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CERTAIN SUBCLASSES OF MULTIVALENT PRESTARLIKE
FUNCTIONS WITH NEGATIVE COEFFICIENTS

M. K. AOUF

(communicated by N. Elezovic)

Abstract. The object of the present paper is to investigate coefficient estimates for functions
belonging to the subclasses Rf, [er, B] and C? [or, B] of p-valent y -prestarlike functions of order
o and type B with negative coefficients. We obtain extreme points, distortion theorems, integral
operators and radii of starlikeness and convexity for functions belonging to the classes RI; [e, B

and C? [er, B] . We also obtain several results for the modified Hadamard products of functions
belonging to the classes Rf, [or, B] and Cl;,[a, pl.

1. Introduction

Let A(p) denote the class of functions of the form :

fl@)=2Z+ ia,,+,,z”+” (peN={1,2,..}) (1.1)

n=1
which are analytic and p-valent in the unit disc U = {z : |z] < 1}. A function
f(z) € A(p) is called p-valent starlike of order o and type [ if it satisfies

# @ _

P
O | <B (zeU), (1.2)
Zf(<§) +p—2a

where 0 < a <p, 0 < B <1 and p € N. We denote by S*(p, at, B) the class of
p-valent starlike functions of order o and type . A function f (z) € A(p) is called
p-valent convex of order o/ and type f if it satisfies

1+ ’—f:/@ —o
) <B (zeU), (1.3)

1+Zf ((>> +p—20

where 0 < ot <p, 0 < B <1 and p € N. Also we denote by C(p, ct, B) the class of
p-valent convex functions of order ¢ and type f. From (1.2) and (1.3), we note that
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F2) € Clp,a,B)  ifand only if Zf% € ' (p,a,B). (1.4)
The classes S*(p, ct, B) and C(p, a, ) were considered by Aouf [2] and Hossen
[7]. For B =1, the classes S*(p,ct,1) = S*(p,a) and C(p,,1) = C(p, o) were
studied by Patil and Thakare [11] and Owa [9], respectively.
The function
2
S’;(Z):m 0<y<p;p€eN) (1.5)
is the familiar extremal function for the class S*(p,v). Setting

[12p—7)+m—2)
G—”(%n):m:Z B (meN\{1};0<y<p), (1.6)
s (z) can be written in the form :
D)=+ Gyn+ 1) (1.7)
n=1
Clearly, s,(z) € $*(p,y) and GP(y,n + 1) is a decreasing function in y(0 < y <
Lz_l; p € N) and satisfies
-1

0 (y<IF)

lim G’ (y,n+1)=< 1 (y =2

n— o0 2
0 (y>21).

Let (f *g)(z) denote the Hadamard product (or convolution) of the functions f (z)
and g(z), thatis, if f(z) is givenby (1.1) and g(z) is given by

g@) =+ Y byt (1.8)
n=1
then
F*8)@) =2+ aprnbpin & (1.9)

n=1
A function f(z) € A(p) is said to be p-valent y -prestarlike function of order o
andtype BO<y<p; 0<a<p, 0<B<1;peN)if

(f *sy)(2) € S*(p, o, B) (1.10)
where s}(z) is defined by (1.5). We denote by Rj(c,pB) the class of all p-valent

y -prestarlike functions of order o and type . For y = @; 0<a<p,0<B<
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I;peN, R,_ (a,B) = S*(p, ., B). Further let C}(cx,B) be the subclass of A(p)
consisting of flzmctions f(z) satisfying

’

. . i (z
f(z) € CY(a, B) if and only if fT() € R)(a, B). (1.11)
We note that :
(i) Ry (o, 1) = RP(y, @), is the class of p-valently y -prestarlike functions of order
a (see Aouf and Silverman [5]) and Cy(a,1) = CP(y, c), consisting of functions

f(z) € A(p) satisfying prﬁ € R?(y, a) (see Aouf and Silverman [5]);

(i) Ry(y,1) = R(y) (0 <y < 1; p € N), is the class of p-valently prestarlike
functions of order y (see Kumar and Reddy [8] and Shenen et al. [14]);

(iii) Ry(ct, B) = Ry(a,B) (0 <y <1; 0 < < 1; 0 < B < 1), is the class of
y -prestarlike functions of order a and type f (see Ahuja and Silverman [1]);

(iv) Cy(a, 1) = C(y, o) (0 <y < 1; 0 < a < 1), is the subclass of A(1) =
A consisting of functions f(z) € A satisfying zf (z) € Ry(a, 1) = R(y,a) (see Owa
and Uralegaddi [10]).

