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DYNAMIC DOUBLE INTEGRAL INEQUALITIES IN
TWO INDEPENDENT VARIABLES ON TIME SCALES

DOUGLAS R. ANDERSON

(communicated by A. Peterson)

Abstract. First, we establish some new nonlinear dynamic inequalities in two independent vari-
ables of Pachpatte type, that might be useful tools in the study of qualitative properties of solutions
of certain classes of dynamic equations on time scales. These results extend recent inequalities
for difference equations to the general time-scale setting. Then, after establishing a nabla Jensen’s
inequality, we relate several inequalities of Hilbert-Pachpatte type that extend and unify recent
continuous and discrete inequalities of this type.

1. Introduction

The unification and extension of differential equations, difference equations, ¢-
difference equations, and so on to the encompassing theory of dynamic equations on time
scales was first accomplished by Hilger in his Ph. D. thesis [10]. Since then, time-scale
calculus has made steady inroads in explaining the interconnections that exist among the
various differential and difference theories, and in extending our understanding to a new,
more general, robust, and overarching theory. The purpose of this note is to illustrate
this new understanding by extending some discrete inequalities by Ma and Cheung [12],
and continuous and discrete inequalities of Pachpatte [15], to arbitrary time scales; see
also some related time-scale inequalities in Agarwal, Bohner, and Peterson [1], and
Akin-Bohner, Bohner, and Akin [2]. In particular, in the first part of the paper we
establish some general nonlinear dynamic inequalities on general time scales involving
functions of two independent variables; these inequalities may be of use in the analysis
of certain classes of partial dynamic equations on time scales, introduced by Jackson
[11]. Next, we extend double sum and integral inequalities of Hilbert-Pachpatte type to
general dynamic double integral inequalities on time scales.

Throughout this work a knowledge and understanding of time scales and time-scale
notation is assumed; for an excellent introduction to the calculus on time scales, see
Bohner and Peterson [7, 8] and the paper introducing nabla derivatives by Atici and
Guseinov [4].
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2. Nonlinear inequalities on time scales

Let T be an arbitrary, unbounded time scale, and let 7y € T. Before we arrive at
the main results in this section, we need the following lemmas. Note thatif T = Z, then
Lemma 2.1 (I) below is a discrete inequality from Bainov and Simeonov [5, p. 161],
and Lemma 2.1 (II) below is a discrete inequality from Pachpatte [17]. Furthermore
if again T = Z, then Lemma 2.2 reduces to [12, Lemma 2.2]. Proceeding from the
foundational lemmas, all of the resulting theorems and corresponding proofs in this
section are modelled after those given in the special case of T = Z recently presented
by Ma and Cheung [12].

LEMMA 2.1. Let T be an unbounded time scale with t,ty € T.
(I) Suppose u,a,b,p,q € Crq and b,p > 0. If

u(t) < a(r) +P(t)/ [b(T)u(T) + q(7)]AT (2.1)

4]

forall t € [ty,c0)r, then

u(t) < a(r) +P(f)/ [a(7)b(1) + q(7)]en, (1, (7)) AT (2.2)

0]

forall t € [ty, 00)T.
(1) Suppose u,a,b,p,q € Cy and b,p > 0. If

u(t) < alt) + plt) / " Ib(0)u(t) + 4(2)] VT (2.3)

forall t € (—o0,to]r, then

0]
u(t) < alt) + p(1) / a(0)b(1) + q(D)e_p(tp(D)VT  (2.4)
t
forall t € (—oo, 1|1, where & is the nabla exponential function [3, Def 9 ].

Proof. The statement and proof of (I) are from [2, Theorem 3.1], so we focus on
(IT) . Define

w(t) = — [ b(Du(r) + g(] Ve
Then wY (¢) = b(t)u(t) + g(¢) implies from assumption (2.3) that
w¥ (1) < b(t)a(r) — b(n)p(r)w(t) + q(1).

Since by assumption b,p > 0 we have that —bp € Z,} and é_,,(t,10) > 0 for all
t € T by [8, Thm 3.22 (i)]. Employing the nabla quotient rule, we have

/e 0)]” (1) = [wY(0) + BOp(AIW(D)] /-y p(0). 10):
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integrating both sides from ¢ to £y and using w(fy) = 0, we obtain
—w(t)/e_p(t,t0) = /to [w¥(2) + b(D)p(D)w(T)] /2—1y(p(T),10)V T
< [ @) + 40 fe-plp(e). )V

Thus, using [8, Thm 3.15 (iv) & (v)], we have

[ b()u(r) + g(n)] VT < / " b()a() + q(1)] 6 (1, p(1) V.
and the result follows. O

EXAMPLE 1. If T = R, then p(7) = 7, é_p,(t,7) = exp (— f; b(y)p(y)dy),
and Lemma 2.1 (IT) reads as follows: Suppose u,a,b,p,q €Cand b,p > 0. If

u(r) < a(r) ﬂ’(t)/0 [b(T)u(T) + q(7)] d7

forall ¢ € (—o0, 1], then

Iy T
) < )+ ) [ laton®) + a(elexp ([ onpyiar ) ae
t t
forall 1 € (—o0,19].
EXAMPLE 2. Consider the g-difference equations case. Let g > 1, and take

