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Abstract. This paper considers the class of s-convex stochastic orderings for random variables
valued in an arbitrary discrete subset of the half-positive real line. After having established
a sufficient condition of crossing-type for these orderings, explicit expressions are derived for
stochastic extrema in moment spaces. Some applications in actuarial science are discussed.

1. Introduction

Univariate stochastic orderings are partial orders defined on sets of distribution
functions. Stochastic orderings allow for many interesting applications in probability;
see, e.g., the books by SHAKED & SHANTHIKUMAR (1994) and DENUIT, DHAENE,
GOOVAERTS & KAAS (2005) for overviews. For instance, stochastic orders can be used
to compare complex models with more tractable ones which are “riskier”, leading thus
to more conservative decisions.

Stochastic orderings are defined on sets of distribution functions. In this paper, we
consider classes of random variables to favor the intuitive contents of the results (the
reader has to keep in mind that we do not compare the particular versions of the random
variables but their respective distributions). Furthermore, all the random variables will
be assumed to have a support bounded from below. Without loss of generality, these
random variables will be assumed to take non-negative values.

Consider two random variables X and Y valued in a subset .# of the half-positive
real line R™. Many stochastic orderings, denoted here by <, can be defined by
reference to some cone %,;” of measurable functions f : .7 — R by

X =7 Y < E[f(X)] <E[f(Y)] forallf € %,

provided that the expectations exist. Orderings defined in this way are generally referred
to as integral stochastic orderings; see, e.g., DENUIT, DHAENE, GOOVAERTS & KAAS
(2005).

In the notation “ =", we made explicit the dependence of the integral stochastic
ordering on the support .’ of the random variables X and Y to be compared. This
dependence, usually ignored in the literature, can be fundamental as pointed out further.
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In fact, the structure of . may be exploited to propose more efficient orderings than
those obtained by considering all the random variables as valued in R* .

Considering random variables valued in R" , and taking for %*R+ the class of the
functions f : Rt — R with non-negative first derivative f!/ yields the well-known
stochastic dominance <gr. Taking for ?/*W the class of the functions f : R — R
with non-negative second derivative £ yields the convex order <cx. To generalize
the orderings =<sr and =cx, DENUIT, LEFEVRE & SHAKED (1998) introduced broad
classes of univariate orderings, named the s-convex orders. These rely on the notion
of convex functions with increasing degrees, such as introduced by POpovICIU (1933).
The convex functions of degree s (s being a positive integer) are well-known in
interpolation theory where they are often called convex functions with respect to the
Tchebycheffsystem {1,x,x,...,x !} (see, e.g., KARLIN & NOVIKOFF (1963) as well
as KARLIN & STUDDEN (1966)). It can be shown that the convex functions of degree 1
are the non-decreasing functions while the convex functions of degree 2 are the usual
convex functions. Generally speaking, the convexity of degree s is usually characterized
through sign properties of the divided difference operator. Considering random variables
valued in R*, and taking for %*R+ the class of the functions f : Rt — R with non-
negative sth derivative (f*/ > 0), yields the (continuous) s-convex order =¥ . As
announced, the orderings with s = 1 and s = 2 reduce to <gr and =<cx, respectively.

In many situations, the stochastic orderings used are constructed for comparing real
random variables. Classes of stochastic ordering specific to discrete random variables
have received much less attention. FISHBURN & LAVALLE (1995) and LEFEVRE & UTEV
(1996) have introduced, independently, some classes of such stochastic orderings, in the
context of economics and biology respectively. The s-orderings among discrete random
variables valued in %, = {0,1,...,n} are defined by means of forward differences.
Recall that the forward difference operator A is defined for each function f : &, — R
by Af(i) =f(i+1)—f(i) forall i =0,...,n— 1. The k-th forward difference
operator A¥, k = 1,2,...,is defined recursively by A*f (i) = A*=1f (i +1) — A*=1f (i)
forall i =0,...,n—k (by convention, A’%f = f and A'f = Af ). Taking for %, 7" the
class of the functions f : 4, — R such that A°’f (i) > 0 forall i =0,...,n—s yields
the j?j‘m order. The j?ﬁlm orders have been studied in details in DENUIT, LEFEVRE
& MESFIOUI (1999) and COURTOIS, DENUIT & VAN BELLEGEM (2006).

Now, a more general situation is when the random variables take on values in an
arbitrary (rather than equidistant) ordered finite grid of non-negative points, denoted
by &, = {eo,...,e,} say. By convention, ¢y < ¢; < ... < e,. Stochastic orderings
specific for comparing such random variables have been proposed by DENUIT, LEFEVRE
& UTEV (1999). The s-convex orders on an arbitrary grid are of direct interest in
various fields of applications, especially for problems of risky decision making, portfolio
selection, insurance premium evaluation and of option pricing. We will come back to
applications in Section 5. To motivate the results contained in this paper, and to
illustrate the theoretical results derived in the next sections, let us consider the discrete
claim severity distribution given in WALHIN & PARIS (1998) displayed in Table 1. This
is the distribution of the amounts of claim made to an insurance company. The first three
moments are u; = 31.5, up = 1401.8 and u3z = 71879.1. In such a case, we can use
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the continuous s-convex orders if we consider that the claim size is valued in [0, 67].
We can also use the arithmetic s-convex orders considering the claim size as valued in
P61 ={0,1,...,67}. As it will be argued below, it is more efficient to account for the
particular form & = {0,7,12,17,23,28,39,46,53,67} of the support.