Denoting by T(p) the subclass of A(p) consisting of functions of the form:

f@=2=> @™ (apm>0:peN). (1.12)
n=1

We denote by S$*[p, a, B], Clp, o, B], Ry[ct, B] and C}[a, B] the classes obtained by
taking intersections, respectively, of the classes S*(p, a, B), C(p, a, B),
Ry(a,B) and Cy(cr, B) with the class T(p). Thus, we have

S*lp, o, Bl = §*(p, o, B) N T(p), (1.13)
Clp, o, B] = Clp, ., B) N T(p), (1.14)
R[a, B] = R (0, B) N T(p), (1.15)
and
e, B] = Co(et, B) N T(p) . (1.16)

The classes S*[p, o, B] and Clp, o, B] were studied by Aouf [2] and Hossen [7].
It follows from (1.15) and (1.16) that

f(z) € CYla, B] if and only if prﬂ € R, B . (1.17)

Also we note that, by specializing the parameters y, o, 3 and p, we obtain the
following subclasses studied by various authors :

(i) Ry[o, 1] =RP[y, o and Cylor, 1] = CPly,a] (0<y < 1; 0< e < p;p €N)
(Aouf and Silverman [3]);
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(ii) Ry, [py,1] =RP[y] (0 <y < 1; p € N) (Kumar and Reddy [8]);

(iii) Ry[or, B] = Ry[o, B] (0 <y <1; 0 < @ < 1; 0 < B < 1) (Ahuja and
Silverman [1]);

(iv) Ry[o, 1] = R[y,a] (0 <y < 1; 0 < o < 1) (Aouf et al. [3], Aouf and
Salagean [4], Raina and Srivastava [12], Silverman and Silvia [15], Srivastava and Aouf
[16] and Uralegaddi and Sarangi [17] );

(v) Cylo, 1] =Cly, 0] (0<y < 1; 0< < 1) (Owa and Uralegaddi [10]).

In the present paper we investigate coefficient estimates for functions belonging
to the subclasses Ry[ct, ] and Cylo, B] of p-valent y -prestarlike functions of order
o and type B with negative coefficients. We obtain extreme points, integral operators,
radii of starlikeness and convexity and distortion theorems for functions belonging to
the classes Rj[c, ] and Cylo, B]. We also obtain several results for the modified
Hadamard products of functions belonging to the classes Ry[c, B] and Cy[ot, B].

2. Coefficient inequalities

We need the following necessary and sufficient coefficient condition for f(z) to
be in the class S*[p, o, B] .

LEMMA 1. ([2]) If f(z) is given by (1.12), then f (z) € S*|p, o, B] if and only if

oo

> [+ Bn+2p — 200)]apsn < 2B(p — ). (2.1)

n=1

If f(z) € T(p) and s}(z) is given by (1.5), then it follows that

(f *sh)(z) =2 — Z G’ (a,n+ 1)ap 2. (2.2)

n=1
In view of (2.2), our first result immediately follows from Lemma 1.

THEOREM 1. Let the function f (z) be defined by (1.12). Then f (z) is in the class
Ry[a, B] if and only if

oo

>+ Bn+2p = 20)]GP(y,n + Dapn < 2B(p — a0). (2.3)

n=1

COROLLARY 1. If f (z) is in the class R}[ct, B], then

2B(p — o)
Wi S T Bt 2y —2aje ) PN 24

with equality for

_ D _ ZB(P_O‘) p+n n
F@ =2 = ey —2megarn° | PrEN. (29
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In view of (1.17), Theorem 1 yields the following necessary and sufficient condition
for f (z) to be in the class Cylot, B].

THEOREM 2. The function f (z), defined by (1.12), is in the class Cylot, B] if and
only if

o0

S (Dl + B+ 2~ 200]G7(yn+ Vs <2B(p— ). (26)

n=1

COROLLARY 2. If f (z) is in the class Cy[a, ], then

2Bp(p — )

ap+n< (p+n)[n+ﬁ(n+2p—2a)]GP(y,n+1) (P,HEN)7 (27)
with equality for
f@)=2~ 2Ppip — ) ™ (p,neN). (2.8)

(p+n)n+Bn+2p—20)|GP(y,n+1)

3. Extreme points

From Theorem 1 and Theorem 2, we see that both R [, ] and Cj[a, ] are
closed under convex linear combinations, which enables us to determine the extreme
points for these classes.

