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WEIGHTED Lp-NORM INEQUALITIES IN
CONVOLUTIONS AND THEIR APPLICATIONS

NGUYEN DU VI NHAN AND DINH THANH DucC

(communicated by S. Saitoh)

Abstract. In this paper, we give some new type of convolution inequalities in weighted L, (R?, dxdy)
spaces and their important applications to partial differential equations and integral transforms.
Especially, we will see their applications to non-homogeneous linear differential equations.

1. Introduction

It is well known, for the Fourier convolution

+oo

(f *8)(x) = fx—8)g(8)de,

the Young’s inequality
1F =gl < IFI, gl s f € Lp(R), g € Ly(R), (1.1)

rl=pT g7 =1 (pq,r>0),
is fundamental (see [9]). In a series of papers, S. Saitoh (see [3], [6], [7], [8]) derived
new type norm inequalities in convolutions in weighted L, (p > 1) spaces.

PROPOSITION 1. ([5]) For two non-vanishing functions p; € Li(R) (j = 1,2),
the L, (p > 1) weighted convolution inequality

1_
H((Flpl) * (F2p2))(P1 * p2)? IHP <P, o) P22, @0 0a)) (1.2)

holds for F; € L,(R,|p;|) (j = 1,2). Equality holds here if and only if
Fj(x) = Cje‘” (13)

where o is a constant such that ™ € L,(R,|pj|) (j = 1,2) (otherwise C, or
C>, =0). Here

1l o = { / : F<x>ﬂ|p<x>|dx}”

In this paper, we will consider some convolution inequalities in weighted L, (R?, dxdy)
spaces and their important applications.
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2. New type of convolution inequality

The backgrounds in our fundamental weighted L, (R?, dxdy) convolution inequal-
ity will be given by Holder’s inequality, Fubini’s theorem and by changing the variables
in integral.

THEOREM 1. For two non-vanishing functions p;(x,y) (j = 1,2) belonging to
L (R?, dxdy) and for p > 1 we have L, weighted convolution inequality

dxdy

/+°° /+°° ‘f 5 p1 (8, 7) F2 (x—=&,y—7) p2 (x—&,y—7) dédr‘p
(/= f*’““’ o)l P2 (v=&,y-7) d&dr)”

/*‘X’ /*00 IF1 (&, 7)) o1 (& |a’f§a’1'/+(><> /+OO \Fy (E,7)” |p2 (€, 7)| dEd

(2.4)
for Fi(€,7) € L,(R?|p;(&,7)|dédT) (j = 1,2). Equality holds for F; if and only if
F; are represented in the form

Fi(E,7) = Ce®**PT, ¢ constan, (2.5)
where o, 3 are two constants such that F;(&,7) € L,(R?,|p;(&, 7)|dEdT) (j=1,2).

Proof. Applying Holder inequality and Fubini’s theorem and by changing the

variables in integrals we obtain
P
1) P (E,7) P2 (v—&,y=7) p2 (x—E, y—1) déd]

+oo  ptoo ‘f
/ / if.f’ ff.f’ o1 (&,7)]lp2 (x—&,y—7)| dEdz)

/+°°/+°°/+°°/ [F1(&,7) [Plp1 (&, 7) ||[F2 (x=&,y—7) [[p2 (x—&, y—7) |dTdEdxdy

400 p+oo oo pFoo
/ / Fy (&) o1 (€, )| dédr / / IF2 (&, D) |02 (€, 7)) dEdr.

Equality holds if and only if for a function k(x,y) V(x,y) € R x R such that
F (é,T)Fz(X—é,y—T) :k(-x7y) V(é,f) eRxR

+oo f+o<>

dxdy

that is
Fy (x1,22) Fa (v1,32) = k(x1 + 1,202 +32) V(,3) € R = 1,2). (2.6)
From function equation (2.6), we have the equality problem in (2.5). O

REMARK 1. In the inequality (2.4), we can represent the following convolution
form:

1_
|00 < Ep) 1% 22| < W o) 1Py, (2)



WEIGHTED Lp -NORM INEQUALITIES IN CONVOLUTIONS AND THEIR APPLICATIONS 47

REMARK 2. The essentials of Theorem 1 are clear and are based on Hoélder in-
equality and Fubini’s theorem and the transform of integrals. So, we will be able to
obtain many variations of Theorem. For example, in many cases the convolution will
be given in the form

;& n)=1 and Fo(x—&,y—1) =G(x— &,y — 1)

for some Green'’s functions G(x — &,y — 7). Then, we have the inequality

/:o /:o ’/:o /:O F(&,7)p(8, 1)G(x — &,y — 1)dEdt

<([ [ e |d¢dr) /m | T F @t nlaga
/ o / G oz, (2.8)

foran L;(R?,dédt) function p, and for functions F and G with finite integrals in the
right hand side in (2.8).

p
dxdy

Moreover we have the following fundamental inequality which is applied to non-
homogeneous linear differential equations