T =q" := {0} U{q"}nez.
Replace ¢ by ¢', ty by ¢, and 7 by ¢°. Then p(7) = ¢*!,

T—1

e-w(t,p(r) = [T [1+(a—1g" "bla"p(a")] .

m=t+1

and Lemma 2.1 (II) reads as follows: Suppose u,a, b, p, r are functions and b,p > 0.
If

u(g') < alg')+ (g —1)p Z q' ) + r(q°)]

T=t+1
for all integers ¢ € {--- ;70 — 2,1 — 1,0}, then

to T—1

u(q') < ald)+@-1p(d) Y qlalg)blq)+r(g)] [] [1+(a—1D)q""blg")p(q")]

T=t+1 m=t+1

for all integers ¢t € {--- ;70 — 2,60 — 1,%0} .
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LEMMA 2.2. Let u(t,s), a(t,s), c(t,s), and d(t,s) be nonnegative continu-
ous functions defined for (t,s) € T x T, and let w : R — R be a nonnegative,
nondecreasing continuous function on [0, 00), with w(x) > 0 for x > 0.

(I) Assume that a(t,s) and c(t,s) are nondecreasing in t and nonincreasing in s
for (t,s) € T x T. Iffor (t,5) € [to,00)T X [fo, 00)T We have

u(t,s) < alt,s —l—cts// (t, Mw(u(z,n))VnAr, (2.5)

u(t,s) <G! {G(a(t, s)) +c(t,s) /t /Oo d(r, n)vnm} (2.6)

for (t,s) € [to, ti]T X [s1,00)T, where t1,s € [tg, 00 fxo dr/w(r) for
x0,x > 0, G~1 is the inverse of G, and for (t,s) € [lo,ll]']r X [s1,00)T,

then

t o]
Gla(t,s)) + c(t, s)/ / d(t,n)VnAt € Dom (G™'),
Iy N
where Dom (G™1') is the domain of G~
(1) Assume that a(t,s) and c(t,s) are nonincreasing in t and s for (t,s) € T x T.

If for (t,s) € [tg,00)T X [to, 00)T We have

u(t,s) <a c(t,s / / (r,mw(u(t,n))VnVr, (2.7)

u(t,s) < G {G(a(t, 5)) +c(t,s) /too /SOO d(r, n)vnw} (2.8)

for (t,5) € [t2,00)T X [s2,00)T, Where ty, 52 € [ty,00) such that

then

Gla(t,s)) + (1, 5) / h / ~ (£, ) VNVt € Dom (G~
T

for (t,s) € [t2,00)T X [$2,00)T.

Proof. First we consider (I). Fix any time-scale points t* € [fp,#1]r and s* €
[s1,00)T . From (2.5) and the assumptions on a(z,s) and c(z,s) in (I) we have

u(t,s) < a(t,s” / / (t, mw(u(z,n))VnAr (2.9)

for (#,5) € [to,t*]T X [s*,00)7. Let us define x;(z,s) to be the right-hand side of
inequality (2.9) above; then
u(t,s) <xi(t,s), with xi(f9,5) = a(t*,s™) = x(z,00).

By the definition of x;(z, s), we get

(s = (s [ e, mywu(e, )V < e, s w1, 5)) / " e, myvn,
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since w is nondecreasing and u(t,n) < x1(¢,1) < x1(¢,5) forall n € [s,00)r. Now
x; > 0 implies w(x;(z,s)) > 0, yielding

s) e [T
win sy U )/S d(t,m)Vn. (2.10)

Take G(x f dr/w(r) for xp,x > 0, and let G~! denote the inverse of G. Then

A x1(1,5) A 1 x1(0(1),5)
o) = ([ avwn) =lim dy fw(y)
Xo

O—r1 O-( ) x1(0,s)

x1(0(1),5) Ly
< lim é/ dy - 1 _ X (,5)
0—1 O'([) -0 x1(0,5) W(XI(Q,S)) W(xl (ta S))

as w is nondecreasing. By (2.10),

G (x1(1,5)) < (", 5") / eV, (2.11)

For fixed s, delta integrate (2.11) from 7, to ¢, and use the fact that x, (79, s) = a(t*, s*)
to obtain

G(xi(t,5)) < Gla(r*,s™)) + c(r*, s") /tt /00 d(z,n)VnAr.

Setting t = * and s = s* in (2.9) and the last inequality shows that u(z*,s*) <
x1(r*,s*), and

G(xi(r,5")) < Gla(t*,s*)) + c(¢*,s%) /tt /*00 d(t,n)VnAr.

By the arbitrary nature of #* and s*, we have

w(t;s) <xi(s),  Gla(ts) < Gla(t,s)) + c(t, ) /f t / Tdrmvnar (2.12)

for (2,s) € [fo, t1]T X [s1,00)T . The desired inequality (2.6) then follows from (2.12).
Next we consider (II). Fix any time-scale points * € [f;, 00)r and s* € [s2,00)T .
From (2.7) and the assumptions on a(t,s) and ¢(z,s) in (II) we have

u(t,s) < a(t*,s*) + c(t*, s* / / (t,M)w(u(t,n))VnVrt (2.13)

for (t,5) € [t*,00)T X [s*,00)r. Let us define x»(z,s) to be the right-hand side of
inequality (2.13) above; then

u(t,s) < x(t,s), with x(t,00) = a(t*, s*) = x2(c0, 5).

