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ON SOME DIFFERENTIAL OPERATORS FOR
CERTAIN CLASSES OF ANALYTIC FUNCTIONS

KHALIDA INAYAT NOOR

(communicated by Th. Rassias)

Abstract. Let f(z) = D(F(z)) where D is a differential operator defined separately in every
result. Let F be analytic and F(0) = 0, F/(0) = 1. We shall find out the disc in which operator
D transforms some classes of analytic functions into the same.

1. Introduction

Let </ (n) denote the class of functions f of the form

fl@)=z+ iakzk, (neN=1{1,2,3,....}), (1.1)

k=n+1

analytic in the unit disc E = {z: |z] < 1}. Let P(n, ) be the class of functions h(z)
of the form

h(z) =14 cd" + o™+, (1.2)

which are analytic in E and satisfy Re{h(z)} > B, 0< B < 1, z € E. We note
that P(1,0) = P is the class of functions with positive real part, P(1, ) = P(8), and
P(n,0) = P(n).

Let Pr(n,B), k > 2,0 < f < 1, be the class of functions p, analytic in E, such

that
p(z) = (g + %) pi(z) — (g - %)pz(Z)

if and only if p;,p» € P(n,B) for z € E. It is easy to see that P»(1,B) = P(B)
and P(1,0) = P. The class P(1,0) = P; was introduced by Pinchuk [6], where he
has generalized the concept of functions of bounded boundary rotation. It is worth
mentioning that, for £ > 2, functions in P; need not be with the positive real part. It
is easy to see that p € Pi(n, B) if and only if there exists & € Px(n,0) such that

p(z) = (1= PB)h(z) + B.
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Let f and g be analytic in E with f (z) given by (1.1) and g(z) = 24+ Yo, bi.
Then the convolution (or Hadamard product ) of f and g is defined by

(f xg)(z) =z+ i axbiz".

k=n+1
DEFINITION 1.1. A function f € 7 (n) is said to belong to the class Ri(n, f3),
k>2,0< B <1,ifandonlyif % € Py(n,B) for z € E.
We note that Ri(1,0) = Ry is the class of functions with bounded radius rotation,
first discussed by Tammi, see [1] and R»(1,0) consists of starlike univalent functions.

Similarly f € 7 (n) belongsto Vi(n,B) for z € E if and only if (;’,)’ € Pi(n, B).
It is obvious that

f €Vi(n,B) ifandonlyif zf’ € Ri(n, ). (1.3)

It may be observed that V,(1,0) = C, the class of convex univalent functions and
Vi(1,0) = Vi is the class of functions with bounded boundary rotation first discussed
by Paatero, see [1].

2. Preliminary Results

We extend a result proved in [7] as follows.

LEMMA 2.1. Let p € Py and be given by (1.3). Let s > 0 and u # —1 (complex).

Then
+ @)+ k> 0,

where Ry is given by

Ro = Chal (2.1)

VAT VA 1P

{2(s4+1)* + |uf* — 1}.

A

The radius Ry is best possible.

Proof. Define

- 1 Z u z
CD(Z)_{1+u(1—z)*‘“+1+u(1—z)”2}' 22)

(022 - 0 25

oD
(-85

Then
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Now, for i = 1,2, it is shown [7] that

szpi(2)
Re |pi(z) + ———| >0 for |z| < ro,
@ pi(z) +u &
where the best possible value of ry is given by (2.1). Using this along with (1.3), we
obtain the required result. ]

LEMMA 2.2. Let h € P(n). Then, for z € E,

1-7r 1+
i <Reh(z) < |h < ,
(1) 1+I‘" € (Z) (|)(Z)| 1*]‘"
2nr'"Re h(z

i) |2h'(z)] < ————,

(i) |2 /<(z>)| e

e |2H (2 2nr"

(ii) W | ST=a

For (i), we refer to [8], (ii) may be found in [1] and for (iii), see [5].

