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Abstract. Making use of the generalized hypergeometric functions, we introduced certain new
subclasses of analytic functions defined by Dziok-Srivastava operator in the unit disc. The main
object of the present paper is to investigate the various properties and characteristics of analytic
functions belonging to the subclasses Sy, (I, m,A,b,y) satisfying the inequality

| 2 (Hhfon B/ )
(1= A)Hlea, B (<) + Az (Hhulen, B (2))

where z€ U, be C\{0}, 0 <y <1,0< A <1 and H,lﬂ [0, B1]f (z) is Dziok-Srivastava
operator. Also let Ry, (l,m,A,b,y) be an another subclass satisfying the inequality

1 !
. <(1 Il PV G (e i ) - 1)

where z € U, b e C\{0}, 0 <y <1, 0<A <1 and Hﬁn[al,ﬁllf(z) is given by by
Dziok-Srivastava [7]. Apart from deriving a set of coefficient bounds for each of these function
classes, we establish several inclusion relationships involving the (n,§)— negihborhoods of
analytic functions with negative coefficients belonging to these subclasses.

-1 <Y,

<V

1. Introduction

Let A(n) denote the class of functions of the form
f@=z2- > @ &>0, neN:={1,23.. 1} (1.1)
k=n+1
which are analytic and univalent in the open disc U = {z:z € C, |7] < 1}.

Mathematics subject classification (2000): 30C45.

Key words and phrases: Univalent, starlike, convex, (n,d)— neighborhood, inclusion relations,
Hadamard product, generalized hypergeometric functions.

© ey, Zagreb 553

Paper IMI-01-46



554 G. MURUGUSUNDARAMOORTHY, T. ROSY AND S. SIVASUBRAMANIAN

Following Goodman [8], Ruscheweyh [16], Silverman [18] and others [2, 3, 4, 10],
we define the (n, §)— neighborhood of a function f € A(n) by

Nos(f) = {f €An) : g(2)=z— Y biZand Y kla— bl < 5}. (1.2)
k=n-+1 k=n+1
In particular, for the identity function
e(z) =z,
we immediately have

N,s(e) = {f €An) : glz)=z— Z X and Z k|bi| < 5}. (1.3)

k=n+1 k=n+1

A function f € A(n) is starlike of complex order b (b € C\ {0}), thatis S;(b),
if it also satisfies the following inequality

Re {1 + % (Z;;S) - 1)} >0 (ze€UbeC\{0}). (1.4)

Furthermore, a function f € A(n) is convex of complex order b (b € C\ {0}),
thatis C,(b), if it also satisfies the following inequality

Re {1 + % (i:é?)} >0 (zeUbeC\{0}). (1.5)

The classes S;(b) and C,(b) stem essentially from the classes of starlike and
convex functions of complex order, which were considered earlier by Nasr et.al., [11]
and Wiatrowski [20], respectively.

For functions f; (j = 1,2) given by

@ =2+ ad (=12),
k=2

let f1 *f> denote the Hadamard product (or Convolution ) of f; and f, defined by

(fref2)@) =2+ Y aniaad, z€U. (1.6)
k=2
For complex parameters o,...,0; and Bi,....B, (B # 0,—1,...; j =
1,2,...,m) the generalized hypergeometric function |F,(z) is defined by
> (al)k e (al)k Zk
lFm(Z) ElFm(ala-~-al;Bla'~'7ﬁm;Z) = N o N 11 (17)
; (Bl)k s (ﬁm)k k!

(I<m+1;,ImeNy :

NuU{0};z€ U)
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where N denotes the set of all positive integers and (x); is the Pochhammer symbol
defined by

1, k=0
() = { x(x+D(x+2)...(x+k—1), keN.

The notation ;F,, is quite useful for representing many well-known functions such
as the exponential, the Binomial, the Bessel, the Laguerre polynomial, and others; for
example see [5] and [14].

For positive real values of o,...,0q and Bi,...,B. (B # 0,—-1,...;j =
1,2,...,m),let H(cu,...04;B1,...,Bn) : A(n) — A(n) be a linear operator defined
by

[(H(ala-~-al;ﬁla-~-aﬁm))(f)](z) = Zan1(al7a27~-~al;617ﬁ2-~-aﬁm;z) *f(z)
= z- Y had (1.9)

k=n+1

(1.8)

where

(al)k—l ce (al)k—l 1

~ Bt B k=D

For notational simplicity, we can use a shorter notation H', [0, B1] for H(ay, ... ay;
Bi, ..., Bwm) in the sequel. It follows from (1.9) that

(1.10)

Hé[L 1] :f(Z), Hé[27 1] = Zf/(Z)

The linear operator H' [y, B1] is called Dziok-Srivastava operator (see [7]), in-
cludes (as its special cases) various other linear operators introduced and studied by
Carlson and Shaffer [6], Owa [12], Ruscheweyh [15] and Srivastava-Owa [19].

