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ON WEIGHTED CEBYSEV-GRUSS TYPE
INEQUALITIES ON TIME SCALES
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(communicated by A. Peterson)

Abstract. In this study, we establish weighted CebySev-Griiss type inequalities on time scales.

1. Introduction

In 1935, G. Griiss [8] proved the following inequality:

/f x——/f dx—/ (x| < 5(@-g)(T—7), (L)

provided that f and g are two integrable functions on [a, b] satisfying the condition
O <f(x) <P and y < g(x) <T forall x € [q,D]. (1.2)

The constant i is best possible.
In 1882, P. L. Cebysev [6] gave the following inequality:

17(¢,9)] < 7500~ a Il Il (13)

where f, g : [a,b] — R are absolutely continuous functions, whose first derivatives f’
and g’ are bounded,

b
1
1(/.8) = —/f X - _a/f [ sar| 4)
and ||.||, denotes the normin L.[a, b] defined as ||p||,, = ess sup |p(7)].
t€(a,b)]

The following result of Griiss type was proved by Dragomir and Fedotov [7]:
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THEOREM 1. Let f,u : [a,b] — R be such that u is L-Lipschitzian on [a,b), i.e
lu(x) —u(y)| < L|x—y| forall x € [a,b], (1.5)

f is Riemann integrable on [a, b] and there exist the real numbers m,M so that
m< f(x) <M forall x € [a,b]. (1.6)

Then we have the inequality ,

/f () — ) /f < 3L —m)(b— a).

From [11], if f : [a,b] — R is differentiable on [a, b] with the first derivative f’
integrable on [a, b], then Montgomery identity holds:

b b
1
= /f(t)dt+/P(x, nf' (t)dt, (1.7)
where P(x,1) is the Peano kernel defined by
r—a
Pt a<t<x
P(x,t) =
t—>b
—, x<t<b.
b—a

n [12], Pachpatte established new inequalities of the Cebysev type by using
Pecari¢’s extension of the Montgomery identity [13].
The purpose of this paper is to establish the well-known weighted Cebysev-Griiss
type inequalities on time scales. To do this, we introduce the time scales calculus.

2. Preliminaries From Time Scale Calculus

The theory of time scales springs from 1988 doctoral dissertation of Hilger [9] that
resulted in his seminal paper [10] in 1990. These works aimed to unify and generalize
various mathematical concepts from the theories of discrete and continuous dynam-
ical systems. Afterwards, the body of knowledge concerning time scales advanced
monograph [2].

Many other information concerning time scales and dynamic equations on time
scales can be found in the books ([2], [3]). We refer to the recently appeared works
([1)-(4], [15]-{17)).

A time scale T is an arbitrary nonempty closed subset of the set R of the real
numbers. We assume that any time scale has the topology that it inherits from the
standard topology on R . Since a time scale may or may not be connected, we need the
concept of jump operators.



ON WEIGHTED CEBYSEV-GRUSS TYPE INEQUALITIES ON TIME SCALES 187

DEFINITION 1. Let t € T, where T is a time scale. Then the two mappings
p,0:T—T
satisfying
p(t) =sup{seT: s<t} and o(t) =inf{seT: s>1}

are called the backward and forward jump operators on T, respectively.

These jump operators classify the points {7} of a time scale T as right-dense,
right-scattered, left-dense and left-scattered according to whether o(¢) = ¢, o(r) >
t, p(t) =t or p(r) < t, respectively, for t € T.

If T has a right-scattered minimum m, define T := T—{m}; otherwise, set
Ty = T. If T has a left-scattered maximum M, define T* := T— {M} ; otherwise, set
T* = T. The so-called graininess function is u(¢) := o(t) — ¢, t € T.

For a,b € T with a < b we define the interval [a,b] in T by

[a,b) :={teT: a<t<b}.
Open intervals and half-open intervals, etc. are defined accordingly.