3. Main Results

THEOREM 3.1. Let F € Ri(1,7) = Ri(y), 0 <y < 1 and let the function | be
defined by the differential operator

1 /
Dop(F(z)) =fP(z) = wBail (1—a)FP (2)+az (FB(Z)) } , (o, >0). (3.1)
Then f € Ri(y) for |z| < Ro, where Ry is given by (2.1) with
1 l—a+ay

s =

Ba—y) M7 ai=y)

This result is sharp.

Proof. We can write (3.1) as

1 Z
FP(z) = (B +o - 1) zl—é/ 17 2B (1)dt. (3.2)
0
Let
ZF'(2)
=(1—-v)h(z) +v.
P = (VR Y
Differentiating (3.2) logarithmically and with some simple computation, we have
1 /
1[4 i)
— —Y|=h 33
= F 2] —h+ (33)

h(Z) + (1(;((111’;6)')/) .

We now apply Lemma 2.1 to obtain that p € Py for |z| < Ry, where Ry is given by
(2.1) with s = gy, = A This implies that £ € Re(y) for [z| < rop, and

proof is complete. O
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Special Cases

(i) Let =1,y =0, a=1 and F € R;. Then f(z) = zF'(z) and it follows

from Theorem 3.1 that f € Ry for |z] < r = 1 ~2—-V3withs=1,u=0
7T+V48

and A =7 in (2.1). This sharp result is well known for k = 2.

(i) Let f=1,y=0, o =1 and F € R. Then f(z) = @ (Livingston’s
operator [7]) and using Theorem 3.1, we note that f € Ry for [z| < r = 1, (with
s=1, u=0, A=28). This sharp result is known [4] for k = 2.

REMARK 3.1. By using (1.4), it can easily be seen that Theorem 3.1 holds for the
class Ki (7).

THEOREM 3.2. Let F € Ry(0), 0 < o< 1. Let,forc > o0 >0, s > o, f be
defined by

Z
[F(2)]" = cza_"/ #7071 (1) ar. (3.4)
0
Then f € Ri(B1), Bi =1 —%(1 —0), for |z| <Ry, where Ry is given by (2.1) with
o 1 _c—a+tao
Talli—o) *T oo
This result is sharp.
Proof. Let
F/
ZF(S) —H(E) =(1—0)h(z)+0, hePr in E (3.5)

Differentiating (3.4), we have

2T F(2)" [(c — @) + ah(2)] = 7 (£ (2))°,
and now logarithmic differentiation, simple computation and (3.5) yield
azH' (z) o f(2)
oH(z) + m =(a—08)+96 Q) . (3.6)
Let
TE (1= piplo) + b 67)

where p(z) is analytic in E with p(0) = 1), and B; = 1 — §(1 — o). Then, from
(3.5), (3.6) and (3.7), we have

_a(i-o) R
[)(Z) - 6(1 _ ﬁl) {h(Z) + h(Z) + ca—((;cirg;j' : (38)




ON SOME DIFFERENTIAL OPERATORS FOR CERTAIN CLASSES OF ANALYTIC FUNCTIONS 133

Now, using Lemma 2.1 with s = ﬁ >0, u= C(;(‘ffgf , we obtain the required

result. O

REMARK 3.2. By using relation (1.4), we note that similar result holds when
F € Vi(o) implies f € Vi(B1) for |z| < Ro.
For 0 =0, u = <% # —1 (since ¢ >0)and s = 1 — §, for [z] < Ry =

N This result has been proved in [2] for . =6, k = 2.