Support points 0 7 12 17 21 23 28 39 46 53 67
Probability masses||0.05 0.1 0.15 0.05 0.05 0.05 0.1 0.1 0.1 0.15 0.1

Table 1. Claim Severity Distribution.
To deal with arbitrary support, we need the general approach to the s-convex
orders that uses the concept of divided differences defined as follows. Let f : . — R
and xg,xp, ...,X; € .. Starting from

[x)f =f(x), i=0,...,s,

the sth divided differences are defined recursively by

o, oxf = oo oo xlf  es ()

Xy — Xo -0 H;:O;j;éi(xi —x)

The order <7 can then be defined by taking for € the class of all the s-convex

function f _L§;—> R, i.e. the functions f : . — R such that [xo,...,x]f > 0 for
any Xxop, X1, ...,%s € .. This general approach works whatever the form of the support

. of the random variables to be compared. Note that this definition reduces to the one
in terms of derivative and forward differences given above when . is R* and 2,
respectively. Specifically, for f : &, — R, it can be shown that

Af ()

s!

Qi+l its)f =
[

so that the s-convex functions on ¥, are those with positive s-th forward differ-
ences. Similarly, if f : RT™ — R possesses an sth derivative then for any xo € Rt
h07h17"'7hk = 0

1 & Skt
[xo,xo+h1,...,xo+hk]f:/ / [T = ) £
1=0 /=0 &=0

+ & (hy — hy) + Eihy + x0)dE . .. dEdE,.
Since the functions x* and —x* are both s-convex for k = 1,...,s— 1, whatever
7, we see that
X =<7 Y=EXN=E[Yfork=1,...,s—1. (1)

—85—Cx

The relation <:” . can therefore only be used to compare random variables with the
same first s — 1 moments. The relation <= __ is thus restricted to moment spaces.

—85—Cx

At this stage, we could wonder whether there is anything to gain by considering the
specific form of the support of the random variables to be compared (instead of viewing
all of them valued in R* ). For s = 1,2 the form of the support of the random variables
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to be compared is not relevant, in the sense that they can all be seen as valued in R :
=<7 o= Cx<:><ST and <5 <=8 Lx(:)*CX for any . C R*. The equivalences
for s = 1 and s = 2 follows from the fact that it is always possible to continue any
non-decreasing function or any convex function on .# as a function with the same shape
on (a larger subset of) R, using a piecewise linear function for instance. For s > 3,
however, this is no more necessarily true, and the structure of the support matters. For
instance, having two random variables valued in .¥, the implication
X</, Y=x=7..Y

—S5—CX —S5—CcXx

always holds true for . C .7, but the reciprocal is false in general. Various coun-
terexamples can be found in DENUIT, LEFEVRE & UTEV (1999); see also FISHBURN
& LAVALLE (1995). We thus get finer stochastic inequalities taking into account the
particular form of the support. For example, in the context of decision analysis, if the
decision-maker’s preferences agree with some s-convex ordering, when comparing two
alternatives, it is safer to consider them valued in a smaller set of outcomes rather than
in a larger one (because any such comparison can be extended to a larger set but not
reciprocally).

In this paper, we consider random variables valued in an arbitrary subset &, =
{eo,e1,...,e,} of the half positive real line. Having two random variables X and Y
valued in é‘;l , we have that X <6y =X <® Y, and this implication is strict for

—85—CX —85—CX
3 The order <" Sn

<R defined and studied in DENUIT, LEFEVRE & SHAKED (1998). We first prove that
the sufficient condition of crossing type established in DENUIT, LEFEVRE & SHAKED
(1998) for <R' s also sufficient for <& . This result is exploited in the second

—5—CX —s—cx

part of this paper to get the extrema with respect to <f” ox -

studied in the present paper is thus stronger than the order

The paper is organized

én

—S5—Ccx " In

as follows. To begin with, we give in Section 2 a new characterization of <
Section 3, a sufficient condition for <% is obtained in terms of the number of crossing

—85—CXx

points of the respective distribution functions. Section 4 is devoted to the construction
of the extrema with respect to <&n Finally, Section 5 discusses some applications.

—5—Ccx "

2. Characterizations of <fo" ox

Note that it suffices to check the sign of the divided differences of order s on
consecutive points of &, to prove that f : &, — R is a s-convex function on &, .
Indeed, for any xo,...,x, in &,, there exist coefficients ay, . . ., a,—,; non-negative, of
sum 1 and independent of f such that

[X0, -, xs]f = Za,-[e,-,...7ei+s1f. (2)
i=0

Hence, f is s-convex on &, if [e;,...,ei5)f =0 fori=0,...,n—s. This provides
an efficient test for the s-convex property on &, .
A question of practical importance is how to check the validity of jfaﬁcx for a

given pair of random variables X and Y. It is indeed expensive to check whether
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E[f (X)] < E[f(Y)] holds for all the s-convex functions f : &, — R. Therefore,
we would like to have a set of test functions (as small as possible). The following
characterization has been established in DENUIT, LEFEVRE & UTEV (1999). It provides

asimple iterative procedure to check the validity of X jfaﬁcx Y. Specifically, X 45’" oY
holds if, and only if,

n

Z(Pr[yze,-} —Pr[X:e,-})(e,-760)...(6,-—@(,1) = 0fork=0,...,5—1,

i=k
and

n

Z (Pr[Y:e,-] —Pr[X:e,-})(e,- —err1)... (€ —epys—1) 2 0fork=0,...,n—s.