For 0 < A < 1, we let S,(I,m,A,b,y) be the subclass of A(n) consisting of
functions of the form (1.1) and satisfying the inequality

1 Z(H,[ou, Bilf (z))
‘E ((1 — A)H[ou, Bilf (z) + Az(Hj, [ou, Bilf (2)) B 1)‘ =7 i

where z € U, b€ C\ {0}, 0 <y <1 and H. [, Bi]f (z) is given by (1.9).
Also let R,(I,m,A,b,y) be the subclass of A(n) consisting of functions of the
form (1.1) and satisfying the inequality

A HL e, B Q) — 1)\ <y ()

where z€ U, b€ C\ {0}, 0<y <1, 0<A <1 and H, [oy,Bi]f (z) is given by
(1.9).

We deem it proper to mention some of the function classes which emerge from the
function class S,(I,m,A,b,y) defined above.
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EXAMPLE 1. we observe that if we specialize that / = 1 and m = 0 with a; = 1,
ay =1, B = 1, in (1.11) the class S,(I,m,A,b,y) reduces to the class .7 (b,y)
subclass of A(n) consisting of functions of the form (1.1) and satisfying the inequality

‘% ((1 —A)fzj(cz/)(i)r e 1)’ <y,

where ze U, be C\ {0}, 0<y<land 0< A < 1.
We also let R, (A, b, y) be the subclass of A(n) consisting of functions of the form
(1.1) and satisfying the inequality

‘% ((1 —A)@ +A(f'(2) - 1)‘ <Y

<

where ze U, be C\ {0}, 0<y <1, 0<A<1.

EXAMPLE 2. By specializing the parameters as [ = 1 and m = 0 with o =
n+1(n>-1), .p =1, B = 1,in (1.11)the class S,(I,m,A,b,y) reduces to the
class S,(nA,b,v) the subclass of A(n) consisting of functions of the form (1.1) and
satisfying the inequality

e —

where z€e U, be C\ {0}, 0 <y < 1,0< A < 1. Wealsolet R,(n,A,b,y) be the
subclass of A(n) consisting of functions of the form (1.1) and satisfying the inequality

b o-h2 o )

where ze U, be C\ {0}, 0<y <1, 0<A<1 and

D (z) == (f *g)(z) =2 — i (n+k1 )aka-

k=n+1 n- 1

Our definitions of function classes S, (l,m,A,b,y) and R,(I,m,A,b,y) are mo-
tivated essentially by earlier investigations [3] and [10], in each of which further details
and references to other closely related subclasses can be found.

The main object of the present paper is to investigate the various properties and
characteristics of analytic functions belonging to the subclasses S, (/,m,A,b,y) and
R,(I,m,A,b,y) introduced. Apart from deriving a set of coefficient bounds for each
of these function classes, we establish several inclusion relationships involving the
(n, 8)— negihborhoods of analytic functions with negative and missing coefficients
belonging to these subclasses. Also the special cases of some of these inclusion relations
are shown to yield known results.
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2. A set of coefficient inequalities

In this section we obtain the coefficient inequalities for functions in the subclasses
Su(l,m,A,b,y) and R,(I,m,A,b,y).

THEOREM 2.1. Let the function f € A(n) be defined by (1.1), then f (z) is in the
class S,(I,m,A,b,y) if and only if

oo

Y ([L+AK=D)(y[b] = 1) + k) Trax < vlp| (2.1)
k=n+1

where T is as defined in (1.10).

Proof. Let a function f (z) of the form (1.1) belong to the class S,(I,m,A,b,7y).
Then in view of (1.9) and (1.11), we obtain the following inequality,

> ([Alk=1) + 1] = BTt
k=n+1 _ <’}/|b‘, ZEU.
Z— z M‘(k — 1) + 1]Fk(1kzk

k=n+1
Thus putting z = r (0 < r < 0) ,we obtain
o ([Ak—1) + 1] — ki) Trapr*!
e <y, zeU. (2.2)
1= > [Ak=1)4 1Tgapr*!
k=n+1

Hence, we observe that the expression in the denominator on the left-hand side of
(2.2) is positive for » = 0 and also for all » (0 < r < 1). Thus, by letting r — 1~
through real values, (2.2) leads us to the desired assertion (2.1) of Theorem 2.1.