REMARK 3.3. In Theorem 3.2, let F € Ry(n,0), then, using the convolution
technique of Lemma 2.1, we can write (3.8) as
k1
4 2 '

o ko1 2hi(2)
PG = 505 {<1+5> 1
Re {h,-<z)+h(§;’+(ﬁa} > Reh&z){l— (12'”:;) aﬂj(ca)}

a
h(2)+%
Now, using Lemma 2.2, we have for i = 1,2
1—rm™)c— 2o — )| — 2nr"
_Reh,-(z){( ( )le— 2a— )] — 2 }

1 —rm)c— 2a—c)r
and with (1.3), it implies that f € Ri(n, By) for |z| < r;, where B; = (1 — §) and

hz(Z)—&-hza(ZZ)h%

o

hi(z)+

1

] , (c#2a).

C
(a+n)+/(o+n)?+c2—2ac

ry =

We note that r; = Ry for n =1 and ¢ # 2.
THEOREM 3.3. Let F,G; € Ri(n,0), i = 1,2 and q € P(n). Let f be defined by

F(z) = E/OZf(,) (g;gg) q()dt, a>0. (3.9)

Then f € Ri(n,0) for |z| < Ri, where R} € (0,1) is given by

Sl=

2
(Bn+da+2)++/(Bnt+da+2)2—4(n+1)

This result is sharp.

R = (3.10)

Proof Let
26 _ (5 )uio- (32w
99 - (£ - (-2

N 0 S S
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where h;, H;,p; € P(n) for i = 1,2. From(3.9), it follows that

Z2F'(2) + F(z) = 2f (z) (g;g) q(2). (3.11)
Differentiating (3.11) logarithmically, we have
#f'(z), '(z) z2Gi(2) 2Gy(z7)  z4'(2)
) TG Y% 0 T YeE e

Using convolution technique, we can write

f'=) _ (k1 hi(z) _24'(2) }
f(Z) = (4+2) {hl(Z)+h1(Z)+1 OCHl(Z)-‘rOCpl(Z) C](Z)
[ | 7 (2) 74’ (2)
- (Z + 5) {hz(Z) + hz(Zz)ﬁ — OCHQ(Z) + Osz(Z) — q(z) } . (3.12)
Now, by Lemma 2.2, we have
h; 2nr" 1
Re |:hi(Z) + Zh(g)} > Rehi(z) {1 Ty @il H
S 1-r B 2nr" 1
14, 1—r2"+};::
1=+
= i (3.13)
From (3.12) and (3.13), we have
Re Khi(z) + 7}1;};’)(2 1> — oH;(z) + api(z) — ZE(S)]
1—(n+1)r" 1+ - 2nr"
> 14m _a<1r”>+a(l+r">_lr2”'
2((n+ 1) — 3n+4 2+ 1

The right hand side of (3.14) is positive for |z| < R; and consequently from (3.12), it
follows that f € Ri(n,0) for |z] < Ry where R; is given by (3.10).
Sharpness follows when we consider

z51(2) z55(z)
hi(z) = s h(z) = ,
1(2) 51(2) 2(2) 20
with
2 z
s10) = ———, nk@)=——,
(1) (1+z7)7
1 n
hi(Z) - pi(Z) = 11_;1 = CI(Z), i= 1727 and z=1r".

We now consider differential operator D, defined by (3.1) with o = HL)L, =1 and

prove the following. O
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THEOREM 3.4. Let F € Ri(n,y), 0 <y < 1 and let the function | be defined by

DAF@E) =1 @) = TP + 15

F(z) + ——zF' A>—1). 3.15
Then f € Ri(n,y) for |z| < ryy, where r; , is given by

L

A+1 !
iy = (3.16)
n+14+7)+/(n+1+y)?+A+1)2y+A 1)
This result is sharp.
Proof. Let
F(z) (k1 ko1
F(Z) = H(Z) = <Z + 5) hl(Z) — <Z — 5) hz(Z). (3.17)
From (3.15), we can write
Z
F(z) = A; ! / AV (1)dr. (3.18)
0
Differentiating (3.18) logarithmically and using (3.17), we have
') zH'(2)
= H _—m
O A R

(543) o ngea] - (6-3) [+ 555

Since H € Pr(n,y), hi € P(n,y), i = 1,2 and we write
hi(z):(li)/)pi(z)+)/7 piEP(n)7 i=12