THEOREM 3. Let

fr(@) =72 (3.1)

and

2ﬁ (p - OC) p+n

n+B(n+2p—2a)]Gr(y,n+ 1) (p,neN). (32

fP+"(Z) = Zp - [

Then f (z) € Ry (o, B] if and only if it can be expressed in the form
F@) =Y tpinfpin(2), (3.3)
n=0

where Uy, >0 and Y Upin = 1.
n=0
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Proof. Suppose that

fl@ = ZMernprrn(Z)
n=0
T 2B(p— o)
=z Z[n+[3(n+2p_2a)]GP(y,n+l)

n=1

“P+nzp+n . (3.4)

Then it follows that

i[n+[3(n+2p—2a)]GP(y,n+l) . 2B(p — ) y
i 2B(p — @) [+ B(n+2p —20)]GP(y,n + 1)
:iup+":1_“l’<l' (3.5)

Therefore, by Theorem 1, f (z) € R} [, B].
Conversely, assume that the function f (z) defined by (1.12) belongs to the class
Ry[a, B]. Then

2B(p — @)

Y S B - 2oy PN B
Setting
i = 2P (n+§%(p2_a£)Gp Wt D) Ny ()
and
My =1— Z“’P‘Hl ) (3.8)
n=1

we see that f(z) can be expressed in the form (3.3). This completes the proof of
Theorem 3. ]

COROLLARY 3. The extreme points of the class R}[a., B] are the functions f,(z) =
' and

2B(p — @)
o — pn N).
S = B 2wy O
Similarly, we have
THEOREM 4. Let
frl@) =2 (3.9)

and
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26({)706) Zp+n
(B8 + Bn +2p —2a))GP(y,n + 1)

fpn(2) =2 — (p,neN). (3.10)

Then f (z) € Cya, B] if and only if it can be expressed in the form

F@ = tpafpin(2), (3.11)

n=0

where Uy, >0 and Y Upin = 1.
n=0

COROLLARY 4. The extreme points of the class Cy[a., B] are the functions f,(z) =
¥ and

2ﬁ (p - OC) p+n

fp+n(Z) =7 -

4. Distortion theorems

In view of Theorems 3 and 4, using the technique used earlier by Aouf and
Silverman [5], we will obtain distortion theorems for the classes R;[c, B] and C}[a, B].

LEMMA 2. For0<y<2”771,0<a<p,0<ﬁ<1andp,nEN,then
[n+B(n+2p—2a)|GP(y,n+1) is anincreasing function of n , where G'(y,n+1) is
defined by (1.6).

Proof. Let K(y,a,B,n,p) =[n+ P(n+2p —2a)]G’(y,n + 1).Since,

20 +n—2
G'(y,n+2) = ”leaﬁ(y,m 1), (4.1)

we can see that K(y, o, B,n+ 1,p) > K(y, a, B,n,p) if and only if

20—-y)n+14+Brn+1+2p—-2a)]-28p—-0a) >0, (4.2)
for 0 <y < %, 0< o <pand 0 < f <1 which holds for p,n € N. This
completes the proof of Lemma 2. |

In the remainder of this section, we assume that f(z) is defined by (1.12), 0 <

ygﬁ’oga<p70<[3<1andp€N.

THEOREM 5. If f (z) is in the class Ry[a, B, then

4 — Plp — ) e
T+ B+ 20 20— 7)

<@ < 2P +

(4.3)
(zeU).

B(P*a) |Z‘p+l
[1+B(1+2p—2a)l(p—v)
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Equality holds for the function f,1(z) given by
ﬁ(l’ - O() Zp+1

=2 - eU). 4.4
fP+1(Z) Z [1+ﬁ(1+2p—206)](p—}’) (Z ) ( )
Proof. By virtue of Theorem 3, we note that
2B(p — @)
[ p+n
4 Elealz'([n+ﬁ(nJerfZa)]GP(y,nJr 1)|Z‘ (4.5)
2B(p—« )
<IF @) < [<f + max Blp ~ o) P

weN [n+ B(n+2p —2a)]GP(y,n + 1)

From Lemma 2, we see that the max in (4.5) occurs when n = 1. This completes the
proof of Theorem 5. (]

THEOREM 6. If f (2) is in the class Ry[c, B, then

Blp+1)p—a)