i=k+s
For any xp < x; < --- < x, fixed in &, let us consider the functions
Wik = Wi (x5, ..., xjk]-) 1 6w = R, forj=0,1,...,n—k

) )

which are defined by

- X—xj) ... (x —xp) ifx 2= x40
Wik (X7, -+« Xjk]x) = { (() 2 otherw1jst:+ 7

Then, it can be checked that

[Xis oo X Wi = 0ifi <j—1
iy X Wi = 1ifi>j
[Xiy ooy X2l = Oifi#j—1
Xty X 1) Wie > 0.
Henceforth, the function wjx(ej, ... ejxl-) 1 & — R (j =0,1,...,n— k) will be

simply denoted as wj(-).
Let us now establish a useful characterization of jf’ﬁcx that extends Proposition
3.3. in DENUIT & LEFEVRE (1997).

THEOREM 2.1. X and Y being two random variables valued in &,, X ﬁg" x
if, and only if, the two conditions below are satisfied:

E[Wo;k_l(X)] = E[Wo;k_l(Y)]fork = 1,2,. B N 1,

Y

and
EWwks—2(X)] € E[wis—2(Y)] fork=1,2,....n —s+ 1.

Proof. Let us first consider the “ <= "-part. Starting from the following expansion
formula for a function f : &, — R:

flex) = fleo) + (ex — eo)+[eo, erlf + (ex — €0)+(ex — e1)+[eo, €1, €2]f

+-+ (ek —eo)t - (e — es—2)4[en, €1, ..., e—i1]f
n—s+1

+ Z (ek - ei)+ e (ek - ei+s72)+(6i+s71 - 6,;1)[6,',1, Ciy. .t 7ei+s711f
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we get
Elf (¥)] — Elf (X)] = (Elioo(¥)] - Efin(X)]) leo, ealf
+ (Bl (1)] = Efoa ()] ) eo,e1, e2f

et (IE[%;S,Z(Y)] — IE[%;S,Z(X)]) leoser, ... es1]f
n—s+1

+ Z (E¥is—2(0)] = ElFis—2(X)] i1, €5, - eivs-lf

Therefore, E[f (Y)] — E[f (X)] is nonnegative if f is s-convex.
The “=>"-part is obvious since the functions x — twoyx_;(x) (k=1,2,...,5 —
1)and x — Wis—2(x) (k=1,2,...,n—s+ 1) are s-convex on &,. O

3. Sufficient conditions for ﬂg” ox

Let f be any real-valued function defined on a subset . of R". The operator
S~ , when applied to f, counts the number of sign changes of f over its domain .7 .

More precisely,
ST(F) = supS™(f (x1).f (w2), - ...f (),

where the supremum is extended over all x; < x, < ... < x, € ., n is arbitrary
but finite and S (y1 SV, ... 7yn) denotes the number of sign changes of the indicated
sequence {yi,¥2,...,¥n}, zero terms being discarded. The functions f; and f, are
said to cross each other k times if S~ (f; — f2) = k.

If X and Y are random variables valued in &, we say that Fx > Fy near e, if
Fx(ex) > Fy(ex) forall k > ko, with kg < n— 1. We show in the next result that
the crossing condition given by DENUIT, LEFEVRE & SHAKED (1998) for <®'_is also
sufficient for <‘§”

PROPOSITION 3.1. Let X and Y be two random variables valued in &, , such
that E[X*| = E[Y*] for k=1,...,s — 1. Then S~ (Fx — Fy) < s — 1 together with

Fx > Fy near e, = X jfaﬁcx Y.
Proof. For 1 <i,j < n,let
¥i(i) = EWi—ji1y-2(X)] — E[wi—js15-2(Y)].

From Theorem 2.1, we have to prove that S~ (¥,) = 0 and W,(k) < 0 for all k =
0,1,...,n. Byhypothesis,as ¥ (k) = Fy(ex—1)— Fx(ex—1), wehave S~ (¥;) < s—1
and W, (k) <0 for k > ko (ko <n—1). Letusnow consider s =2. If S~ (¥;) =0,
the result is trivial; else ¥'; exhibits opposite signs on the consecutive intervals I; and
12 . Then, as \Pz(k) = — Z;’:k(e,- — ei_l)(FX — Fy)(e,-) = Z;’:k(ei — ei_l)‘Pl (l) . le is
monotonic on each of these intervals and is negative on I, . Consequently, ¥, exhibits
at most one sign change (on I; ). Moreover, a sign change on I; would imply that
¥,(0) # 0 which is not possible. So this yields S~ (¥;) = 0 which suffices because
¥, is negativeon I, .
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Now, let us assume that the result holds for s — 1 and let us establish it for s > 3.
Since for a random variable X valued in &,,