Then
1 [#'@) _ } _ (5 1) i)
kol =25 (2)
_ (4_1 — 5) p2(z) + . % (3.19)

Now, using Lemma 2.2, we have for i = 1,2
i)
A
i) + =5
2nr""Re pj(z)
_ A
o+ (B)
2nr"
(Z) 1 - 1 1 I
(L=m[A=y)A =)+ +A)(1+rm)]

(1 Jr)L) +2(Y —n)r” — (Zy iy - 1)r2n
(I=rm{d =)A=+ +A)(1+rm}

Re |pi(z) +

= Repi(z)
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The right hand side is positive for < r; , where r; , is given by (3.16).
Sharpness follows when we take

with
Z

Sl(Z) = m7 SZ(Z) =

.
(14 zn)alt=7)

in (3.17). From (3.19), we conclude that f € Ri(n,y) for |z| < r;, and the proof is
complete. (]

THEOREM 3.5. Let F € &/ (n) and F' € Py(n,B), k>2, 0< B <1 andlet f
be defined by (3.15). Then f' € Pr(n, B) for |z| < R,, where

Rn_{ 2+1 } (3.20)
nt+ 2+ A+ 1)

This result is sharp.

Proof. Let

From (3.15), we have

a6 = (5+5) [0+ A - B +2ti (o)

- <§ - %) [(1+2A){H:(z) — B} +zH5(z)]  (3.21)

Since Hi,H, € P(n, ), we use Lemma 2.2 and have for i = 1,2

(14 A) A~ B + ()] = Re 1)~ BY (14 4) = 120

The right hand side is positive for r < R, and from (3.21) it follows that f € Pi(n, B)
for r < R, where R, is given by (3.20).
Sharpness follows by taking H;(z) in (3.21) as

Hy(@) =+
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Itis clear that Re {H?(z)} > B in E. Therefore, with some computation, we have

— nz't — 2n
(1+A){H () — B} + 2 (H(2)) = q +§> (1+4) ffzn) (Gt 1):

This gives us
H!(z) —B=0 for 7= —(Ry)

and it implies that Re [H?(z)] is not greater than  in any disc |z| < r if r > R,. O

Acknowledgement. The author would like to thank Dr. S. M. Junaid Zaidi, Rector,
CIIT, for providing excellent research facilities.

REFERENCES

[1] S. D. BERNARDI, New distortion theorems for functions of positive real part and applications to the
partial sums of univalent convex functions, Proc. Amer. Math. Soc., 45(1974), 113-118.

[2] W. M. CAUSEY AND W. L. WHITE, Starlikeness of certain functions with integral representations, J.
Math. Anal. Appl. 64(1978), 458-466.

[3] A.W.GOODMAN, Univalent Functions, Vol. I, II, Polygonal Publishing House, Washington, NJ, 1983.

[4] A.E. LIVINGSTON, On the radius of univalence of certain analytic functions, Proc. Amer. Math. Soc.,
17(1966), 352-357.

[5] T. H. MACGREGOR, The radius of univalence of certain analytic functions, Proc. Amer. Math. Soc.,
14(1963), 514-520.

[6] B.PINCHUK, Functions with bounded boundary rotation, Isr. J. Math., 10(1971), 7-16.

[7] S. RUSCHEWEYH AND V. SINGH, On certain extremal problems for functions with positive real part,
Proc. Amer. Math. Soc., 61(1976), 329-334.

(8] G. M. SHAH, On the univalence of some analytic functions, Pacific J. Math., 43(1972), 239-250.

(Received February 26, 2008) Khalida Inayat Noor
Mathematics Department

COMSATS Institute of Information Technology

Islamabad

Pakistan

e-mail: khalidanoor@hotmail.com

Journal of Mathematical Inequalities
WWV e-math.com

e-math.com