By the definition of x,(z, s), we get

() = —elr's") [ ", myw(u(e, M)V > —e(r* s wlxa(t, ) / e, v,
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since w is nondecreasing and u(t, ) < x2(¢,M) < x2(t,5) forall n € [s,00)r. Now
x2 > 0 implies w(xz(z,s)) > 0, yielding
v oo
.X2 t(t> S) * % /
B WY S s d(t, V. 2.14
W) Z s | dmvn (2.14)
Consider

X2 (1,8) Vi
GV (xa(t,5)) = (/ dY/W(Y)> ;

as in the derivation of (2.11) we have

GV (xy(t,5)) = —c(t*,s%) /OO d(t,n)vn. (2.15)

For fixed s, nabla integrate (2.15) from ¢ to oo, and use the fact that x;(c0,s) =
a(t*,s*) to obtain

G(x2(t,5)) < Gla(r*,s%)) + c(t*, s*) /too /OO d(t,n)VnVr.

Setting r = * and s = s* in (2.13) and the last inequality shows that u(¢*,s*) <
x(t*,s*), and

G(xa(r",5")) < G(a(t*,s™)) + c(t*,s) /;o /jo d(t,n)VnVr.

By the arbitrary nature of * and s*, we have

u(t,s) <x(ts), Gul(t,s)) < Gla(t c(t,s / / (t, m)VnVr (2.16)
for (2,5) € [fo, 11]T X [s1,00)T . The desired inequality (2.8) then follows from (2.16).
]

THEOREM 2.3. Let u(t,s), a(t,s), c(t,s), d(t,s), and w(u) be as in Lemma 2.2
(I) , and let b(t, s) be a nonnegative continuous function for (t,s) € [ty, 00)1 X [ty, 00)T.
Let ¢ € CY(R,,R,) with (p( ) > 0 for u > 0, where the prime indicates the

traditional derivative. If for (t,s) € [ty,00)T X [fy,00)T we have

0(u(t,s)) < alt.s) +c(t,s / | o' tute ) ate mwlate. m) + o)) Tna,
(2.17)

then

u(t,s) <G ! {G (9~ '(alt,s)) + B(t,s)) +c(t,s) /t/oo d(r, n)VnAr} (2.18)

for B(t,s) = c(t,s) fr(t) [ b(t,n)VNAT and for (t,s) € [to,13)T X [s3,00)T, where
t3,83 € [to, 00)T such that

G ((p*l(a(t7 s)) + B(t, s)) +c(t,s) /t /00 d(t,m)VnAt € Dom (G™1)

forall (t,s) € [to, 3]T X [s3,00)1. Here G is as in Lemma 2.2.
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Proof. Fix any time-scale points * € [to, 3]t and s* € [s3,00)r. From (2.17)
and the assumptions on a(t,s) and ¢(¢,s) we have

o(u(t.s) < alt*,s / / (d(z, myw(u(z, n))+b(z, n)] VA

(2.19)
for (1,5) € [to,t"]T X [s*,00)7. Let us define x3(z,s) to be the right-hand side of
inequality (2.19) above; then

u(t,s) < @ ' (x3(t,5)), with x3(to,s) = a(t*,s*) = x3(t, ). (2.20)

By the definition of x3(z, s), we get
Rs) = i) [ o alem) o, mpwlute, m) + ()] O
< o) (97 (1(1,9))) /Oo [d(t. mw(@™ (x3(t,m))) + b(t, )] Vn,

since w is nondecreasing and u(z,n) < @~ '(x3(t,n)) < @ '(x3(¢,s)) for all n €
[s,00)T . This yields

< c(t*, s%) /Oo ld(t, nmw(o~(x3(t,m))) + b(z, n|vn.  (221)

Consider [@~!(x3(z,s))] A Then
s )
@ (@=1(0)) ~ ¢ (97 (13(1,5)))

where we have used the differential Mean Value Theorem on ¢, for some 0 € R
between x3(z,s) and x3(o(1),s). By (2.21),

[0 (ea(r, )] =

A

o7 ()] < et [ late o ) + ()] Vi (22)

For fixed s, delta integrate (2.22) from 7, to ¢, and use the fact that x3(f9, s) = a(t*, s*)
to obtain

¢~ (13(1,5) < @ §%)) + e(r*, %)
/ / “xa(mm)) + b(r,m)] VnAT.

Applying Lemma 2.2 (I) to this inequality we obtain

0 (x3(,5) < G_l{G{(p‘l(a(t*,s*))+c(t*,s*)/tot/soob(r,n)VnAT]

s5) /mt /Soo d(r, n)VnAr} (2.23)
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forall (¢,s) € [to, *]T X [s*,00)T . In particular, (2.23) holds for (z,s) = (¢*,s*). By
the arbitrary nature of #* and s*, we have from (2.20) that (2.18) follows. O

) fi
THEOREM 2.4. Let u(t,s), a(t,s), c(t,s), d(t,s), and w(u) be as in Lemma 2.2
() , and let @(u) and b(t,s) be as in Theorem 2.3. Iffor (t,5) € [ty, 00)T X [tg, 00)T

we have

Plult,s) < ale.o) +elr.) | h / " 0! (u(z ) [z mywu(T, m)) + b(z, 1) VIV
T (2.24)

then

u(t,s) <G! {G (9~ '(a(t,s)) + B(t,s)) +c(t,s) /Oo /Oo d(r, n)VnVT} (2.25)

for B(t,s) == c(t,s) [ [ b(t,n)VNVT and for (t,s) € [ts,00)1 X [s4,00)1, where
ty, 4 € [ty, 00)T such that

G (¢~ '(alt,s)) + B(t,s)) + c(t, s)/ / d(t,n)VnVt € Dom (G ")
t s
forall (t,s) € [ta,00)T X [s4,00)1. Here G is as in Lemma 2.2.