~ o (en — ek_l) — er.’:k(e,- — ei_l)FX(e,-_l) fors = 2,
B0 = { (7 00, Zale B s

we have therelation W, (k) = D7, (e;—e;—s1)Ws—1(i) . Letus suppose that S‘(‘Pb 1) =
i > 1, ¥,_, exhibiting opposite signs on consecutive intervals I, l»,...,[;+;. Then
¥, is monotonic on each of these intervals and is negative on [, so that ‘I’A exhibits
at most i sign changes, one over each [;, j = 1,2,...,i. Moreover, a sign change on
I; would imply that ¥,(0) # 0 which is not possible, yielding S~ (¥) < i— 1. Since
ST (Ws—1) =0= S (¥,) =0, we get that S~ (¥;) < max[0,5 (¥,—1) — 1]. O
Remark that the sufficient conditions given by DENUIT & LEFEVRE (1997) in their
Section4 (Lemma4.2., Lemma4.3. and Corollary 4.5.) for < ?j‘cx are easily extendable
for <Y

cx "

4. Extrema with respect to <b

—CX

As pointed out in (1), the s-convex orders can only be used to compare random
variables sharing the same first s — 1 moments. This means that these orders can only
be used inside moment spaces.

Let us denote as (&, Wy, U, - - -, Us—1) the set of all the (distribution functions
of) random variables valued in &, and with prescribed first s — 1 moments w, =
E[X*], k = 1,...,s — 1. This set is usually referred to as a moment space in the
literature. Henceforth, the moment sequence (Ui, Uz, - .., Us—1) is supposed to be such
that (&5 U, o, - - -, Us—1) is non void. The following condition for such a space to
be non void can be found in KARLIN & STUDDEN (1966): #(&,; U1, Uz, - - ., ts—1) 1S
non void if, and only if, the point (uy,...,HUs—;) is an element of the convex hull of
{(0,60%...,0° 1|0 € &,} . The conditions for s = 2,3, 4 are

o s=2:e < U <ey;

o s=23: U < (eo+ en)li — epe, and Uy > (& + eiy1) i — €ieir
(i=0,...,n—1);

o s=4: U3 < eei1e, — (eieir1 + eien + eipren)l + (€ + €1 + en)la
(i =0,...,n—2 ) and uz > €0€j€j+17(6()6j+€0€j+1+€j6j+1)M1+(€0+€j+e‘j+1)‘u2
(j=1,...,n—1).

The purpose of this section is to derive extremal random variables Xr(,ffn and Xﬁ:fgx s
i.e. elements of .#(&,; 1, Ua, - - ., ts—1) such that the stochastic inequalities

X6 <& x <5 X0 forall X € M(Ens Uiy Moy - oy Us—1) (3)

min —s—cx —85—CX HldX

hold true. Such extrema are very useful in numerous applications. As we will see in
Section 5, these stochastic extrema will furnish useful numerical bounds on quantities
that are otherwise hard to compute.

The theory of discrete Tchebycheff systems, described in KARLIN & STUDDEN
(1966), may be used to solve this problem. Here, however, we will derive the extrema
from the sufficient conditions that we obtain in Section 3.
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Let us quote that the concept of extrema in some classes of random variables
with respect to a given stochastic ordering is properly said not new (see, e.g., HARRIS
(1959, 1962), ROLSKI (1976) and STOYAN (1983, Section 1.9)). It originated in the
analytic problem of moments (see, e.g., KARLIN & SHAPLEY (1953) and KARLIN AND
STUDDEN (1966)). In DENUIT, LEFEVRE & SHAKED (1998), DENUIT & LEFEVRE (1997),
DENUIT, LEFEVRE & MESFIOUI (1999) and COURTOIS, DENUIT & VAN BELLEGEM
(2006) a similar problem is discussed within the classes .#;([a,b]; Wi, Uz, - . ., Us—1)
or My(Dy; M, Ua, - - ., Us—1) of all the random variables valued in the interval [a, b] or
in the grid 2, = {0, 1,...,n} with prescribed first s — 1 moments. The extrema built
here are better than those obtained for .#([eo, en]; 1, Ua, - - ., ts—1) (since the latter
do not take into account the fact that the support of X is just &, and not the whole
interval [eg, €,] ).

Before stating the next property, let us mention that the results given in Propositions
3.7. and 3.8. of DENUIT, LEFEVRE & SHAKED (1998) for <®'_ can be extended to

<f” o - We have the following result. o
PROPERTY 4.1. (i) The support of Xr(,fgx is the set
{e,-6cf,,|e‘§:co+cl-e,-+cz~ei2+-~-+cs,1-e‘ffl} 4)
where the c;’s are real constants such that
efgco+cl-ei+02~e?+ e y-e7! foralle; € &,
(ii) The support of Xr(lifi)n is the set
{e,-6cf,,|e‘§:co+cl-e,-+cz~ei2+-~-+cs71-e‘ffl} (5)
where the c;’s are real constants such that
ef}co+cl-ei+cz~el~2+ c+cs1 - € ~L foralle; € &,.
Proof. We only prove (i); the proof for (ii) is similar. Let us establish the

< 7-part of (i). Let X be a random variable in .#; (&,; U1, Ua, - - ., hs—1) , .. such
that

S oPrx=ilef = k=01,...,5s—1

Assume further that the support of X is (4). Let Z be any random variable in
M (Epy 1 Wa, - - -, Us—1) - We then have

n n s—1 s—1 n
EX'] = ) PrX =ie] = ZPr[X =] chef-‘ = ch > Prlx =
i=0 j k=0 k=0 =0
s—1 s—1
= ch,uk chZPr ilef = ZPr i]chef-‘
k=0 i= k=0

ZPr[Z = ile{ = E[Z°].

