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Abstract. In the present investigation, we obtain subordination and superordination – preserving
properties of certain integral operator with the sandwich type theorem.

1. Introduction

Let H = H (Δ) denote the class of analytic functions in the open unit disk
Δ = {z ∈ C : |z| < 1} . For a ∈ C , let

H [a, n] = {f ∈ H : f (z) = a + anz
n + an+1z

n+1 + · · · }. (1.1)

Let A denote the subclass of H [a, 1] with the normalization

f (0) = f ′(0) − 1 = 0.

Let f and F be members of H . The function f is said to be subordinate to F ,
or F is said to be superordinate to f , if there exists a function w analytic in Δ , with
w(0) = 0 and |w(z)| < 1 , and such that f (z) = F(w(z)) . In such a case, we write
f ≺ F or f (z) ≺ F(z) . If the function F is univalent in Δ , then f ≺ F if and only if
f (0) = F(0) and f (Δ) ⊂ F(Δ) .

Let φ : C2 → C and let h be univalent in Δ . If p is analytic in Δ and satisfies
the differential subordination

φ(p(z), zp′(z)) ≺ h(z) (z ∈ Δ), (1.2)

then p is called a solution of the differential subordination. The univalent function
q is called a dominant of the solutions of the differential subordination, or simply a
dominant if p ≺ q for all p satisfying (1.2). A dominant q̃ that satisfies q̃ ≺ q for all
dominants q of (1.2) is said to be the best dominant.

Let φ : C2 → C and let h be analytic in Δ . If p and φ(p(z), zp′(z)) are univalent
in Δ and satisfy the differential superordination

h(z) ≺ φ(p(z), zp′(z)) (z ∈ Δ), (1.3)
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then p is called a solution of the differential superordination. An analytic function q
is called a subordinant of the solutions of the differential superordination, or simply a
subordinant if q ≺ p for all p satisfying (1.3). A univalent subordinant q̃ that satisfies
q ≺ q̃ for all subordinants q of (1.3) is said to be the best subordinant.

For f ∈ A , Ruscheweyh [9], considered the following generalized integral oper-
ator

Iβ ,γ (f )(z) =
[
β + γ

zγ

∫ z

0
tγ−1f β (t)dt

] 1
β

(β > 0, Re γ > 0). (1.4)

For a function f ∈ A , Shanmugam [10] introduced and studied the following
integral operator Iβ ,γ defined by

Iβ ,γ (f )(z) :=

[
γ + 1

β

gγ (z)

∫ z

0
gγ−1(t)g′(t)f

1
β (t)dt

]β
(1.5)

(f ∈ A , β > 0).

which is a generalization of Mocanu’s [7] integral operator.
For g(z) = z in (1.5), we have

Iβ ,γ (f )(z) :=

[
γ + 1

β

zγ

∫ z

0
tγ−1f

1
β (t)dt

]β
. (1.6)

Miller et al. [6] obtained some subordination theorems involving certain integral
operators for analytic function in Δ . Also, Bulboaca [1] considered superordination –
preserving properties of certain integral operator as the dual problem of subordination.
Recently Cho and Owa [2] obtained double subordination – preserving properties for
certian integral operator.

Motivated by the aforementioned works, in the present investigation, using the
technique in [1, 2], we obtain sandwich type theorems which contains the subordination
and superordination – preserving properties for certain integral operator defined in the
open unit disk.

2. Definitions and preliminaries

To prove our main results, we shall need the following definitions and Lemmas.

DEFINITION 2.1. [[8] p. 157] A function L : Δ×[0, +∞) → C is a subordination
(or Loewner) chain if L(·, t) is analytic and univalent in Δ for all t � 0 , L(z, ·) is
continuously differentiable on [0, +∞) for all z ∈ Δ , and L(z; s) ≺ L(z, t) when
0 � s � t .

