun+l - T”nH ||xn+1 - unJrl” .
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1

Thus, there exists ng € N such that for all n > ny we have o, < 55 and hence,
2 1 - o, 2 2 2O‘n
vt = sl < 2 ey — P = 2% (s = )
2May,
—— W Tupr1 — Tuy,|| .
b i = T
Note that
im ||Tu,yy — Tuy|| =0 (11)
holds independently of (i) or (ii), because
lttns1 — un|| = O || —ttn + Tuy|| < 2Moy, — 0, n — 0. (12)
Observe that lim, o |[tty41 — uy]] = 0 and the uniform continuity of 7 lead to
(11). Denote by a, := ||x, — uy|| and use Remark 2.2 , to obtain lim,_,. a, =

lim, o0 ||JX0 — un|| = 0. O

4. Further results

Let I denote the identity map.

DEFINITION 4.1. The map S : X — X is called uniformly accretive if there exist
the maps v € ¥ and respectively j(x —y) € J(x —y) such that

<Sx—Sy,j(x—y)> 2 W(HX*)’H)v vx’y €X (13)

Taking w(a) := y(a) - a,Va € [0,+00), (y € ¥), we get the usual definition
of a y— strongly accretive map. Taking y(a) := y -a*,y € (0,1), Va € [0, +c0),
(v € ¥), we get the usual definition of the strongly accretive map. If y := 0, then we
get the definition of an accretive map.

REMARK 4.2.

1. The operator T is a ( uniformly, y— strongly, strongly) pseudocontractive map
if and only if (I — T) is a (uniformly, y— strongly, strongly) accretive map.

2. Let T,S : X — X, and f € X be given. A fixed point for the map Tx =
f+ (I —S8)x,Vx € X is asolution for Sx = f, and vice versa.

3. Consider (1) and (4) with Tx =f + (I — S)x and x* the solution of Sx = f,
in order to obtain the equivalence result for the (uniformly, y— strongly, strongly)
accretive.

4. Let f € X be given. If the operator S is accretive, then f — S is a strongly
pseudocontractive map.

5.Let 7,5 : X — X. A fixed point for the map Tx = f — Sx, Vx € X is a solution
for x 4+ Sx = f and conversely.

6. Consider (1) and (4) with Tx = f — Sx, and x* the solution of x + Sx = f,
in order to obtain the equivalence result for the accretive case.



164

9]

(10]

(1]

B. E. RHOADES AND $TEFAN M. SOLTUZ
REFERENCES

S.S. CHANG, Y. J. CHO, B. S. LEE, J. S. JUNG, S. M. KANG, Iterative approximations of fixed points and
solutions for strongly accretive and strongly pseudo-contractive mappings in Banach spaces, J. Math.
Anal. Appl. 224 (1998), 149-165.

S. ISHIKAWA, Fixed points by a new iteration method, Proc. Amer. Math. Soc. 44 (1974), 147-150.

W. R. MANN, Mean value methods in iteration, Proc. Amer. Math. Soc. 4 (1953), 506-510.

B. E. RHOADES AND STEFAN M. SOLTUZ, On the equivalence of Mann and Ishikawa iteration methods,
Int. J. Math. Math. Sci. 2003 (2003), 451-459.

B. E. RHOADES AND STEFAN M. SOLTUZ, The equivalence of Mann iteration and Ishikawa iteration for
non-Lipschitzian operators, Int. J. Math. Math. Sci. textbf2003 (2003), 2645-2652.

B. E. RHOADES AND $STEFAN M. SOLTUZ, The equivalence between the convergences of Ishikawa and
Mann iterations for asymptotically pseudocontractive mapas, J. Math. Anal. Appl. 283 (2003), 681-688.
B. E. RHOADES AND STEFAN M. SOLTUZ, The equivalence of Mann and Ishikawa iteration for a
Lipschitzian psi-uniformly pseudocontractive and psi-uniformly accretive maps, Tamkang J. Math. 35
(2004), 235-245.

B. E. RHOADES AND $TEFAN M. SOLTUZ, The equivalence between the convergences of Ishikawa and
Mann iterations for asymptotically nonexpansive in the intermediate sense and strongly successively
pseudocontractive maps, J. Math. Anal. Appl. 289 (2004), 266-278.

B. E. RHOADES AND STEFAN M. SOLTUZ, The equivalence of Mann and Ishikawa iteration for
W — uniformly pseudocontractive or Y — uniformly accretive maps, Int. J. Math. Math. Sci. 2004:46,
2443-2452.

B. E. RHOADES AND STEFAN M. SOLTUZ, The convergence of an implicit mean value iteration, Int. J.
Math. Math. Sci. 2006 ID 68369.

STEFAN M. SOLTUZ, The backward Mann iteration, Octogon Math. Mag. 9 (2001), 797-800.

(Received March 29, 2007) B. E. Rhoades

Department of Mathematics
Indiana University
Bloomington

IN 47405-7106

U.S.A.

e-mail: rhoades@indiana.edu

Stefan M. Soltuz
Departamento Matematicas
Universidad de los Andes
Carrera 1 No. 18 A-10
Bogota, Columbia

“T. Popoviciu” Institute of Numerical Analysis
P.O. Box. 68-1

400110, Cluj-Napoca

Romania

e-mail: smsoltuz@gmail.com

Journal of Mathematical Inequalities

le-math.com

e-math.com