DEFINITION 2. Let f : T — R and ¢ € T*. Then we say that f has the delta
derivative f2(f) € R at ¢ if for each & > 0 there exists a neighborhood U of ¢ such
that provided it exists

[f(O'(t)) —f(s) 7fA(t)[O'(t) — s]| <elo(r)—s| forall se U
In this case, we say that f is delta differentiable at ¢.

For T = R, f* = f’, the usual derivative; for T = Z the delta derivative is the
forward difference operator, f(¢) = f(t + 1) — f(¢). Inthe case T = ¢% = {¢*, k €
Z} U {0} so called g-time scales; with ¢ > 1,

sy fla) = f (1) A . [f(s) —f(0)
t) =—1t 7 0) = im————~.
70 =EEEE 0 = i
A function f : T — R is right-dense continuous or denoted by C,; provided it is
continuous at right-dense points in T and its left-sided limits exist (finite) at left-dense
pointsin T. If T = R, then f is rd-continuous if and only if f is continuous. It is

known from Theorem 1.74 in [2] that if f is right-dense continuous, there is a functions
F such that FA(¢t) = f(¢) and

b
/ F ()M = F(b) — Fla).

Note that in the case T = R we have
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and in the case T = Z we have

where a,b € T with a < b.
THEOREM 2. ([2] Theorem 1.77) Ifa bceT, a €eR,and f,g € Cpy, then

1)fb[f(t)+ 7)] ff At+fg 1At

() [ tof) ()31 = a1

i) frome=- from

@) from = froa [ro

o) o @) 0] & = (6)6) ~ o)) — 7 Oet0as
i) [ (02 0] &= (0)0) ~ C)) ~ [72 el )

(vii) [ (1)A = .

THEOREM 3. (Substitution, [2], Theorem 1.98) Assume v : T — R is strictly
increasing and T := v(T) is a time scale. If f : T — R is an rd-continuous function
and v is differentiable with rd-continuous derivative, then for a,b € T,

b v(b)
o 1
a/f(t)v (/) 7o v1) (5)As.

THEOREM 4. (Cauchy-Schwarz inequality, [2], Theorem 6.15) Let a,b € T.
For rd -continuous f, g : [a,b] — R, we have

afblf(X)g(x)Ax < \/(fV(x)|2Ax> (fb |g(x)|2Ax>.

Throughout this paper, we suppose that T is a time scale, a,b € T with a < b
and an interval means the intersection of real interval with the given time scale.




ON WEIGHTED CEBYSEV-GRUSS TYPE INEQUALITIES ON TIME SCALES 189

3. Main Results

THEOREM 5. Let f,g € Cpq and f, g : [a,b] — R are two A -integrable functions
n |a,b]. Then for

O <f(x) <® and y < g(x) <T forall x € [a,b], (3.1)
we have
1
. /f Ax——/f Ax—/ (x| < (@ — Q)T 7).
(3.2)

Proof. This theorem can be seen by similar way Theorem 3.1 is proved in [1].
O

Let us also state that the weighted version of (3.2), that is, with condition (3.1) we
have the following generalization (3.2):

DG g:w)| < (@~ 9T~ 7). (.3
where
D(f,g:w) =A(f,g:w) —A(fiw)A(g:w),
1 / 1 ’
AUWOZ;————/W@V@ﬂXMMAU£WOZ;————/W@V@M@ﬁX
Jwx)Ax G [ w(x)Ax a

THEOREM 6. Let f, u,w € Cy and f, u : [a,b] — R be such that f is
A -integrable on [a,b] and u is L -Lipschitzian on [a,b], i.e. (1.5) holds true. If
w: [a,b] — R is a positive weight function, then

b
T¢ s <L [ Wil (o) - AGsw)| v (3.4)
where
/ o |
T(f,u;w) = [ wx)f (0)Au(x) — —— [ wx)Au(x) [ wx)f (x)Ax.  (3.5)
a fbw(x)Ax a a

Moreover, if there exist the real numbers m, M such that (1.6) is valid, then

b
IT(f,u;w)| < L(M —m) /w(x)Ax. (3.6)
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Proof. Asin [7], we have
b
TGl = | [l @) - A st
¢ b
L
5 [ Wl @ - agiw) ax

a

N

Thatis, (3.4) is valid. Furthermore, from an application of Cauchy-Schwarz inequality,
we get