The next well-known lemma gives us a necessary and sufficient condition for
L(z; t) to be a subordination chain.
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LEMMA 2.1. [[8], p. 159] The function L(z; t) = a1(t)z + a2(t)z2 + · · · , with
a1(t) �= 0 for t � 0 and lim

t→+∞ |a1(t)| = +∞ , is a subordination chain if and only if

Re

[
z
∂L/∂z
∂L/∂t

]
> 0, z ∈ Δ, t � 0.

DEFINITION 2.2. [5] We denote by Q the set of functions h that are analytic and
injective on Δ\E(h) where

E(h) = {ζ ∈ ∂Δ : lim
z→ζ

h(z) = ∞},

and such that h′(ζ) �= 0 for ζ ∈ ∂Δ\E(h) .

LEMMA 2.2. [3] Let p be analytic in Δ and q analytic and univalent in Δ̄ except
for points where limz→ζp(z) = ∞ with p(0) = q(0) . If p is not subordinate to q , then
there is a point z0 ∈ Δ and ζ0 ∈ ∂Δ such that p(|z| < |z0|) ⊂ q(Δ) , p(z0) = q(ζ0) ,
and z0p(z0) = mζ0q′(ζ0) for m � 1 .

LEMMA2.3. [[5], Thm. 7]Let q ∈ H [a, 1] , let φ : C2 → C and set φ(q(z), zq′(z)) ≡
h(z) . If L(z; t) = φ(q(z), tzq′(z)) is a subordination chain and p ∈ H [a, 1]∩Q , then

h(z) ≺ φ(p(z), zp′(z)) ⇒ q(z) ≺ p(z).

Furthermore, if φ(q(z), zq′(z)) = h(z) has a univalent solution q ∈ Q , then q is the
best subordinant.

LEMMA 2.4. [4] Let β , γ ∈ C with β �= 0 and let h ∈ H (Δ) with h(0) = c .
If Re {βh(z) + γ } > 0 (z ∈ Δ) , then the solution of the differential equation

q(z) +
zq′(z)

βq(z) + γ
= h(z) (z ∈ Δ) (2.1)

with q(0) = c is analytic in Δ and satisfies Re {βq(z) + γ } > 0 .

LEMMA 2.5. [4] Let β > 0 , β + γ > 0 and let Iβ ,γ be the integral opera-
tor defined by (1.4). If α ∈ [−γ /β , 1) , then the order of starlikeness of the class
Iβ ,γ (I ∗(α)) , that is, the largest number δ = δ(α; β , γ ) such that

Iβ ,γ (I ∗(α)) ⊂ I ∗(δ),

is given by the number δ(α; β , γ ) = inf{Re q(z) : z ∈ Δ} , where

q(z) =
1

βQ(z)
− γ

β
, Q(z) =

∫ 1

0

(
1 − z
1 − tz

)2β(1−α)

tβ+α−1dt.

Moreover, if α ∈ [α0, 1) , where

α0 := max

{
β − γ − 1

2β
,− γ

β

}



232 T. N. SHANMUGAM AND M. P. JEYARAMAN

and f ∈ I ∗(α) , then

Re

{
z(Iβ ,γ (f )(z))′

Iβ ,γ (f )(z)

}
> δ(α; β , γ )

=
1
β

[
β + γ

2F1(1, 2β(1 − α), β + γ + 1; 1/2)
− γ
]

,

where 2F1 represents the Gauss hypergeometric function.

Throughout this paper, we will denote Aβ ,γ by

Aβ ,γ :=
{

f ∈ A :
f (z)

z
�= 0,

Iβ ,γ (f )(z)
z

�= 0 (z ∈ Δ; β �= 1)
}

.