Proof. The proof of Theorem 2.4 using Lemma 2.2 (II) is similar to the proof
given above of Theorem 2.3 using Lemma 2.2 (I) , and thus is omitted. ]

THEOREM 2.5. Let u(t,s), a(t,s), b(t,s), c(t,s), w(u), and @(u) be as in
Theorem 2.3. Let d(t,s), f(t,s), and g(t,s) be nonnegative continuous functions
defined for (t,s) € [ty,00)T X [to,00)T, with d(t,s) and g(t,s) nondecreasing in t
and nonincreasing in s. If for (t,s) € [ty,00)T X [fy, 00)T we have

0(u(15)) < alt) + 8069) [ (5 9)0lus AT

+d(1,5) /tt/oo @' (u(z,m)) [f (z. mw(u(z, m))+b(r,n)] VAT, (2.26)

then
u(t,s) < G {G ((p_l(a(t7 s)p(t,s)) + p(t,s)Bi(t, s))
+p(t,s)d(t,s) /t /Oof(’L'7 n)VnAT} (2.27)
for .
Bi(t,s) := d(t,s)/ / b(t,n)VnAr, (2.28)

p(t,s):=14g(t,s) /rc(’L'7 S)ecg(t, 0(T))AT, (2.29)

o
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and for (t,s) € [to, ts|T X [s5,00)T, where 15,55 € [tg, 00)1 such that

G (0™ (ale.s)ple.5) + ple.5)B1(19) + ple.s)dles) [ [ 7(m)Vnae
€ Dom (G™")
Sforall (t,s) € [to, ts]T X [s5,00)7. Here G is as in Lemma 2.2.

Proof. Define the function

dt,s) == alt,s) + d(.5) / / o/ (u(z ) F (2. mw(u(t, m)) + b(z, ) VAT,

Then assumption (2.26) becomes

o(u(t,s)) < z(t,s) + g(t, s)/ c(z,s)o(u(t,s))At. (2.30)

fo

By the conditions on the various functions, z(¢,s) is nonnegative for #,s € [ty, o).
For fixed s € [fy, c0)1, an application of Lemma 2.1 (I) yields

t
@(ult,s)) <z(t,s) +¢(t,5) / c(1,5)2(1, 8)ec (1, 0(1) )AT.
fo
As z(t,s) is nondecreasing in ¢ € [fp, c0)1, we see from the previous inequality that
@(ult,s)) < z(t,)p(t,5), (2.31)

where p(t,s) is defined in (2.29). After plugging back in the expression for z(z,s),
from (2.31) we have that

o) < p(5) (atts) 4 () [ [ o' tuts m) e mwtuten)

+ (7, n)]VnAT) . (2.32)

Note that by our assumptions, p(z,s), a(t,s), and d(z,s) are all nondecreasing in 7 and
nonincreasing in s for #,s € [tp, 00)T; likewise with p(t,s)a(t,s) and p(z,s)d(t,s).
Applying Theorem 2.3 directly to (2.32), we arrive at the bound for u(z,s) given in
(2.27). O

THEOREM 2.6. Let u(t,s), b(t,s), f(t,s), w(u), and @(u) be asin Theorem 2.5.
Let a(t,s), c(t,s), d(t,s), and g(t,s) be nonnegative continuous functions defined for
(t,s) € [to, 00)T X [to, 00)T nonincreasing in both t and s. If for t,s,T € [ty, 00)T we
have

o(ult,s)) < alt, 5)+g(t,s) / o(2,5)p(u(z, 5)) VT

Ld(s) / 7 "0 (e, ) F (5w, m)) bz, )] VYT, (2.33)



172 D. ANDERSON

then
u(t,s) < G {G (9~ (alt,s)p(t,5)) + B(t,5)Bi(t,s))
+5(t,5)d(1, ) / " / i n)vnw} (2.34)
for o
Bi(t,s) = d(t,s)/ / b(t,n)VnVr, (2.35)
T
p(t,s) =1+ g(t, s)/ c(T,5)é_ce(t, p(7)) VT, (2.36)

and for (t,s) € [te, T]T X [s6,00)T, wWhere tg, s € [ty,00)T such that

G (¢~ '(a(t,5)p(t,5)) +P(1,5)Bi(t,5)) +P(t, 5)d(1,s) / / f(t,mVnVz
t N
€ Dom (G™")
Sforall (t,s) € [te,00)T X [s6,00)1. Here G is as in Lemma 2.2.

Proof. The proof of Theorem 2.6 using Lemma 2.1 (IT) and Theorem 2.4 is
similar to the proof given above of Theorem 2.5 using Lemma 2.1 (I) and Theorem
2.3, and thus is omitted. O

REMARK 1. By choosing suitable functions for ¢, new dynamic inequalities in
two variables of Gronwall-Ou-Iang [14] and other types can be obtained from Theorems
2.5 and 2.6. The following corollaries illustrate two possibilites.