-1 _
PIEF u+Bu+mw4aMp—ka (4.6)
' _ Blp+1)p—a) '
<If @) <plaf~t+ TTB0 T2 220~ 7) 2P (zeU).
Equality holds for f,.1(z) given by (4.4).
Proof. We know that
— 2ﬁ(p—05)(p+n) n— !
o T e ey L AL @)

<Pl + hen [n+ ﬁ(nzf(gp_ogg;]—’(;l’n(zx, n+1) [ ke U)

From Lemma 2, we see that the max in (4.7) occurs when n = 1. This completes the
proof of Theorem 6. ]

THEOREM 7. If f (z) is in the class Cy|ct, B], then

B(p — OC) |Z‘p+l

> |z — 4.8
AR A Ty T T s Py 8
and
, Blp — o) pri
< B 22wl ) )
for z € U. The results are sharp for the function f (z) given by
fl@)=2" - Plp—a) T (ze V). (4.10)

(B[ +B(L+2p = 2a))(p — 7)
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Proof. From Theorem 4, we have that

P — max 2B(p — o) ptn
If ()| = |zl” — max (p$)[n+ﬁ(n+2p72a)](;p(%n+1)\z| (4.11)

and

2B(p — a) p+n
Tt Bln+ 20 —20]Grron + D) 1 (4.12)

< 4

Q)] < Je” + max
for z € U. From Lemma 2, we see that the max in (4.11) and (4.12) occur when
n = 1. This completes the proof of Theorem 7. |

COROLLARY 5. If f (z) is in the class Cya, B]. Then f(z) is included in a disc
with its center at the origin and radius r given by

Plp— o) . (4.13)
(B [T+ B(1+2p = 2a))(p — 7)

THEOREM 8. If f (z) is in the class Cy|ct, B], then

BI’(I’ B OC) |Z‘p

/ p—1
If'(2)| = plzl” — [14+B(1+2p—2a)(p—7)

(4.14)

and

/ p—1 BI’(I’*O‘) p
IF'@I< pld™ + T B0 20 20107 2] (4.15)

for z € U. The bounds for (4.14) and (4.15) are sharp for the function f (z) given
by (4.10).

Proof. By means of Theorem 4, we note that

' - 2Bp(p — @) .
F @I > plzf™" — max I+ B(n+2p—2a)]GP(y,n+ 1) e (4.16)

and

! —1 261’(17* OC) n—1
V (Z)’ <[l + max I+ B(n+2p—2a)]G(y,n+ 1) 7 @)

Also by using Lemma 2, we see that the max in (4.16) and (4.17) occur when n = 1.
This completes the proof of Theorem 8. ]

REMARK 1. Making use of the relationship (1.17) between the classes Rj[ct, f]
and C}[a, B], we can deduce Theorem 8 from Theorem 5.
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5. Integral operators

THEOREM 9. Let the function f (z) defined by (1.12) be in the class Ry[a, B] ,
and let ¢ be a real number such that ¢ > —p. Then the function F(z) defined by

Zz
F(z) = CZ# /t"“f(t) dt (5.1)
0
also belongs to the class Ry[c, B].

Proof. From the representation of f(z), it follows that

F(z) =7 — Z bpin ™", (5.2)
n=1
where
c+p
bpin=(——— " -
p+ (c Tp +n)aer
Therefore
> I+ Bn+2p —20)|G" (v, n+ )by,
n=1

- Z[n +B(n+2p—20)] ((:Jcrp%) G’ (a,n+ 1)api,
1

3
Il

M8

< n+Bn+2p—2a)]G(a,n+ ap, <2B(p — ),

3
Il
—_

since f (z) € Ry [, B]. Hence, by Theorem 1, F(z) € R}[a, B].

COROLLARY 6. Under the same conditions as Theorem 9, a similar proof shows
that the function F(z) defined by (5.1) is in the class Cy[ct, B], whenever f (z) is in the
class Cylo, B].

6. Radii problems

In order to investigate radii problems, we need the following result.