Conversely, by applying (2.1) and setting |z| = 1, we find from (1.11) that

|2(Hylon, Bilf (2))" = (1 = A)H,,[on, Bilf (2) — Az(Hy,[en, Bilf (2))'|
= y[bl [(1 = A)H, [0, Bilf (2) + Az(H,,[on, Blf (2))|

oo

=Y (A(k=1) + 1] = BTk

k=n+1

oo

2= Y [Alk—1)+ 1Tk

k=n+1

— v[b|

< > ([L+AK=D](y|pl = 1) + k) Teax — v[b] <O.
k=n+1
Hence, by the maximum modulus principle, we infer that f(z) € S,(l,m,A,b,7y),
which evidently completes the proof of Theorem 2.1. (]
Suitably specializing the parameters I, m, &, o and f; as said in the Examples

1 and 2, Theorem 2.1 yield the coefficient inequalities for the subclasses .## (b, y) and
Su(n, A, b,y) as given in the following corollaries respectively.
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COROLLARY 2.1. Let the function f € A(n) be defined by (1.1), then f () is in
the class . (b,y) if and only if

o0

Yo ([L+AK=DI(y[bl = 1) + k) ax < v|p] (2.3)
k=n+1

COROLLARY 2.2. Let the function [ € A(n) be defined by (1.1), then f (z) is in
the class S,(n,A,b,v) if and only if

> (n2511>([1+1(/«1)}(ybl1)+k)ak<y|b (2.4)

k=n+1

REMARK 2.1. Fixing A = 0, Corollary 2.2 gives the coefficient inequalities for
the class S,(n,b,y) obtained in [10]. Furthermore, if in Corollary 2.2, we set n = 0
andn=1withn=1,b=1, y=1—a (0< a< 1) and A =0, we shall obtain
the familiar results of Silverman [17].

Similarly, we can prove the following theorem.

THEOREM 2.2. Let the function f € A(n) be defined by (1.1), then f (2) is in the
class R,(I,m,A,b,y) if and only if

oo

D1+ Ak = D)Tkax < v[b] (2.5)

k=n+1

where T is as defined in (1.10).

Suitably specializing the parameters /,m, o, o and B as said in the Examples 1 and
2, in the above Theorem 2.2 we have the following corollaries.

COROLLARY 2.3. Let the function f € A(n) be defined by (1.1), then f () is in
the class R,(A,b,y) if and only if

o0

> 1+ Ak = D]ax < ylb| (2.6)

k=n+1

COROLLARY 2.4. Let the function f € A(n) be defined by (1.1), then f(z) is in the
class R,(n,A,b,v) if and only if

3 <anll>[l+/l(k1)}ak<y|b. (2.7)

k=n+1

Analogous to the result stated in [10].
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3. Inclusion relations involving the (n, §)— neighborhoods

In this section, we establish several inclusion relations for the normalized analytic
function classes S,(I,m,A,b,y) and R,(I,m, A, b,y) involving the (n, §)— neighborhood
defined by (1.3).

THEOREM 3.1. If

5. ylBl(1 +n)
(BT DI+ mAl+n+ )Ty

, (vlpf < 1) (3.1)

then
Su(l,m,A,b,y) C Nys(e). (3.2)

Proof. Let f (z) € Sy(l,m, A, b,y). Then, in view of the assertion (2.1) of Theorem
2.1, we have

Tt ([1+nA)(y]p| — 1) +n+1 Z ar < y|b|

k=n+1
which readily yields
3 3
< . 3.3
k:nzilak ([L+nA)(yb]| = 1) +n+ 1) Thy (3-3)

Making use of (2.1) again, in conjunction with (3.3), we get

Cot > kae < y[b|+ [1+nAJ(1=y[b)Tait Y a
k=n+1 k=n+1
ylb|

S Vbl LA =YD e = D s Do

y1b[(1 +n)
[1+nA)(ylp]—1)+n+1
Hence
- y[b[(1 +n)
ka; < =: 8, bl >1 3.4
2 S - D DT wipl>1)  34)

which, by means of the definition (1.3), establishes the inclusion relation (3.2) asserted
by Theorem 3.1. (]

In a similar manner, by applying the assertion (2.5) of Theorem 2.2 instead of
the assertion (2.1) of Theorem 2.1 to functions in the classes R,(l,m,A,b,y), we can
prove the following relationship.