COROLLARY 2.7. Let a(t,s), b(t,s), c(t,s), d(t,s), f(t,s), g(t,s), u(t,s), and

w(u) all be as defined in Theorem 2.5, with @(u) := u* for any real number k > 1.
Iffor (t,s) € [to, 00)T X [tg, 00)T We have

09 < ales) +5(0) [ (el (ear
wd(s) | t | et m) + s ] Inaz. 237
then for (t,) € [fo, t7]7 % 57, 00)r we have
ts) < 6 {6 (Mo M) + pies)Be))

Jr%p(t, s)d(1,s) /t I / I n)VnAT} (2.38)
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for Bi(t,s) given in (2.28) and p(t,s) given in (2.29), where t7,57 € [ty,00)T such
that

1 1 t oo
G (@054 (05) + 000981 (09) ) + 3p0.0)des) [ [ r(emvnae
to s
€ Dom (G™")
forall (t,s) € [to, t7]T X [s7,00)1. Here G is as in Lemma 2.2.

COROLLARY 2.8. Let b(t,s), c(t,s), d(t,s), f(t,s), g(t,s), and w(u) all be as
defined in Theorem 2.5, with @(v) := exp(kv) for any real number k > 0. Suppose

a(t,s),u(t,s) : [ty,00)% — [1,00)r. Iffor (t,s) € [ty,00)T X [tg, 00)T We have
uk(t,s) < al(t,s)+g(t,s) /ZC(T, s)uk (1, 5)At
o) [ [ nwlioguts ) + bie, ) Vs, (239

then for (t,s) € [fy,ts]T X [s5,00)T we have

u(tys) < exp [G-l {G (7 1ogtatt.1p(,5) + (518119

kp (t,s)d / / flz.n van (2.40)

for By(t,s) given in (2.28) and p(t,s) given in (2.29), where t3,s3 € [ty,00)T such
that

1 1 1 bopee
G (% togla(t, )p(1,5)) + 1p (1, B s>) o) [ [T remviae
fo N
€ Dom (G™')
Sforall (t,s) € [to, t3]T X [ss,00)7. Here G is as in Lemma 2.2.

Proof. Using the change of variables v(7,s) = logu(t,s), inequality (2.39)
becomes

exp(kv(z,s)) < a(t,s)+g(t,s)/t c(t,s) exp(kv(t, s))AT

rat,s) [ [ extbols.m) iz nwlo(m) + ol )] Vs

which is a special case of (2.26). By Theorem 2.5, inequality (2.40) follows. O

REMARK 2. Corollaries 2.7 and 2.8 above extend [12, Corollaries 2.7 & 2.8] to
arbitrary time scales. Those corollaries themselves were generalizations of theorems
due to Pachpatte [16, Theorems 1 & 2].
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THEOREM 2.9. Let u(t,s), a(t,s), b(t,s), c(t,s), d(t,s), f(t,s), g(t,s), and
@(u) be as in Theorem 2.5. Suppose L,M : [ty,00)% x Ry — R, are continuous
Sfunctions that for t,s € [ty,00)r and v,w € R, satisfy the inequality

0 < L(t,s,v) — L(t, s,w) < M(t,s,w)(v —w), w<w (2.41)

Iffor (t,s) € [to, 00)T X [tg, 00)T We have
Plu(t.9) < alt.s) +(05) [ e(ms)plulr.s)ar
at.9) [ [0 wte ) (5 e m s ) ot )] Vnae, (2:42)

then
u(t,s) < At,s) +p(t,9)d(t,5)L(t,s) exp(A (1, 5)) (2.43)

for
Mtys) = @ (p(1,5)alt,s)) + p(1,5)Bi(1,9),
Lt,s) = // f(t,n)L(t,n, A(t,n)) VnAT,

Mis) = / / £ (2. mp(, n)d(z, M (.1, Mz, 1)) VAT,

where By and p(t,s) are given by (2.28) and (2.29), respectively.

Proof. We proceed with the argument in the manner of the proof of Theorem 2.5.
Applying Lemma 2.1 (I) to (2.42), we get that

ou(t,s)) < plts)alt,s) + plt,)d(s.s)
/ / I (2. L(z, 0, u(z, ) +b(z, )] VnAT, (2.44)

forall #,5 € [tp, 00)7. After setting the right-hand side of (2.44) to be the continuous
function z(¢,s), we use a procedure similar to that employed in the proof of Theorem
2.3 to determine that

u(t,s) < @ 'z(t,9)) (2.45)
< M5+ plt)d(t.s) / / F(r )L (1,0, 07 (=(1, m))) VAT

forall 7,5 € [tg, 00) , where ./ is given above in the statement of the theorem. If we
set

t o0
des)= [ [ renLene @) v @40
to s
then the inequality (2.45) may be rewritten as

0 (2(t,5)) < Mt,5) +p(t,9)d(t,5)E(t,s), t,s € [to,00)T. (2.47)
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Since L(t,s,v) is nondecreasing in v for fixed # and s, by (2.46) and (2.47) with
condition (2.41) we see that

E(1.s) / / £ (2L (1,0, Az, m) + p(z, )d(z, n)E (7, 1)) VnAT
< / / £ ()L (2,0, Az, 1)) VAT
+ / / £ (2 mp (T, md(z, )M (.1, Mz, 1)) &(z, ) VNAT.