WV
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Hence, X achieves the maximum of E[Z°] over . (&,; Wi, Ua, - . ., Us—1) - Since the
function x* is s-convex on &, , X mustbe the s-convex maximum in .#(&,; Ui, U, - - - ,
“sfl) .

Let us now prove the “=-"-part of (i). It is obvious that E[(X, fndx) ] > E[Z¥] for

all Z in A (&5 11, Uz, - - -, Us—1) . Now, if the support of angx is not of the form (4)

then for any random variable Z in ., (&,; th, Uz, - - -, Us—1) with such a support, we
have E[(X, I(n?lx) ] < E[Z°], which ends the proof O

In the next section, we use the stochastic extrema with up to three moments known
(i.e. for s up to 4). This is why we derive hereafter analytic expressions for the
distribution of X5, and XS for s = 1,2,3,4.

The extrema with respect to <1 o 10 A (&,) are easily derived. Note that
M (8,) does not as51gn any condition on the moments. Therefore, it is obvious that

Xr(nliL = ¢y and Xr(nla)X = e, almost surely. For the claim

distribution in Table 1, we thus have X,(nlil1 =0 and Xg}x = 67 almost surely. Needless

to say that these extrema only yield trivial bounds on the quantities of interest.

Let us now derive the extrema with respect to <" in Mo (6y; 1) - Tt is natural
to expect that the maximum with respect to <2 « Will concentrate all the probability
mass on the extreme points eg and e, , whereas the the minimum will concentrate all
the probability mass around the mean. This will indeed be the case, as demonstrated in
the next result.

with respect to <én 2 s

20vc

PROPOSITION 4.2. For fixed u;, let é € {0,1,...,n— 1} be the integer such that
ez < W < egqy. Then, with respect to <&n

—2—cx’
jth probabili = Zuh
g _ ) 8 WHRPTObAbIY = g = (6)
min . 7. _ Hi—eg
ecy1 Wwith probability ry = Py

and

Hi—eo
en—ep”

en—eo’ 7
e, with probability t, = )

X2 — { ey with probability 1) = 21

Proof. The numbers r; and r, in (6) are probabilities since r; + r» = 1 and

ri,r2 = 0 by definition of ez . Moreover, E[XI(HZIL] = p; and it is directly seen that the

distribution function of XI(ann and any X € #,(&,; 1) intersect at most once. Thus,

applying Proposition 3.1 yields the result. The analysis for X,ﬁx is similar. ]

Considering the claim distribution in Table 1, we thus have

x@ _ 28 with probability 0.6818,
min =) 39  with probability 0.3182,

and
x®

max ~

0  with probability 0.5299,
67 with probability 0.4701.
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It is interesting to compare these results with the extrema in .#(%s7; 1) and in
A>([0,67]; u1) . The maximum is the same in all the cases, but the minima are

vy — 31 with probability 0.5,
min =) 32 with probability 0.5,

in A>(Pe7; 1) and Z,(nzlL = 31.5 almostsurely in .#,([0, 67]; 1) . Clearly, Z,(nzlL 5[20;667;
Yr(nzlzl 52@_"’7&{ XI(ann so that taking the particular structure of the support into account im-

proves the lower bound in the 2-convex sense.

The extrema with respect to jficx in (&, W, Up) are given in the next result.

PROPOSITION 4.3. For fixed @y and W, let & € {1,2,....n— 1} and & €
{0,1,...,n—2} suchthat eg < “;:“eo Segp and ez, < B2 Cep .

eo en—H

e with probability p; =1 — p, — ps,
—tatu(eoteg ) —eoeg 4

(g —e0le, 1 —eg,) (8)
po—H (€o+655+€0651
(e§1+1760><e§1+17651) ’

x0® — ! eg with probability p; =

min

ez 41 Wwith probability p; =

and
yzfyl(egzﬂJren)JreizHen

(e, 1 —eg )(en—eg, )
—paHphi (eg, Hen)—eg, en 9)
(egy1—eg,)(en—egyy) 7

e with probability q3 =1 — q2 — gq3.

eg, with probability q, =

3
Xr(na>x ~ \ eg42 with probability g, =

Proof. Using the cut-criterion, it can be verified that the possible structure of
the supports of the 3-convex discrete extrema takes the form {3076517€§1+1>} or
{egz, €&ty e,,} . Property 4.1 is then used to derive the conditions on the support points
&) and &, so that the random variable corresponding to such support has moments p;
and U, .

To that end, we just compute the polynomials p(e;) = co + cie; + c2e? of degree
2 (i.e. ¢, ¢; and ¢; € R) such that XI%)X € M5 (S, o) (resp. Xr(,i)n) is
concentrated on the set

{e,- € cf,,|ei3 =y + cre; Jrczel-z} = {e§27e€2+17en} 0<&<n-2)

resp.
{eveecn} (1<E <& +1<n—1)
and e} < co+ cre; + cpe? forall i € {0,1,...,n} (resp. >).