THEOREM 3.2. If
vlbl(n+ 1)
0= ——" Azl 3.5
[1 + nA}Fnﬁ»l’ ( ) ( )

then
R,(l,m,A,b,y) C Ny s(e). (3.6)
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REMARK 3.1. Bytaking /=1, m=0, oy =2, op =1 and f; = 1 in Theorem
3.2, we obtain inclusion relation of Altintas et al., [3].

REMARK 3.2. By taking [ =1, m =0, oy =n+1(n > —1), ap =1 and
B1 =1 with A =0 in Theorem 3.2, we obtain inclusion relation discussed in [10].

4. Neighborhoods for the classes S%(I,m,A,b,vy) and R%(l,m,A,b,y)

In this last section, we determine the neighborhood properties for each the following
functions classes S%(I,m,A,b,y) and R*(l,m,A,b,y). Here the class S*(I,m,A,b,y)
consists of functions f(z) € «/(n) for which there exists another function g(z) €

Su(l,m,A,b,y) such that

ER

<l—-a (zeU;0< a<1). (4.1)

Analogously, the class R%(l,m,A,b,y) consists of functions f (z) € <7 (n) for
which there exists another function g(z) € R,(I,m,A,b,y) satisfying the inequality
(4.1).

THEOREM 4.1. If g € S,(I,m,A,b,y) and

1 S ([LAnAl(y[b| = 1) +n+ 1) Tat
S e (a7 e KT M

then
Nn,S(g) ng(l7m>l7b>'}/)' (43)

Proof. Suppose that f € N, 5(g). We then find from the definition (1.2) that

Z k|ak—bk\ < o)

k=n+1
which readily implies the coefficient inequality,

oo

o
Z‘ak_bk|<n+l (VlEN)

k=n+1
Next, since g € S,(I,m,A,b,y), we have

3 I
bis 4.4
k;rl (T CI IV R D) i (4.4)
so that
’f( ) 1’ k:nz:+1| k k‘
@ | = =
$ > bk
k=n+1
c 9 (14 nA)(y]b] = 1) + n+1)Tppy

(n+ 1) [[(1+nA)(y[b] = 1) +n+1]Tosr — (5]
= 1l-«a
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provided that ¢ is given (4.5). Thus, by definition, f € S¥({,m,A,b,y) for o given
by (4.5). This evidently completes our proof of Theorem 4.1. |

Bytaking I =1, m=0, oy =n+1(n>—1), ap =1 and B; = 1 with
A =0 in Theorem 4.1, we state the following corollary

COROLLARY 4.1. If g € S,(n,A,b,y) and

5 ([1+nA)(ylb| = 1) +n+1) (”:”)
a=1-

(vl =1)
(n+1) | [(1+nA)(y[b] — 1) +n+ 1] (”jl‘”)yua]

then
N,5(8) C S(A,b,y,m).

REMARK 4.1. By taking A = 0 in Corollary 4.1, we have neighborhood result as
stated in [10].

Our proof of Theorem 4.2 is much akin to that of Theorem 4.1.
THEOREM 4.2. If g € R,(I,m,A,b,Yy) and

5[1 + n)L]F,,H

a=1-— (n+ 1)[(1 +nﬂ,)1—‘n+1 *V\bH’

(v[p| = 1) (4.5)

then
Nys(g) C Ry (I,m,A,b,y). (4.6)

REMARK 4.2. By taking the parameters [ = 1, m = 0, with oy = n+ 1(n > —1),
op =1 and B =1 in Theorem 4.2, we get neighborhood result as stated in [10].

REMARK 4.3. By taking the parameters [ = 1, m = 0, with oy =2, op = 1 and
B =1 in Theorem 4.2, we obtain neighborhood result as stated in [3].

Concluding Remarks: By suitably specializing the various parameters involved in
Theorem 2.1to 4.2, we can derive the corresponding results for many relatively more
familiar function classes (see for example [ = 1, m = 1, with oy = a, ap = 1 and
B = ¢ Dziok-Srivastava operator reduces to Carlson-Shaffer operator [5, 6])

Acknowledgements. Authors are very much thankful to the referee for his invalu-
able suggestions.
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