3. Main results

THEOREM 3.1. Let f , g ∈ Aβ ,γ with β > 0 and 0 < γ � 1 . Suppose that

Re

{
1 +

zg′′(z)
g′(z)

+
(

1
β
− 1

)
zg′(z)
g(z)

}
> − γ

2
. (3.1)

Then
(f (z))1/β ≺ (g(z))1/β (3.2)

implies
(Iβ ,γ (f )(z))1/β ≺ (Iβ ,γ (g)(z))1/β (3.3)

where the Integral operator Iβ ,γ is defined by (1.6). Moreover, the function (Iβ ,γ (g)(z))1/β

is the best dominant.

Proof. Let

F(z) := (Iβ ,γ (f )(z))1/β , G(z) := (Iβ ,γ (g)(z))1/β . (3.4)

Without loss of generality, we can assume that G is analytic and univalent on Δ̄ , and
G′(ξ) �= 0 for |ζ | = 1 .

We first prove that if the function q is defined by

q(z) := 1 +
zG′′(z)
G′(z)

, (3.5)

then
Re {q(z)} > 0 (z ∈ Δ). (3.6)

From the definition of (1.6), we obtain

g1/β(z) = (Iβ ,γ g(z))1/β
(

1
β

z(Iβ ,γ (g)(z))′

Iβ ,γ (g)(z)
+ γ
)

1

γ + 1
β

. (3.7)

From (3.4), we have

1
β

(
z(Iβ ,γ (g)(z))′

Iβ ,γ (g)(z)

)
=

zG′(z)
G(z)

(3.8)
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It follows from (3.7) and (3.8) that(
γ +

1
β

)
φ(z) = γG(z) + zG′(z), (3.9)

where φ(z) = g1/β(z) .
By differentiating (3.9) and through a little simplification, we obtain

φ ′(z) =
γ

γ + 1/β
G′(z) +

1
(γ + 1/β)

q(z)G′(z) (3.10)

where the function q(z) is defined by (3.5).
Logarithmic differentiation of (3.10) and a simplification yields

q(z) +
zq′(z)

q(z) + γ
= 1 +

zφ ′′(z)
φ ′(z)

≡ h(z). (3.11)

From (3.1), we have Re {h(z) + γ } > γ
2 > 0 , and by using Lemma 2.4, we

conclude that the differential equation (3.11) has a solution q ∈ H (Δ) with q(0) =
h(0) = 1 .

Now, we will use Lemma 2.5 to prove that, under the assumption, the inequality
(3.6) holds. Replacing β by 1 in Lemma 2.5, we have

α0 = max

{
β − γ − 1

2β
,− γ

β

}
= − γ

2
.

For the differential equation (3.11), by using Lemma 2.5 in the case α = α0 = − γ
2 ,

we obtain that

Re {q(z)} >
γ + 1

2F1(1, γ + 2, γ + 2; 1/2)
− γ =

1 − γ
2

� 0.

Thus, G defined by (3.4) is convex (univalent) in Δ .
Next, we prove that (3.2) implies (3.3). For, consider the function L(z, t) given

by

L(z, t) :=
γ

γ + 1
β

G(z) +
(1 + t)
γ + 1

β
zG′(z) (0 � t < ∞). (3.12)

Since G(z) and zG′(z) are analytic in Δ , the function L(z, t) defined by (3.12) is
analytic in Δ for all t � 0 , and

a1(t) =
(

∂L(z, t)
∂z

)
z=0

= G′(0)
(
β(γ + 1 + t)

βγ + 1

)
�= 0.

Also
lim

t→+∞ |a1(t)| = +∞.

A simple computation shows that

Re

(
z
∂L/∂z
∂L/∂t

)
=
{
γ + (1 + t)

(
1 + z

G′′(z)
G′(z)

)}
,
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and according to G is convex and γ > 0 , we get

Re

(
z
∂L/∂z
∂L/∂t

)
> 0, z ∈ Δ, t � 0.

By Lemma 2.1, we conclude that L(z, t) is a subordination chain. From the definition
of a subordination chain, we have

φ(z) =
γ

γ + 1/β
G(z) +

1
γ + 1/β

zG′(z) = L(z, 0), L(z, 0) ≺ L(z, t)

(z ∈ Δ, 0 � t < ∞).