LEMMA 3. ([6]) Let f(z) € T(p) be defined by (1.12). Then f(z) is p-valent in
uif

Z(p+n)ap+n <p. (6.1)
n=1
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In view of Lemma 3 and Theorem 1 we note that Rj[c, B] is a subclass of
2p—1
T(p) if 0 < y < p2 ,0<a<p 0<0<pB<1andpeN. Also in
view of Lemma 3 and Theorem 2 we note that Cj[c, B] is a subclass of T(p) if
Blo—a)Cp— 1)+ 1L+ B | _
1+ B(1+2p—2a)
THEOREM 10. Let the function f(z) defined by (1.12) be in the class Ry[o, B],
0<y < 2’7771, 0<a<p, 0<PB <L, p€N. Then f(z)is p-valently starlike of
order § (0 < 8 <p) in |z| < ri, where

0<y<

o<p,0<P<1landp€EN.

1
g [P =)+ B+ 2p —20)]G(y.n £+ 1)\ n
- “f{ 26— a)ntp-5) }

The result is sharp, with the extremal function f (z) given by (2.5).

n=1). (6.2)

/
Proof. It is sufficient to show that Z}c((;) p‘ < p— 96 for |z] < r; . We have
z
n aysn |zl
Zf/(Z) B ‘ ;12::1 P+ ‘ |
f(Z) 1 _ ; ap+n |Z‘n
I'(2) ‘ ,
Thus —p|<p-9if
f(2)
— (n+ 5 .
Z P apnldl < 1. (6.3)
n=1

Hence, by Theorem 1, (6.3) will be true if

(n+p-—29) ol < [+ B(n+2p —200)]G(y,n+ 1)
(p—9) h 2B(p — o)

or if
1
i < { (p—8)ln+B(n+2p—20)]G°(y,n+ 1) };
2B(p — a)(n+p—6)
The theorem follows easily from (6.4).

COROLLARY 7. Let the function f(z) defined by (1.12) be in the class Rj[c., B,
0<y < %, 0<a<p, 0<B <1, peN. Then f(z) is p-valently convex of
order 6 (0 < 8 <p) in |z| < ra, where

n=1).  (64)

1
{P(P 8)ln+Bn+2p—20)|G"(y,n+1) }Z

ry = inf 2B(p—a)(n+p—08)(n+p)

n
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The result is sharp, with the extremal function f (z) given by (2.5).

THEOREM 11. Letthe function f (z) defined by (1.12) be inthe class Cy[ot, B], 0 <
—a)2p—1

Blp—)Zp— 1) + (+B)p0 <a<p, 0<PB<1andpeN. Then f(z)

<
4 1+B(1+2p—20)
is p-valently starlike of order § (0 < 8 < p)in |z| < rs, where

1
(P =0)(p+n)ntBn+2p—20)|G"(y,n+ 1)\ n
{ 2Bp(p — o) (n+p — 9) } (n>=1). (6.6)

The result is sharp, with the extremal function f (z) given by (2.8).

r3 = inf
n

7. Modified Hadamard products

Let the functions f;(z) (j = 1,2) be defined by

> ayni @ (apinj = 0:j=1,2% pEN). (7.1)

n=1

Then the modified Hadamard product of f;(z) and f>(z) is defined by

o0

(f1®f2)(2) =2 - Za,,ﬂ,,la,ﬁn,zz’”". (7.2)

n=1
Throughout this section, we assume that 0 < 7 < %, 0<a<p 0<pB<LI1
and p e N.

THEOREM 12. Let the functions f;(z) (j = 1,2) defined by (7.1) be in the class
Ry[a, B]. Then (fi ®f2)(z) € Ry[8(v, &, B, p), Bl, where

B B(1+B)p—a)?
L+ B(1+2p—20)*(p —7) —2B*(p — @)*

5(v,a.B,p) =p (7.3)

The result is sharp.

Proof. Employing the technique used earlier by Schild and Silverman [13], we
need to find the largest § = 6(y, a, B, p) such that

Apin,l Apin2 < L. (74)

. n4Bn+2p—28)G*(y,n+1)
Z 2B(p - 9)

n=1
Since

o0

[+ Bn+2p —200)]G’(y,n+1)
2 2B(p — @)

Aptn,1 < 1 (75)
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and
= n4Bn+2p —2a)|G?(y,n+ 1)
Ap+np2 < 17 (76)
%; 2B(p — @) "
by the Cauchy - Schwarz inequality we have
= [n+Bn+2p—20)]GP(y,n+1)
\Vp+n,1 Ap+n2 < L. (77)
Z; 2B(p — @) L
Thus it is sufficient to show that
[n+ B(n+2p —28)|G’(y,n+ 1)
(p — 6) Ap+n,1Ap+n2
(7.8)
n+PBn+2p—2a)|GP(y,n+1
< [ ( ([) — OC;] ( ) \V Ap+n,18p4n,2

that is, that

[n+Bn+2p—20)](p —9)

n n g . 7.9
VA @ S B 2p 28— o) 72
Note that
2B(p — @)
< >1). .
Varn @2 S G g, aaegas . oY (7.10)
Consequently, we need only to prove that
2(p — ) Bt 2p 20l —8)