The only polynomial of degree 2 that fulfills the conditions

eéz =co+creg + czeéz

3 2
€, = CotCreg ) + gy

— 2
e, = co+ cie, + e,
is

ple;) = (eg2 +egq + en) e,-z — (egzegzﬂ +ege, + e§2+1en) e +egez, . ey
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The zeros of the polynomial x* — p(x) are of course e, , ez, and e, and x* — p(x)
is always negative on &, . So, as we have checked that e? < p(e;) on &,, the random
variable with support {eg,, ez, ;1,e,} (0 < & <n—2) hastobe X,(I?a)x.

The only polynomial of degree 2 that fulfills the conditions

= co + creo9 + cze%

e
e%l =co+ cieg + czeél
e§1+1 =co+ C1€§1+1 + Czeéﬁ*l
is
pler) = (eo + ez + ez 1) ef — (eoee, + eoes 41 + ez ez 1) € + eoee ez, 1.

The zeros of the polynomial x* — p(x) are of course ey, e and ez and x* — p(x)
is always positive on &, . So, as we have checked that e? > p(e;) on &,, the random
variable with support {eg, ez, ez 1} (1 <& <n—1) hastobe x5
Finally, we have to fix conditions on the support points to assure the non-negativity

of their associated probabilities. The conditions on the support points of XI(TiL and Xr(,i?x
are respectively

0<&<&+1<n

o — (651 + e§1+1) +eges 1 2 0

o — (60 + e§1+1) +eoeg i1 < 0

to — i (eo + eg,) + epez, >0

and

0<&bL<&b+1<n

p2 — i (eg1 +en) +egiren =0

M2 — (652 + 6,,) + €& +1€n < 0

M2 — Uy (652 + e§2+1) + €565 11 > 0
Moreover, because we have e,-z — (egz +e§2+1) e + egegr = 0 on &, , the first
condition of the minimum and the last of the maximum are respectively always verified
and the system of conditions reduces to the one wanted. (]

Considering the claim distribution in Table 1, we thus have

0  with probability 0.2889,
x3) =< 39 with probability 0.1729,
46 with probability 0.5382,

and
0  with probability 0.1840,

x® = 21 with probability 0.5717,
67 with probability 0.2443.

It is interesting to compare these results with the extrema in .#3(%e7; U1, U2) and in
A5([0,67); Wi, Wa) - In A5(De7; L, ) , we have

0  with probability 0.2921,
Y3 = 44  with probability 0.3568,
45 with probability 0.3511,



208 CINDY COURTOIS AND MICHEL DENUIT

and
19 with probability 0.0271,
Y®) = { 20 with probability 0.7277,
67 with probability 0.2453.

In .#5([0,67]; w1, U2) , we have

70) 0 with probability 0.2922,
min ) 44.5016 with probability 0.7078,
and
70 _ 19.9634 w%th probab%l'%ty 0.7547,
max 67 with probability 0.2453.
We now have that Xr(m?x _[30 6:)]( Yr(mfx 439“7”( ZI@X and men _[30 61]( Yr(mzl j? o Xr(,izl

so that we get finer extrema when the particular form of the support is exploited.
Let us now consider the case where three moments are known. The extrema with
respect to jficx in Ay (&, U, Us) are given in the next result.

PROPOSITION 4.4. If Ny, 0 and § € {0,1,...,n— 1} are such that 0 < N <
m+l<m<m+1<n, 0<C<C+l<nandeg<%<egﬂ
and define

o = — 3t (en, +1+en, +en, 1) —Hi(en, +1€n,Fen, 11€n,+1Fen,eny 1)+, 11€n,en, 41
0 = 3 — Pa(en, + en, +eny i) + f(enien, + enieny i1 + empen,i1) — epenyen, i

(
03 = —U3 U2 (e, +en+1+en,+1)—Hi(en en1+en enyr1Fen 11€m,41)Fen enrien 41
04 1= U3 — ”2(6771 +tent1t enz) + (emen1+1 +enen + en1+len2) —eémeén+1én
(10)
that are positive, then, with respect to <4 o
; e _ o
en with probability s gm>(en2,gm)(gnz+l,em)7
. e o ;
Y@ _ en+1 with probability = Temmi—en)em—en ) (emm—em 1)’ (11)
min ) e with probability = &
m (eny—eny) (Enfengl)(enzﬂfenz)’
; e . .
en,+1 with probability Bl T e — | ——
and

e with probability wy = 1 — wy — w3 — wy,
Ms—pi(eoter +en) i (eoer, +eoenter, en)—eoer, en
(eg—eo)(egﬂ—eg)(en—eg) ’
Xr<r‘1ta)x = . . 7H3+H2(60+€§+€n)7,111(60€§+€oen+e§en>+60€§en
ecy1  Wwith probability ws et —eern—ec)en—eg.r)
ﬂ37ﬂ2(60+6€+6€+1)+ﬂ1 (ege§+eoe€+l+6§6§+l)7606§e€+1
(en—eo)(en—eg)(en—egy) ’

e¢ with probability w, =

)

ey with probability wy =

(12)

Proof. Using the cut-criterion, it can be verified that the possible structure of the
supports of the 4-convex discrete extrema takes the form {ey,, en,11,en,,€n,+1} or
{eo, ec,erin, e,,} . Property 4.1 is then used to derive the conditions on the support
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points 1y, 1, and § so that the random variable corresponding to such support has
moments U, 4y and Us.