Applying Lemma 2.2 (I) , the case where w(u) = u and c(¢,s) = 1, to the previous
inequality yields

Ets) < ( / t | @ s VnAr)

X exp ( / ' | (e ma(e mm (&) VnAT>
= ZL(t,5)exp(A(t,5))

where £ and .# are given above in the statement of the theorem. Using (2.45),
(2.47), and the previous inequality, we arrive at the desired (2.43). O

THEOREM 2.10. Let u(t,s), a(t,s), b(t,s), c(t,s), d(t,s), f(t,5), g(t,s), and
¢@(u) be as in Theorem 2.6, with L(t,s,v) and M(t,s,v) as in Theorem 2.9. If for
(t,5) € [to, 00)T X [to, 00)T We have

o(u(t,s)) < a(t,s)—i—g(t,s)/ c(t,8)p(u(t,s))At
ey h / " gl ) [F (5, M)L(T, m, (T, m) + bz, 1)] VNV,

then

u(t,s) < Mt,s) +p(t,s)d(t,s)L(t,s) exp(A(t,s))

t,s) = @ ' (p(t,s)a(t,s)) + p(t,s)Bi(t,s),
1,5) ::/ /frn (z,n, A#(z,n)) VnVr,

[N

N

(ts) = / / £ (2. p(z, m)d(r, MM (2,0, F(z. n)) VnVz,

where B\ (t,s) and p(t,s) are given by (2.35) and (2.36), respectively.

Proof. The result follows by an argument similar to that given in the proof of
Theorem 2.9, by applying Theorem 2.6 and Lemma 2.2 (II) . (]
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For two examples in the case where T = Z, please see [12, Section 3]. For an
arbitrary time scale T with #, € T, consider the integral dynamic equation

t t o0
u(t,s) = alt,s) + / o(.5,u(7,5))AT + / / h(z, . u(r. 1), log [u(z, n)] )V AT

I I s

’ ’ (2.48)
where u : [ty,0)% — R, g: [ty,00)3 x R — R, and & : [ty,00)% x R*? — R, with g
and & appropriately integrable. Assume that g and & also satisfy the inequalities

lg(t,s,u)| < c(t,s)|ul, (2.49)

(e, 5,u,logul)| < |ul(f (z,5) log |u| + b(t,s)), (2.50)
where b(t,s), c(t,s),and f (¢,s) are defined as in Corollary 2.8, with |a(z,s)| < A for
some real constant A > 0. Let u(t, s) be a solution of (2.48) defined for ¢, s € [fy, c0)r.
Using (2.48) together with inequalities (2.49) and (2.50), we obtain

t

lu(t,s)| +1 < (A+1) +/ c(t,s)(Ju(t, s)| + 1At

n / t / )+ 1117 (2. log(u(z, )] + 1) + b(z, n)] VnAT

forall ¢,s € [tp, 00)r . Applying Corollary 2.8 to the previous inequality leads to

u(t,s) < exp{exp [pa,s) / ’ | s n)VnAr] log (4 + 1p(z,))
Tl 5)B sn} o

where

t o0
Bl(ta S) = / / b(T7 n)vnAT7
to s
t

p(t,s) =1 +/ c(t,8)e.(t, 0(7))AT,

fo

and G(x) := || f dr/r = log x; note this requires a final assumption, namely that

x=1log ((A+ 1)p(t,s)) +p(t,s)Bi(t,s) > 1.

3. Inequalities of Hilbert-Pachpatte type on time scales

As in the previous section, we will begin with a few foundational results before
presenting the main inequalities. Although we are concerned once more with dynamic
double integrals, this section is independent of Section 2; the thread of unification and
extension, however, continues. Note that if T = Z, then Lemma 3.1 below is a discrete
inequality from [9, 13], and Lemma 3.2 below is a discrete inequality from Németh [13].
All of the theorems and corresponding proofs below are modelled after those given in
the special case of T = Z presented by Pachpatte [15, 17].



DYNAMIC DOUBLE INTEGRAL INEQUALITIES 177

LEMMA 3.1. Let z: T — R be a left-dense continuous function, with z > 0, and
a > 1 areal constant. Then the nabla integral inequality

(/m’z(n)vny < a/mtz(f) </t: Z(n)Vn) o v

holds for points t,ty € T with t > ty.

Proof. Fix t € T, t > ty. If ¢ is a left-dense point, by a modification of the chain

rule [7, Theorem 1.87], we have that
t a—1
=a (/ z(n)Vn) (1)
4]

(o)

If 7 is a left-scattered point, then p(f) < ¢ and v(¢) > 0. Define the nonnegative real
numbers x,y € R via

a1V

p(t) 4
e / (MY, ye / (VN = v(0)(0).