<
[+ B(n+2p—2a)|GP(y,n+1) = [n+B(n+2p—28)l(p— )
or, equivalently , that

2B(1 + Bn(p — @)’
I+ Bln+2p — 2a)2GP (v, n + 1) — 4B*(p — )2

S<p—

Since

2B(1 + B)n(p — a)*
n+Bn+2p—20)PGr(y.n+ 1) —4B2(p — )2

2p —

Aln)=p— [ (7.13)

1
is an increasing function of n (n > 1)for 0 <y < ,0<a<p, 0<pB <1

and p € N, letting n =1 in (7.13), we obtain

B +B)p—a)
L+ B(1+2p —20)P(p—v) = 2B%(p — 2)*’

5<Au):p—[ (7.14)
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which completes the proof of Theorem 12. (]
Finally, by taking the functions

ﬁ([)*O{) Zerl
[1+B(1+2p—20)](p—7)

we can see that the result is sharp.

fit) =2 — (=L2peN) (115

COROLLARY 8. For fi(z)(j = 1,2) as in Theorem 12, we have

oo

h@) =2 = Oyt Gy ™" (7.16)

n=1

belongs to the class Rj[a, B].

The result follows from the inequality (7.7). It is sharp for the same functions as
in Theorem 12.

COROLLARY 9. Let the functions fi(z) (j = 1,2) defined by (7.1) be in the class
Cyla, B]. Then (f1 ©f2)(2) € Cy[A(y, ., B,p), B], where

BUL+ B~ o) |
(D)1 +B(1 + 20— 20— 1) — 26°(p — 1)

The result is sharp for the functions

A‘(Yva7ﬁ7p) =P (717)

B(p - OC) Zp+1

f](Z) =7 — (1%1)[1 +B(L+2p—20)](p—Y)

(i=1,2;peN). (7.18)

THEOREM 13. Let the function f\(z) defined by (7.1) be in the class Ry[o, B and
the function f,(z) defined by (7.1) be in the class Ry[n,B]. Then (f1 @ f2)(z) €
Rl;[lg,('}“ a, B7 n7p)> ﬁ] , where

&(y,a,B,m,p)
B(1+B)(p—a)(p—n) (7.19)
1+B(14+2p—20)][1+B(1+2p—-2m)](p—y)—2B*(p—a)(p—m)

The result is sharp.

:p—[

Proof. Proceeding as in the proof of Theorem 12, we get

& < B(n)
2B(1+B)n(p—a)(p—n) (7.20)
[n+B(n+2p—2a)][n+B(n+2p—21)]GF (v, n+1)—4B*(p—a) (p—1)

:p—
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2p—1
Since the function B(n) is an increasing function of n (n > 1) for 0 < y < P ,

0<a<p,0<n<p, 0<PB<1andpeN,letting n=1 in (7.20), we obtain
¢ <B(1)

- B(1+B)(p—a)(p—n) (7.21)
[1+B(1+2p—2a)][1+B(1+2p=20)|(p—y) -2B*(p—) (p—7) -
which evidently proves Theorem 13. ]

Finally the result is the best possible for the functions

— P _ ﬁ(p—ot) p+1
M= iy 2o -p° PV 0P

and

Blp —n) il
T+ B +2p—2mp—1)° (peN). (7.23)

In the same way, we can prove the following theorem using Corollary 9 instead of
Theorem 12.