To that end, we just compute the polynomials p(e;) = co + c1e; + czel2 + C361~3 of
degree 3 (i.e. ¢, ¢1, ¢z and ¢3 € R) such that Xr(:;?x € My (Ep; 1, Ua, U3) (resp.
X,(fiL ) is concentrated on the set

{ieco@,,:e?:coJrcle,-Jrczeinrqe?} = {eg, ec, ey, en} (1<f<n—-2)
resp.
{em ;€415 €my,5 €n2+1} (0<n1 <771+1<772<772+1 <n)
and e} < o + cre; + cae? + cze? forall i € {0,1,...,n} (resp. >).
The only polynomial of degree 3 that fulfills the conditions
63 = (o
et =co+crer + e + ¢3¢
¢ 0 1€¢ 26¢ 3€e
e‘éﬂ =co+creqi + C2€%+1 + 03e3c+1
eﬁ =co +c1e, + cze% + C362
is
_ 3
ple;) = (eo +ertecy + e,,) €;
— (eoeg +eoec1 +eoen +eceri +ecen + egﬂen) e,-2
+ (eoegecﬂ + eopecey + eoperi1én + e;egﬂen) e;

—60€C€§+1€n.

The zeros of the polynomial x* — p(x) are of course eg, e;, eq1; and e, and x* — p(x)
is always negative on &, . So, as we have checked that ej‘ < p(e;) on &,, the random
variable with support {eg, ez, eci1,e,} (1 < <n—2) hastobe X,(Ii)x.
The only polynomial of degree 3 that fulfills the conditions
ezh =co+ c1en + cze%I Jr203e,371 X
621“ =co+ C1n,+1 +2026m+13+ €3¢y 11
622 =co+ c1en, + Crey, +2C36n2 ,
€hq1 = Co T Cleny i1 + ey g +C3€p 1
is
3
ple)) = (en +eni1+en +epi)e
2
— (enieni+1 + enen, + eneni1 + enipien, +enieni1 +epenii) e
+ (eneni+1€n, + eneniien, i1 + enenenil + e riepen i) €
Tl en+1€men+1-
The zeros of the polynomial x* — p(x) are of course ey, , en 11, en, and ey, 1
and x* — p(x) is always positive on &, . So, as we have checked that ¢! > p(e;) on &,
the random variable with support {ey,,en,+1,€n,em+1} O< M <M+1< M <

N2+ 1 < n) hasto be Xih.
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Finally, we have to fix conditions on the support points to assure the non-negativity
of their associated probabilities. The conditions on the support points of Xr(fgx are

0<f<l+1<n

—Us + W (64‘ + €ryl + en) — W (eé‘ngr] + €rén + ngrlen) + €réri16n =20
us — o (eo + eci1 +en) + 1 (eoecyt + eoen + eciien) — eoeciien =0
—uz + 2 (€0 + e¢ + en) — Wy (eoe + eoen + ecen) + eoecen, =0

U3 — Un (60 + er + €§+1) + U (6064‘ + €oer i + egngrl) —epereryy >0

and because we have (eg +ecir + en) 61'2 — (egegﬂ +ecen + €g+1€n) e +ececiie,
2 on &, (cfr. 3-convex maximum) and (eo +ep + ecﬂ) er — (egeg + eoeq i
+e§e§+1) e +epecery) < e} on &, (cfr. 3-convex minimum), the first and the last
conditions are respectively always verified and the system of conditions reduces to

= e

Uz — o (e + en) + Hiepen
U — 1 (e + e,) + eey

0<f<{+1<nande; < <egyr

The conditions on the support points of X,(fiL are given by
o1 20,00 20,03 >0and oy > 0. (13)

O

Note that the solution {ey, , €y, 41, €n,, €n,+1} of (10) cannot be obtained explicitly.
In practice, each admissible pair {ey,, ey, } of &, has to be tested.
Considering the claim distribution in Table 1, we thus have

12 with probability 0.3918,
X3 — 17 W%th probab%l%ty 0.1607,

min 53 with probability 0.4225,
67 with probability 0.0250,

and
0  with probability 0.1821,

X3 _ 28 with probability 0.4660,
max = ) 39 with probability 0.1830,
67 with probability 0.1689.

It is interesting to compare these results with the extrema in .#4(%e7; W1, Ua, U3) and
in A4([0,67]; Wi, o, p3) - In A4 (De7; a1, P2, 1) » we have

13 with probability 0.2894,
3) 14 with probability 0.2683,

(3
Yinin 54 with probability 0.3463,

55 with probability 0.0960,

and
0  with probability 0.1897,

v — 31 with probability 0.5707,
max 32 with probability 0.0641,
67 with probability 0.1755.
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In #4([0,67]; w1, Uz, U3) , we have

70) _ 13.4722 with probability 0.5576,
min ) 54.2177 with probability 0.4424,
and
0 with probability 0.1897,
7z®) = 31.1013 with probability 0.6348,
67 with probability 0.1755.
We now have that Xr(:gx i[‘oig Yr(;?x 54@767” Zr(,fgx and Zg‘i)n i[‘oig Yr(fizl j?fcx Xg‘l)n SO

that we get finer extrema when the particular form of the support is exploited.
We refer the reader to the appendix for a general procedure allowing to get the
extrema for s > 5.