THEOREM 2.  For two non-vanishing functions pj(x,y) (j = 1,2) belonging to
L (R?, dxdy), and for p > 1,q > 1,p~' 4+ g~' = 1, we have the inequality

dx

[ SZ RGP E D Fa = ) pa (- &, 1) déde]

o ( ' fﬁf o1 (&, 7)] o2 (x—&,r)\d&dr)p_l

L

< </_+: U_:O |F1(§,’L')p|p1(§7T)|d§}pdT>p
: (f: U::O IFz(é,rmpz(g’T)dg]qdry

— p p
N HHFI||LP(R7\P1\11§)HLP(R,411) H HFzHLP(Rv\Pz\dé)HL({(R’L“.) )

where Fi(j = 1,2) are such that the right hand side of (2.9) is finite. Equality holds
for F; if and only if F; are represented in the form

(2.9)

Fi(€,7) = Ci(1)e™; C1(7)Ca(t) = ¢ : constant, (2.10)

and

[C@) )% i (&, )lag|
J i@ 22 el (&, 0)lag] ar
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 [le@I T eipaE m)ae]” -

S (1@ 22 ey (&, ) lag ] ae

where « is a constant such that the right hand side of (2.9) is finite.

Proof. Put

P

1= ’/_:o/_:oFl (éﬂ:)pl (é’T)F2(x_éJ)Pz(X—é,T)dédr

By Holder inequality, we obtain directly

< ([ ek <é>>%d5)p<(/mg<5>d5)pl e @)

— 00

f(&):/ OO|F1 (E,7) Pl (E,7) [|Fa (x — E,7) o2 (x — &,7) |dT
@)= [ Gl - £ 0 lar

— 00

Therefore, by changing the variables in integrals and Fubini’s theorem we get

dx

K/m TR E D <é,r>F2<x—g,@pz(x_g,@dgdfr
—00 (f+oo f+oo sz (x_ ,T)‘dédT)IFI
/”/ OO/ OO‘FI 7) Plo1 (€, 7) ||[F2 (x = &, 7) [Pz (x — &, T) |dTdEdx

-/ [/m F 6 o1 6018 [ IR (&0 s oldg| az

Then, by Holder inequality, we have

(2.13)

p
A (LT O [T A A

Ly(R,dt)
Equality holds if and only if for a function k(x) in x
Fi (&, 1) F,(x—&,7) = k(x) ae. onR,

and

IR E D o (&) ag]
S X IRE P o &l dg] an
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S1F €0 02 (8 7) ]
2 X IR P 1o (€ )l g an

Therefore, we have the equalities problem in (2.9) and (2.10). The proof is complete.
O

In the inequality (2.9), in many cases the convolution will be given in the form
p2(57’r) =1, and FZ(x - 57’[) = G(x - 57’[)

for some Green’s functions G(x — &, 7). Then, we have the inequality

AT A

(/m /m d&dr)pl (/: [/: F(E ) |p<é,r>d5]pdr>ﬁ
. (/:o U:o G(&,T)V’dérdT)é, (2.14)

foran L;(R?,d€dt) function p, and for function F and G with finite integrals in the
right hand side in (2.14).
In general, in (2.14) we have a generalization

/: / e / : FE P&, DG & )|

(/ df/m |d¢></[/:| & D o (€, >d&] )
. (/ab {/_:o |G(ﬁ_f,r)pd§]qdr> é. (2.15)

In the sequel, we shall show several typical applications. We get not only L,
integral estimates for the solutions of non-homogeneous linear differential equations
but also solutions homogeneous linear differential equations in the space R? or R* and
several integral transforms ([1], [2], [3], [4], [9]).

dx

3. Applications

3.1. Wave Equation

For the function

1 forx>0
0(x) = { 0 forx < 0,
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we consider the integral transform

() = /dr/ F(E, (&, 7)dE

LIT

= oo [ ar[ o (3-|e3)) otct-n-h-gnFE p(E maz.

which gives the formal solution u(x, 7) of the wave equation

uy = iy + F(x,0)p(x,1), x€R, >0, (c: constant, > 0),

satisfying the conditions
u(x,0) = u;(x,0) =0, onR.
Then, we have the inequality
+o00o t1+$
/ lu(x,t)|Pdx L ———— 1,
oo (2c) (1 + g)
where

(3.16)

(3.17)

(3.18)

(3.19)

= ([Tar [ e |d¢)p_l (/w [ e oot lag] )

is finite.

3.2. Heat Equation
3.2.1. Example 1
We consider the integral transform
+oo F _ 2
u(x, ) / / ’T)exp{ (52 ») }dé,
oo 2c t—r) 4c(t — 1)

which gives the solution u(x,7) of the heat equation

U = i + F(x,1)p(x,7), x€R, >0
satisfying the condition
u(x,0) =0, onR.
For 1 <p <2 g>1,p '+ ¢! =1, we have the inquality

+00 t 4
| twopas< : )
~ Vp (1= 8)F eyt

where
1

(3.20)

(3.21)

(3.22)

(3.23)