1

1
b 2 b 2

|T(f,u;w)| <L /w(x)Ax /w(x) (F (x) —A(f;w)*Ax | . (3.7)

b
/w(x)Ax.
From (3.3) for g =f we get:

(D(f,f3w))* < 5(® — o). (3.8)
Now, (3.7) and (3.8) give (3.6). O

Thus, we obtain

(S

IT(f,u;w)| < L(D(f.f;w))

NI*—‘

THEOREM 7. Let f,u,w € C,q and f, u : [a,b] — R be M -Lipschitzian and
L-Lipschitzian on |a,b], respectively. If w : [a,b] — R is a positive weight function,
then

LM
TG ww) < —2 / / ¥) x — | Axay. (3.9)

|T(fuw)\<L/W(x)a b Ax
a Jw(y)Ay
L / u /
< - w(x) [ wy)|f (x) = f (y)| AyAx
Sw)Ay a
“ iy b b
< w(x)w(y) [x — y| AxAy
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We assume that weight function w : [a,b] — [0,00) is some probability density

b
function, i.e. [w(x)Ax = 1, and set

0, t<a and t > Db.

Let v : [0,1] — R bea A-differentiable functionon [0, 1], with w(0) =0, w(1) #0
and w2 be a A-integrable on [0, 1]. To simplify the notation, we set

b X A

T(f, 6 y) = / v / wnA || o) (x)Ax

b X A

—ﬁ / W /W(I)Al Fo(x)Ax (3.10)
b x A

| [ || [ron) | ewar

a a

THEOREM 8. Let f : [a,b] — R be A-differentiable and f* be a A-integrable
on |a, b, then

b t A b
o o 1 o 1 A
70 = o5 / [w ( / w(s)As)] oA s / Pay (5, 0 (00 A,

(3.11)
where P, is a generalization of the weighted Peano kernel defined by:

[ v(w), a<i<x
Pt ={ W) vy, ssiso. G12)

Proof. Using P,, (x,) kernel and applying partial integration method, we have

b

W (W(0) A (e + /(W(W(t)) — v (1)f*(o(n)Ar

b
/Pw,w()ﬁ D2 (1) At

!
J

v W) (0)s v (1) [ £4(ot)ar
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Multiplying both sides by ﬁ, we obtain (3.11). This completes the proof. O
THEOREM 9. Let f,g : [a,b] — R be A-differentiable on |a,b] and f*,g* be
A -integrable on [a, D], then

X A

b
1
7080 < gy Wl e [ [ { [ wrms )| o
where H(x f Py (x,1)| At and |. ||LOO denotes the norm in L3° ([a, b]) defined

as IIqHLoo = ess sup|q(1)].

t€a,b)

Proof. Since the functions f and g satisfy the hypothesis of Theorem 8§, the
following identities hold:

fox) = %/b [1// (/ w(s)As)]Af At+ /bPW,W o(1))At,

(3.13)

and

. b ' A . b
g%(x) = Wﬂ/ Y a/w(s)As g (At + w—l)a/wa(x, g (o(t))At

(3.14)

Using (3.13) and (3.14), we have

) b 1 A
fG(X)w—l)/ W /W(S)As f"(t)At]




ON WEIGHTED CEBYSEV-GRUSS TYPE INEQUALITIES ON TIME SCALES 193

Consequently, we write

X

w(l)

(3.15)

A
Multiplying both sides of (3.15) by [u/ ( J w(s)As)] and then integrating the result-

a
ing identity with respect to x from a to b, we have

b x A
/ [w ( / w(s)As)] o087 (x)Ax

\
A‘_
=

~—
Q\,w
Q\w
T 1
<
PR

St~
r s 1
~
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b
From (3.10) with y (fw ) v (1), we get

a

Arop

T(f,g W

Thus, we obtain

b X A

¥ e e [ v ([ wias) | #2conx

a a

‘T(f,g, V/A)‘ < Wz—(l)

O

Acknowledgement. The authors thank the referees for their careful reading of the
manuscript and insightful comments.