5. Applications

In this section, we derive bounds for the eventual ruin probability in the compound
Poisson risk process. In this classical model, the discrete claim amounts X;, X>, . ..
recorded by an insurance company are assumed to be independent and identically
distributed with common distribution function F, such that F(0) = 0. The number
of claims in the time interval [0,7] is assumed to be independent of the individual
claim amounts and to form a Poisson process {N(#),z > 0} with constant rate A .
Let also the premium rate ¢ > 0 be such that the inequality ¢ > AE[X,] holds (i.e.
the premium received in each period is larger than the net premium). Further, let
(k) be the ultimate ruin probability with an initial capital k ; that is, the probability
that the process Z(f) = Kk + ct — Zf\]:(i) X;, t > 0, describing the wealth of the
insurance company, ever falls below zero. If the moment generating function of X
exists, the Lundberg’s inequality provides an exponential upper bound on y , namely
v (k) < e %, where z is the Lundberg’s adjustment coefficient satisfying the integral
equation E[e**] = 1 4+ §. Remark that in storage theory, Zf\]:(;) X; can be seen as the
input process to a storage system when its content is positive. Then 1 — y is known
to be the limiting contents distribution. In queueing theory, 1 — ¥ can be viewed as
the waiting time distribution for an M/G/1 queue with arrival rate A and service time
distribution F.

Assume that the X;’s are valued in &, . As the function f (x) = e* is s-convex,
we have E[e?mn] < E[e?] < E[e®], with X, and X%}y the stochastic extrema with

respect to <% This provides bounds Zfﬁi)n <z< ZI(;?JX on the Lundberg’s coefficient

—s—cx *

: . . . ) .
where zr(ﬁi)n and zgﬁgx are respectively the roots of the equations IE[eZXni“] =1+ % and

Eem] = 1 + <.

To illustrate our results, we use the discrete claim severity distribution given in
WALHIN & PARIS (1998) displayed in Table 1. For this special distributions, we thus
have n = 67, u; = 31.5, up = 1401.8 and u3 = 71879.1. We take furthermore
A =10 and ¢ = 400 (so that ¢ > Au; ). Table 2 depicts the bounds on the Lundberg’s
coefficient in case two (s = 3) or three (s = 4) moments are considered. The
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bounds were computed using the continuous s-convex extrema on [0, 67], the discrete
s-convex extrema on the equidistant support Zs;7 = {0, 1,...,67} and the discrete
s-convex extrema on the arbitrary grid & = {0,7,12,17,23,28,39,46,53,67}. The
explicit expression of these extrema have been given in the preceding section. The third
method gives better results than the two other ones. The accuracy of the bounds is
remarkable.

s=3 s=4
23, [0,67] [0.00992428]0.01009877
0, T 0.00992431]0.01009877
20, & 0.00992664(0.01009981
L), & 10.01033457]0.01011517
2, Do 10.01034111/0.01011622
2, 0,67][0.01034132(0.01011625

Table 2. Bounds on the Lundberg’s coefficient 7 with ¢ = 400 and A = 10.
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Appendix: Derivation of the extrema with respect to
Ms(Epy s M2, - - Ms—1) for s >5

The method proposed can be extended to the general case s > 5. It is done in the
following way. Using the cut-criterion and Property 4.1, it can be seen that the most gen-
eral form for the supports of the s-convex extrema, denoted by Supr‘(;-i)n and Suprf;jjx’
are given as follows: for s = 2m, we have Suppyw = {eg ecis1,- .- €6, €641}
< ez, < eg1 < ) and Suppyy = {eo, ec, €041,
-~-7€g,,,,1,€g,,,,1+1>€n} (0 <eq <eqy1 <...<eg  <e 41 < e,) while
for s = 2m + 1, we have SuPprn‘?n = {60’€§I’€§1+1’...7eém’€§m+l} (eo < eg <
erp1 < ... < e, < egy1 < €n) and Supp, = {eq,eqi1s---5€0,,€0,41,6n )
(eo<ep <eqi <...<er  <er 1< enm)a.x

(eo < eg < egyr < ...

Then, to express the conditions on the support points so that Xr(,fm and Xr(ﬁgx

have the required moments u;, Uy, ..., Us—1 , we just have to compute the probabilities
associated to the support points and to check that they are positive. We get the resulting
probabilities using that
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X € Dy(&ps s Mo, - . ., Hs—1) With Suppy = {e;,,¢j,,..., €, }

E [Hz;éi(x - ejz)]
Hl;éi(eji —¢)

= PrX = ¢;] = (i=0,1,....k).

The solution (6517...7655,/2,%, . 765@/2)71) (s even) (resp. (eél, B el

e, /2> (s odd)) cannot be obtained explicitly. Nevertheless, it is easily ob-

tained by testing each admissible sequence (egl, e €8 €l 76%/2)71) (resp.

(egl, €8 €L .,e;(klw) ) of &,.
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