0 p(t)

Then the nabla derivative can be written as

[(/R)IZ(W)WO a] ) = % [(x + )" —x7]. (3.1)

Now f : R — R via f (x) := x“ is differentiable on R, so by the mean value theorem,
(x+ )% —x% = ak® 'y < a(x+y)* 'y, somerealk € [x,x+y],

since a, x, and y are all nonnegative. Combining this with (3.1), we obtain

[(/m'z(n)vo a] ) <o (/to'z(n)vn> a_lz(t). (3.2)

Ineither case, (3.2) holds. If we nablaintegrate (3.2) from #; to ¢, the desired inequality
follows. g

LEMMA 3.2. Let z : T — R be a left-dense continuous function. Then the
equality that allows interchanging the order of nabla integration given by

/tot (/t: Z(W)Vn) Vs = /tot (/p;n)Z(U)VS> vn= /tot [t—p(M)]z(m)Vn (3.3)

holds for points s,t,ty € T with t,s > ty.
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Proof. In a manner similar to [6, Theorem 3.10], we see that all integrals in (3.3)
are well-defined. Set

20 = | o= o)tV / ( [ smvn)vs).

Then Z(to) = 0, and ZV (t) = ft:) zZ(n)Vn+0— (ft; z(n)Vn) =0 for ¢ > 1y, where
we have used [7, Theorem 8.50 (iv)]. By the uniqueness of initial value problems,
Z = 0, and the result follows. O

THEOREM 3.3. Let p,q > 1 be real numbers, and let a,b: T — R be left-dense
continuous nonnegative functions. If for s,t,to € T with s,t > ty we define

N t
A(s) ::/ a(t)Vt and B(r) ::/ b(t)Vr,
0 fo
then for sy, t; € T with s1,t > ty we have

/ /O” AOB Gg < %pq ((S1—to) /M(Sl—p(s)) (Apl(s)a(s))2VS)l/2

s+1t— 2t0 f
t 1/2
< (=) [ (o) (B 0p00) v1) . G4

unless a=0 or b=0.

Proof. Using Lemma 3.1 for any s € (o, s1]r and ¢ € (f, ;|7 we obtain

t

AP(s) <p/sa(T)Ap_l(T)VT and Bi(1) < q/ b(7)BT ! (1) V1. (3.5)

fo fo

Using (3.5), the Cauchy-Schwarz inequality [7, Theorem 6.15], and the fact that
(xy)!/2 < $(x+y) for any real numbers x,y > 0 we observe that

AP (s)B(1) < pq (/tosa(r)A”l(T)V*L') (/t(]tb(r)Bql(T)V*L')

s 1/2
<pg(s —10)'? (/ (G(T)API(T))ZVT> (t—10)"/?

X (/IUT (b(T)B‘f_l(*L'))2 V‘L’) .

X 1/2
< %pq(s +t—21) (/ (a(’L’)APil(’L'))2 V’L'>

1o

X (/tt (b(T)B‘I*I(T))2 VT> 1/2.
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Dividing both sides by s + ¢ — 21y, nabla integrating over ¢ from fy to #; and over s
from ¢ty to s;, and using the Cauchy-Schwarz inequality again we get

[ [ £ s < o [ ([ w0 5)
[ ([ womres) s

%Pq(slfto)l/z Ut:' (/,; (a(r)APl(T))sz> Vs} 1/2
X (1 — to)l/z {/t“ (/tt (b(T)Bq_l(T))ZVT> V;} 1/2.

In the right-hand side of the previous expression we interchange the order of integration
as in (3.3) from Lemma 3.2 to get that

/ /ot1 o V Vs < %pq <(51 — 1) /Sl (s1 — p(s)) (a(S)Apl(S))2VS> 1/2

s+t—2t0 o

h 1/2
X ((rl — to)/ (11 — p(1)) (b(t)Bq_l(t))2 Vt> ,
([l

N

that is (3.4).
REMARK 3. If T=7Z and 7 = 0, then p(x) = x — 1 and (3.4) reduces to

51

1/2
- AVB? 1 2
D ILLIERRI () SURIY

s=1 t=1 s=1

" N2
X (l‘l Z(ll —t+ 1) (b,B?_l) > s

=1
which is [15, Theorem 1] If T=R and #) = 0, then p(x) = x and (3.4) reduces to

/ /tl A(s d ds < %PCI (Sl /051 (s1—5) (G(S)Ap_l(s))zds>l/2

1/2

X <t1 /Ol1 (1 — 1) (b(t)Bq_l(t))zdt> ,

which is [15, Theorem 5]. Thus Theorem 3.4 unifies and extends these two theorems to

arbitrary time scales.

REMARK 4. If in (3.4) we take p = g = 1, then the inequality is

/to / AP gy < 1(<s1m> / S1<s1p<s>>a2<s>Vs)l/2
< (- | "o - PO " e

to

[\S]]
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Before continuing, we will need the following key theorem.

THEOREM 3.4. (Jensen’s Inequality) Let s, € T and x,y € R. If a: T — R and
b: T — (x,y) are nonnegative, left-dense continuous functions with f T)V1 >0,
and ¢ : (x,y) — R is continuous and convex, then

0 f;a(r)b(r)VT <f;a(r)¢(b(r))VT
[ave )~ [fa(mve

Proof. This proof is modelled after those found in Bohner and Peterson |7, Theorem
6.17] and Rudin [18, Theorem 3.3]. Let z9 € (x,y). By the convexity of ¢, there exists
a B € R such that ¢(z) > ¢(z0) + B(z — z9) for all z € (x,y). In particular, for
TE [S, th‘ R

¢(b(7)) = ¢(20) + B(b(T) — 20), %0 = (3.7)
Multiplying (3.7) by a(7) > 0 and nabla integrating from s to ¢ yields

[ a@o)ve > 06 [ a0+ [ ate)o0) - )7

dividing this last expression by f T)V1 > 0 leads to

J; a(0)o(b() VT L BJla@b(@) —w)Vr -
f;a(r)VT > $la) K "a(1)VT = 0(z) +0=0(),
where 7 is given in (3.7). O

Our next result deals with a further generalization of the inequality given in (3.6).