REFERENCES

(1] M. BOHNER AND T. MATTHEWS, The Griiss inequality on time scales, Communications in Math. Anal.,
Vol. 3, Number 1, pp. 1-8, 2007.

[2] M. BOHNER AND A. PETERSON, Dynamic Equations on Time Scales: An Introduction with Applications,
Birkhiuser, Boston, 2001.

(3] M. BOHNER AND A. PETERSON, Advences in Dynamic Equations on Time Scales, Birkhduser, Boston,
2003.

[4] M. BOHNER AND G. SH. GUSEINOV, Improper integrals on time scales, Dynamic Systems and Appl.

12(2003), 45-65.

K. BOUKERRIOUA AND A. G. LAKOUD, On generalization of Cebysev type inequalities, J. Inequal. Pure

and Appl. Math. 8(2), Art 55, 2007.

6] P.L. CEBYSEV, Sur les expressions approximatives des intégrales définies par les autres prises entre les
memes limites, Proc. Math. Soc. Charkov, 2, 93-98, 1882.

[7] S. S. DRAGOMIR AND L. FEDOTOV, An inequality of Griiss type for Riemann-Stieltjes integral and
applications for special means, Tamkang J. of Math., 29(4), 287-292, 1998

(5

b
8] G GRUSS, Uber das Maximum des absoluten Betrages von b 2 f f(x)g(x)dx — ﬁ g f(x)dx
fg )dx , Math. Z., 39, 215-226, 1935.

9] S. HILGER, Ein Ma B kettenkalkiil mit Anwendung auf Zentrumsmannigfaltigkeiten, PhD thesis, Uni-

versitdt. Wiirzburg (1988).

[10] S. HILGER, Analysis on the measure chains; a unified approach to continuous and discrete calculus,
Results Math. 18, 1990, 18-56.

[11] D. S. MITRINOVIC, J. E. PECARIC AND A. M. FINK, Inequalities involving functions and their integrals
and derivatives, Kluwer Academic Publishers, Dordrecht, 1991.

[12] B. G. PACHPATTE, On Cebysev-Griiss type inequalities via Pecarié’s extention of the Montgomery
identity, J. Inequal. Pure and Appl. Math. 7(1), Art 108, 2006.

[13] J. E. PECARIC, On the Cebysev inequality, Bul. Sti. Tehn. Inst. Politehn “Tralan Vuia” Timisora (Roma-
nia), 25(39)(1), 5-9, 1980.



ON WEIGHTED CEBYSEV-GRUSS TYPE INEQUALITIES ON TIME SCALES 195

[14] J.E. PECARIC AND B. TEPES, On Griiss type inequalities of Dragomir and Fedotov, J. Inequal. Pure and
Appl. Math. 4(5), Art 91, 2003.

[15] U.M. OzKAN AND H. YILDIRIM, Hardy-Knopp-Type inequalities on time scales, Dynamic Systems and
Appl. In press.

[16] U. M. OZKAN M. Z. SARIKAYA AND H. YILDIRIM, Extensions of certain integral inequalities on time
scales, Appl. Math. Letters, in press.

[17] M. Z. SARIKAYA, U. M. OzKAN AND H. YILDIRIM, Time scale integral inequalities similar to Qi’s
inequality, J. Inequal. Pure and Appl. Math. 7(4) (2006), Art. 128.

(Received September 19, 2007) Mehmet Zeki Sarikaya
Department of Mathematics

Faculty of Science and Arts

Kocatepe University

Afyon

Turkey

e-mail: sarikaya@aku.edu.tr

Nesip Aktan

Department of Mathematics
Faculty of Science and Arts
Kocatepe University

Afyon

Turkey

e-mail: naktan@aku.edu.tr

Hiiseyin Yildirim

Department of Mathematics
Faculty of Science and Arts
Kocatepe University

Afyon

Turkey

e-mail: hyildir@aku.edu.tr

Journal of Mathematical Inequalities

math.com

math.com