This implies that
L(ξ , t) �∈ L(Δ, 0) = φ(Δ) (3.13)

for ξ ∈ ∂Δ and t ∈ [0,∞) .
Now, suppose that F is not subordinate to G . Then, by Lemma 2.2, there exist

points z0 ∈ Δ and ξ0 ∈ ∂Δ such that

F(z0) = G(ξ0), z0F
′(z0) = (1 + t)ξ0G

′(ξ0) (0 � t < ∞)

Hence, we have

L(ξ0, t) =
γ

γ + 1/β
G(ξ0) +

(1 + t)
γ + 1/β

ξ0G
′(ξ0)

=
γ

γ + 1/β
F(z0) +

1
γ + 1/β

z0F
′(z0) = (f (z0))1/β ∈ φ(Δ)

by virtue of the subordination condition (3.2). This contradicts the above observation
that L(ξ , t) �∈ φ(Δ) . Therefore we have F(z) ≺ G(z) . Considering F(z) = G(z) ,
we see that the function G is the best dominant. Therefore, we complete the proof of
Theorem 3.1. �

THEOREM 3.2. Let f , g ∈ Aβ ,γ with β > 0 and 0 < γ � 1 . Suppose that

Re

{
1 +

zg′′(z)
g′(z)

+ (
1
β
− 1)

zg′(z)
g(z)

}
> − γ

2
.

If (f (z))1/β is univalent in Δ and (Iβ ,γ f (z))1/β ∈ Q , then

(g(z))1/β ≺ (f (z))1/β (3.14)

implies

(Iβ ,γ (g)(z))1/β ≺ (Iβ ,γ (f )(z))1/β (z ∈ Δ), (3.15)

where the integral operator defined by (1.6). Moreover the function (Iβ ,γ (g)(z))1/β is
the best subordinant.
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Proof. Let

F(z) := (Iβ ,γ (f )(z))1/β , G(z) := (Iβ ,γ (g)(z))1/β (3.16)

From (3.7) and (3.8), we obtain

φ(z) =
γ

γ + 1/β
G(z) +

1
γ + 1/β

zG′(z) = φ(G(z), zG′(z)). (3.17)

By differentiating (3.17) and through a little simplification, we obtain

φ ′(z) =
γ

γ + 1/β
G′(z) +

1
(γ + 1/β)

q(z)G′(z). (3.18)

Logarithmic differentiation of (3.18) and a simplification yields

1 +
zφ ′′(z)
φ ′(z)

= q(z) +
zq′(z)

q(z) + γ
,

where the function q is defined by (3.5). Then, by using the same technique as in the
proof of Theorem 3.1, we observe that G defined by (3.16) is convex (univalent) in Δ .

Consider

L(z, t) :=
γ

γ + 1/β
G(z) +

t
γ + 1/β

zG′(z) (z ∈ Δ, 0 � t < ∞).

Clearly L(z, t) is analytic in Δ and

a1(t) =
∂L(0, t)

∂z
= G′(0)

(
β(γ + t)
βγ + 1

)
�= 0.

Also lim
t→+∞ |a1(t)| = +∞ .

A simple computation shows that

Re

(
z
∂L/∂z
∂L/∂t

)
= Re

{
γ + t

(
1 +

zG′′(z)
G′(z)

)}
.

Since γ > 0 and G is convex, we have

Re

(
z
∂L/∂z
∂L/∂t

)
> 0, z ∈ Δ, t � 0,

and by Lemma 2.1, we conclude that L(z, t) is a subordination chain.
Therefore, according to Lemma 2.3, we conclude that the superordination con-

dition (3.14) must imply the superordination given by (3.15). Furthermore, since the
differential equation has the univalent solution G , it is the best subordinant of the given
differential superordination which completes the proof of Theorem 3.2. �

By combining Theorem 3.1 and Theorem 3.2, we get the following sandwich
theorem.
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THEOREM 3.3. Let f , gk ∈ Aβ ,γ , (k = 1, 2) with β > 0 and 0 < γ � 1 .
Suppose that

Re

{
1 +

zφ ′′
k (z)

φ ′
k(z)

}
> − γ

2
(φk(z) := (gk(z))1/β , k = 1, 2).