THEOREM 3.5. Let a,b : T — R and A(s),B(t) be as in Theorem 3.3. Let
p,q : T — R be left-dense continuous positive functions, and for s,t,ty € T with
t 2ty define

P(s) := /sp(T)V’L' and Q(t) := /tq(T)V’L'.

1o 1o

Furthermore, let ¢ and y be two real-valued, nonnegative, convex, and submultiplica-
tive functions defined on Ry = [0,00)r. Then for s1,t; € T with si,t; > ty we
have

[ A < s ( [[r=p) (pioe [#Dvy
x ( / () (atw [%])w) " 6
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where

e o\ Twem o)
M(“’“)‘5</m i VS) </ o Vt) -89

Proof. From the hypotheses, Jensen’s inequality [7, Theorem 6.17], and the
Cauchy-Schwarz inequality [7, Theorem 6.15]

hypoth P(S) ftzp(T)a(T)/p(T)VT
bla(s) "B q>( T )

submult ¢ (ffop T)Ya((‘t"j T)
Jensens q)(P( T
SR L’ (%) }
. 1/2
L { [ (pwe[22]) vf} C(10)

In a similar way, we likewise obtain

o) nf [ bV oy |
wib(0) < L2 ) /2{ [ (st [ 28] Vn} NERTY

From (3.10) and (3.11) and the fact that (xy)'/? < 1 (x+y) for any real numbers
x,y > 0 we observe that

o < o (S22 s 23] <1
([ s ) ) o

Dividing both sides by s + ¢ — 21y, nabla integrating over ¢ from fy to #; and over s
from £y to sy, and using the Cauchy-Schwarz inequality again we get

~—




182 D. ANDERSON

[ ] s

L (o)
s i/to ( P(s)

\_/

R e (] o {zﬂ)zw}i
AL gy e L (oo s3] e

Recall from the notation from (3.9); in the right-hand side of the previous expression
we interchange the order of integration as in (3.3) from Lemma 3.2 to get that

[ D g < aatn) { [ et (20 L%Dv}
X {/: (t1—p(2)) <q(t)l// {%Dzw}l/z.

This is (3.8), so this completes the proof. O

1/2

The next two theorems deal with minor variants of the inequality given in Theo-
rem 3.5.

THEOREM 3.6. Let a,b: T — R be asin Theorem 3.3, and define for s,t,ty € T
with s,t > 1

Als) = — /Sa(T)V’L', B() = —. /tb(n)Vn.

s — 1 r—1o

Furthermore, let ¢ and y be two real-valued, nonnegative, and convex functions
defined on Ry = [0,00)r. Then for s;,t; € T with s1,t; > to we have

/ / S;Ot_t;tot°)¢(A<s))w(B<r))vtvs

<3 (6= [ 1= plo) 0 1a(s1)? v5) "

4]

NS}

< (=) [ 0= pto) (v bto)* vr) -

to
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Proof. Using the hypotheses and Jensen’s inequality, Theorem 3.4, we see that

oae) "= o2 /t:au)vf) g 1 /t:ma(r)wr

s— 1y s — 1y

O e

s— 1 0

In a similar way, we likewise obtain

012 1 1/2
w<B<r>><w{ / <w[b<n>]>2w} .

t—1 f

The rest of the proof can be completed by following the same procedure employed in
the proofs of Theorems 3.4 and 3.6, respectively, making suitable adjustments along the
way; we omit the details. O

THEOREM 3.7. Let a,b,p,q, P, Q be asin Theorem 3.5, and define for s,t,ty € T
with s,t > 1y
40 = 55 [ poa@ve B0 = o [ ammvn
s)=—— | p(7)a , =—— /[ g .
P(S) Iy Q(t) Iy
Furthermore, let ¢ and W be defined as in Theorem 3.6. Then for s;,t; € T with
S1,t =ty we have

/ / " P()QIAW)W(B() o o
to fo s 2t0

51 1/2
<5 (6= 61 060 w510 a(6)* vs)

to

| 12
x(mm) / <r1p<r>><q<r>wb<r>1>2v:) .

Ip

Proof. Using the hypotheses and Jensen’s inequality, Theorem 3.4, we see that

o) "= o (555 [ atnve) 2 o [aeolate) ve

(S) to
C—S<ineq (S— to)l/z {

s 12
< | w@6late) vT} .

fo

In a similar way, we likewise obtain

(t — to)! /2 t 5 1/2

wib) < o [ b va)
Q(t) to

As before, the rest of the proof can be completed by following the same procedure em-

ployed in the proofs of Theorems 3.4 and 3.6, respectively, making suitable adjustments

along the way; we omit the details. (]
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REMARK 5. Established over arbitrary time scales, including the special cases

of T =7 and T = R, Theorem 3.5 unifies and extends [15, Theorem 2] and [15,
Theorem 6]. Likewise Theorems 3.6 and 3.7 combine and generalize under one theory
the previously distinct results [15, Theorem 3] and [15, Theorem 7], and [15, Theorem
4] and [15, Theorem 8], respectively.
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