THEOREM 14. Let the function f(z) defined by (7.1) be in the class Cylct, p]
and the function f,(z) defined by (7.1) be in the class Cy[n, B]. Then (fi @ f2)(z) €

Cyl¢(y, o, B,n), B], where
&(v,a,B,m,p)

:p—

) =2—-

BUL+B) () (p—n) (7.24)
(ED)[+B(1+2p—20)] [1+B(1+20—2n) (1)~ 282(p—00) (p—1)

The result is sharp for the functions

— P _ ﬁ(p_a) P+
fi(z) =z (’%1)[1+B(1+2p—2a)](p—y)z ' (peN) (7.25)
and
f2z) =2 — Ao —n) ™ (peN). (7.26)

(B[ +B(1+2p—2n)](p —7)

COROLLARY 10. Let the functions f; (z)(j = 1,2,3) defined by (7.1) be in the
class Ry[ct, B]. Then (fi @ f» ®f3)(z) € Ry[n(y, e, B,p), B], where

o pBa+B)p—a)
n(r, e B,p) =p TT B0 2 20— 77 —2F G —ar (7.27)

The result is the best possible for the functions
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ﬁ(p — O{) Zerl
[1+B(1+2p—2a)[(p— )

Proof. From Theorem 12, we have (f1 ® f2)(z) € Ry[S (v, o, B,p), B]. where
S (y, o, B,p) is given by (7.3). We use now Theorem 13, we get (f1 ® f2 ® f3)(z) €

R?[n(Ya o, ﬁ7p)a B} 5 where

(i=1,23peN). (7.28)

fi@) =2 -

B B(1+B)(p—)(p—9)
[1+B(1+2p—20)][1+B(1+2p—28)](p—v) —2B* (p— ) (p—9)
_ pa+B)p— o)
P IR 2Py — 2B - @)
This completes the proof of Corollary 10. (]

n(y,o,B,p) =p

COROLLARY 11. Let the functions fi(z) (j = 1,2,3) defined by (7.1) be in the
class Cyla, B]. Then (f1 ®f>» ®f3)(z) € Cy[0(v, o, B,p), B], where

_ Bz(l + ﬁ)(p — 06)3 ) (729)
(BLPI+B+2p—2)P (p— 1) = 2B (p — o)

The result is the best possible for the functions

6(Y7a7ﬁ7p) :p

ﬁ(p OC) Zp+l
(B[ +B(L+2p = 2a))(p — 7)

THEOREM 15. Let the functions fi(z) (j = 1,2) defined by (7.1) be in the class
Ry[a, B]. Then the function

(i=1,2,3;peN). (7.30)

fie) =2~

o0

hz) =2 = (Gt + )" (7.31)

n=1

belong to the class Ry [(y,a, B,p), B], where

[1+B(1+2p —2a)P(p —v) —4B*(p — )* '
The result is sharp for the functions fi(z) (j = 1,2) defined by (7.15).

¢(Y7a7ﬁ7p) :p

Proof. By virture of Theorem 1, we obtain

Z ([n+Bn+2p—20)]G(y,n+ 1)) ,
(e amo ),

2
n+Bn+2 2 ,n+1
{Z Blat2s— an) (v >} <

n=1

(7.33)

n=1
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and
Z ([n+Bn+2p—20)]G(y,n+ 1)) ,
;H: 26— a) }%mz .
) .
n+Bn+2p-2 ,n+1
{Z 2%(}7 O()]) (Y )ap+n,2} <1

It follows from (7.33) and (7.34) that

- 2
Z% { [n+ B(n+ i];(pZ_a()j)G”(V,n + 1)} (@ +@n) <1 (7.35)

Therefore, we need to find the largest @(y, o, B, p) such that

n=1

[n+B(n+2p—2¢0)|GP(y,n+1) o 1 { [n+B(n+2p—2a)|GP(y,n+1) }2
S 2

2B(p—9) 2B(p—a) (7.36)

that is, that

4B(1 + B)n(p — @)®

<p— >1). (737
esPp [n+B(n+2p—2a)2GP(y,n+ 1) — 86%(p — o)? (1), (737)
Since
4B(1+ B)n(p — @)’
Dn)=p— 7.38
) =P Bt — 20 G+ 1) -8B — o) (7.38)
is an increasing function of n (n > 1) for 0 < y < 2p2— ,0<a<p, 0<pB <1

and p € N, we readily have

2B(14B)(p — @)*
[(L+B(1+2p—20)]*(p —v) —4B*(p — @)*’

which completes the proof of Theorem 15. (]

p<p-— (7.39)

THEOREM 16. Let the functions f;(z) (j = 1,2) defined by (7.1) be in the class
C}ﬁ (o, B]. Thenthe function h(z) defined by (7.31) belongsto the class Cy[p(y, a, B, p),
B, where

) 21+ B)(p — ) |
(B[ +B(1+2p —20)P2(p — v) — 4B*(p — )2
The result is sharp for the functions fi(z) (j = 1,2) defined by (7.18).

p(y,a,B,p) =p (7.40)
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