If (f (z))1/β is univalent in Δ and (Iβ ,γ f (z))1/β ∈ Q , then

(g1(z))1/β ≺ (f (z))1/β ≺ (g2(z))1/β

implies that

(Iβ ,γ (g1)(z))1/β ≺ (Iβ ,γ (f )(z))1/β ≺ (Iβ ,γ (g2)(z))1/β ,

where Iβ ,γ is the integral operator defined by (1.6). Moreover, the functions (Iβ ,γ (g1)(z))1/β

and (Iβ ,γ (g2)(z))1/β are the best subordinant and the best dominant, respectively.

THEOREM 3.4. Let f , g ∈ Aβ ,γ with β > 0 and 0 < γ +1/β � 1 . Suppose that

Re

{
1 +

zφ ′′(z)
φ ′(z)

}
> −1 + βγ

2β

(
z ∈ Δ; φ(z) :=

(
g(z)
z

)1/β
)

.

Then (
f (z)

z

)1/β

≺
(

g(z)
z

)1/β

implies that (
Iβ ,γ (f )(z)

z

)1/β

≺
(

Iβ ,γ (g)(z)
z

)1/β

,

where the integral operator Iβ ,γ is defined by (1.6). Moreover, the function (Iβ ,γ (g)(z)/z)1/β

is the best dominant.

Proof. The proof of Theorem 3.4 is much akin to the proof of Theorem 3.1 and
hence can be omitted. �

Since the superordination results are the dual of the subordination, we state the
results pertaining to the superordination, using the duality.

THEOREM 3.5. Let f , g ∈ Aβ ,γ with β > 0 and 0 < γ +1/β � 1 . Suppose that

Re

{
1 +

zφ ′′(z)
φ ′(z)

}
> −1 + βγ

2β

(
z ∈ Δ; φ(z) :=

(
g(z)
z

)1/β
)

.

If (f (z)/z)1/β is univalent in Δ and (Iβ ,γ (f )(z)/z)1/β ∈ Q , then

(
g(z)
z

)1/β

≺
(

f (z)
z

)1/β
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implies that (
Iβ ,γ (g)(z)

z

)1/β

≺
(

Iβ ,γ (f )(z)
z

)1/β

,

where the integral operator defined by (1.6). Moreover, the function (Iβ ,γ (g)(z)/z)1/β

is the best subordinant.

By combining Theorem 3.4 and Theorem 3.5, we get the following sandwich type
theorem.

THEOREM 3.6. Let f , gk ∈ Aβ ,γ , (k = 1, 2) with β > 0 and 0 < γ + 1/β � 1 .
Suppose that

Re

{
1 +

zφ ′′
k (z)

φ ′
k(z)

}
> −1 + βγ

2β
(φk(z) :=

(
gk(z)

z

)1/β

, k = 1, 2).

If
(

f (z)
z

)1/β
is univalent in Δ and (Iβ ,γ f (z)/z)1/β ∈ Q , then

(
g1(z)

z

)1/β

≺
(

f (z)
z

)1/β

≺
(

g2(z)
z

)1/β

implies that

(
Iβ ,γ (g1)(z)

z

)1/β

≺
(

Iβ ,γ (f )(z)
z

)1/β

≺
(

Iβ ,γ (g2)(z)
z

)1/β

.

Here (Iβ ,γ (g1)(z)/z)1/β and (Iβ ,γ (g2)(z)/z)1/β are the best subordinant and the best
dominant, respectively.
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