= ([ Tar [ e |d4=) 7 (/w [ F<5,r>|"|p<5,r>d5]pdr>é

is finite.
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3.2.2. Example 2

In the integral transform

) = oy [ [ e { - e e naar

(3.24)
which gives the solution u(x,y,?) of the heat equation
;= A ug + Uyy) (3.25)
satisfying the condition
u(x,y,0) = F(x,y)p(x,y)- (3.26)
Then, we not only have the inequality
+o00 1
[ wteyarars ———— & (3.27)
—oo VP(Pa)¥ (2cv/mt) " v
but also obtain
+00 +00 1
[ terapasiy < e, (3.28)

where

k= ([ ar [ it d&)p_l (/: [ ireor |p<é,r>dé]pdr>’%,
([T e |d5dr) / T rearioe g

for p € L1 (R?,dédr), F € L,(R?, |p(&, 7)|dEdT).

and

3.3. Laplace Equation (Poisson Integrals)
3.3.1. Example 1

We consider the Dirichlet problem for the Laplace Equation in a half-space of R?,
i.e. the determination of the bounded solution of

Asu(x,y,t) =0, t>0, (x,y) € R, (3.29)
with the boundary condition
u(x,y,0) = F(x,y)p(x,y)- (3.30)
We have the solution of the Dirichlet problem (3.29), (3.30) in the form

[ F(&, 1)p(E, 1)
ulx, y,1) = 5 /_OO /_OO - (é—x)2+(r—y)2]%d5dt (3.31)
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Then, we not only have the inequality

+o00 1 | 1 ) o
/ JuCe,y, )P dx < ; B<—’3p )Bé (‘M) K,
e @uyprrr \2 2 2 )

(3.32)

but also obtain

oo rhoo 1 1 3p—1 1 3p—2
P < B ) B > Ia
[ L wenorar< e (527 ) 8 (3. 257

(3.33)

where

k= ([ e[t dé)(/:[/: P& (e Dlaz] d )
= (7] e |d5dr) /m | FEar o nlags

for p € Li(R?, dEd7), F € L,(R2,|p(, 7)dédT).

and

3.3.2. Example 2
In the conjugate Poisson integral transform

+oo +<x> x—é
u(x,y, : _dEdr. (3.34
=g L e e 639

Then we have

o 1 1 2p—1 L a2p—1)— 1
—oo Qmyprtr 2 2 2 2 2

(3.35)

Moreover we also get

oo 1 L3p =1\ pt(ap+ 1l 2ap—q—1
HPdy < ————B | 5, B ’ £,
/ u(x, y,1)[Pdy A (2 2 ) q( 2 2 >

(3.36)
and
too oo 1 1 p+1 2p—1
Paxdy < ———B | ~p—1|B(2 1~ 1
[ ] tsopaas < e (G- 1) 5 (2 2
(3.37)
Here

p—1

k= ([ Tar [t d&) (/: [ ireor |p<é,r>d5]pdr>'%,
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K= (/mdé NS W),,_l (/: [/: F ()P p(é,f)df]pdéy,
and
= ([ e |d5dr) / T rearioe s

for p € L (R?,dédr), F € L,(R?, |p(&, 7)|dEdT).

3.4. Biharmonic equation
3.4.1. Example 1
The solution of the biharmonic equation
Nu(x,y,1) =0, t>0, (x,y) €R? A =A3(A3) (3.38)

with the boundary conditions

u(x,y,0) = F(x,y)p(x,y), u(x,y,0)=0, (3.39)

is given by
ulx T $006:TD ey 3.40
SR T e L

Then, we have the following inequalities:

o0 3P 1 Sp—1\ .1 (1 g(5p—1)—1
rix < ——> B = Bi | -,———— | K, (3.41
/_OO \u(x,y, t)| X (27‘[)pl2p+%72 (2 2 ) ’ (2 2 ) ( )

oo oo 3r 1 5p—1 1 5p—2
Pdxdy < —————B | =,—— |B( <, === |I, (342
[ [ wepants < copiomen (3.7 )0 (3251 oan

where

1
1

k= ([ [ it d&) 7 (/: [ ireor |p<é,r>d5]pdr>F
= (7] e |d5dr) /m | T FEar o lags

for p € Li(R?,dédr), F € L,(R?, |p(&, 7)|dEdT).

and
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3.4.2. Example 2

The solution of the biharmonic equation
Au(x,y, 1) =0, >0, (x,y) € R* A} =A3(A3) (3.43)

with the boundary conditions

u(x,y,0) =0, wu(x,y,0)=F(x,y)p(x,y), (3.44)

is given by
u(x R £, P&, 7) déd 3.45
S T e S

Then, we not only have the inequality

+o0 1 | _1 ) o
/ ju, y, ) dx < 1 B<—v3p )Bé (‘M) K,
- Q@uypPtr=2 \2 2 2 )

(3.46)

but also obtain

400 400 1 | 3p_1 | 3p_2
P < 2 1 .
/—oo /—oo ‘U(x7y7 t)| dxdy X (271,’)Pﬂ’72B (27 2 )B (2, —2 )I, (3 47)

where

1

k= ([ e [Tt dé)(/:[/: P& (e Dlaz] d )
= (7] e |d5dr) /m | T FEar o nlags

for p € Li(R%, déd7), F € L,(B, |p(&, 7)|dEd).

and
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