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INTERPOLATION INEQUALITIES IN WEIGHTED SOBOLEYV SPACES
SERENA BOCCIA AND LOREDANA CASO

(communicated by D. Zubrinic)

Abstract. In this paper we prove some interpolation inequalities between functions and their
derivatives in the class of weighted Sobolev spaces defined on unbounded open subset Q C R” .

1. Introduction

We consider the problem of determining some upper bounds for L? -norms (g > 1)
of derivatives 0*u, k < r (k,r € N), of functions u belonging to appropriate Sobolev
spaces defined on an open subset Q C R", in terms of the L7 -norms (p > 1) of u
and its derivative "u. Such interpolation inequalities have been obtained by many
writers with different regularity properties on . Such regularity is normally expressed
in terms of geometrical conditions that may or may not be satisfied by a given domain.

For example, if Q is a bounded domain with the cone property, several authors
(see, for instance, [8], [5], [7]) proved some interpolation inequalities of the type

16 ull o) < ¢ (107wl Gp 0 - HMH}EJ?Q) + o) 5 (1.1)

for functions u in a suitable Sobolev space X(Q), with p, > 1,p > 1, ¢ in an
appropriate interval depending on p, k, r, n, and a determined by g .

Several inequalities of kind (1.1) have been obtained when the functions u are
required to be in a suitable weighted Sobolev space (see, for instance, [9], [3], [2], [6]).

In particular, in [9] the author proved some interpolation inequalities between
functions and their derivatives in the within of weighted Sobolev spaces defined on
bounded open subset Q C R". Here the weights are suitable powers of a measurable
function p : Q — R, such that

p(x)’

sup log—| < +0. 1.2
3880 (2
[x=yl<p()

Moreover, the required regularity property on Q is:

H) Forany x € Q, QN B(x,p(x)) is a set with the cone property with characteristic
cone of opening 6 € |0, 7[ and height A p(x), where 6, A are independent of x
(B(x,p(x)) denote the open ball of radius p(x) centered at x).
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The aim of this paper is to generalize the above quoted results of [9] to the case of an
unbounded open set Q and with regularity property weaker then H) (see condition £, )
in section 4).

In section 5 we will give some examples of open sets Q for which condition H)
is not verified, but our condition 4,) is verified.

As an application of the main obtained result, we consider the case of constant
weight functions and this allows us to obtain an inequality like (1.1) in unbounded
domains. Moreover, we prove an interpolation inequality for intermediate derivatives,
without condition A,), in the case in which Q has the cone property and the weight
function p verifies the conditions

infp > 0, supp = +00. (1.3)
Q Q

Finally, we consider the case of an other class of weight functions, the class ¢(Q)
(see section 4 for the definition). Here we prove an interpolation inequality in which
all derivatives of the function u are in the same weighted Sobolev space.

We note that these inequalities play an important role in the study of elliptic
equations with discontinuous (or also singular) coefficients in weighted Sobolev spaces.

2. Weight functions and weighted spaces

Let E be a generic Lebesgue measurable subset of R". We denote by |E| the
Lebesgue measure of E. Moreover, we denote by L‘i’ oc(E)s p € [1,+00], the class
of functions f defined on E such that {f € LP(E) forall { € Z(E), where Z(E)
is the class of restrictions to E of functions § € C°(R") with ENsuppl C E.
If ¢ : E — R, is a measurable function and s € R, we denote by L{(E) the
class of functions f defined on E such that ¢°f € LF(E) equipped with the norm
‘V||L§(E) =1¢°f l|r (&) -

Let Q be an open subset of R". We denote by «7(Q) the class of measurable
functions p : Q — R, such that

p(x)’

su log —=| < +00. 2.1
sup - |log 5o 2.1)
[x—y[<pW)

It is easy to show that p € &/ (Q) if and only if there exist ¢1,¢c; € R, independent
of x and y such that

cap(y) <pl) <aply) VyeQ, VxeQnB(yp®y)), (2.2)
where B(y, p(y)) is the open ball of radius p(y) centered at y.

REMARK 2.1.  We note that if p € &7(Q) and a €]0, 1], then the function
w(x) = ap(x) (x € Q) belongs to &7 (Q).

For any weight function p € &/(Q), we put
S, ={z€0Q : limp(x) =0}. (2.3)

X—2Z
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It is know that S, is a closed subset of JQ and that

p e L. (Q), p e LS (Q\ Sp), (2.4)

(see [10], [4]).
IfreN, 1<p<+oo,s€Rand p € o7(Q), we consider the space W (Q)
of distributions u on  such that p**1*=" 9% € 17(Q) for || < r, equipped with

the norm
il = 3 |

ol <r

psﬂodfr 9%u (2.3)

(Q)

A detailed account of properties of the above defined function spaces can be found in
[L1].

3. Some preliminary results

We observe that o7 (Q) contains the class of all functions p : Q — R, which are
Lipschitz continuous in Q with Lipschitz constant less than 1. On the other hand the
only continuity of a positive function p may not be imply that p belongs to </ (Q).
Nevertheless, fixed a weight function p € &7 (Q), under suitable conditions on the open
set Q, it is possible to find a continuous weight function in </ (Q) which is equivalent
to p (see section 4).

In this section we prove some results for continuous weight functions belonging to

Let T € C°(Q) be a positive function. Consider the following condition on Q:

i,) There exists 6 €0, [ such that

VxeQ 3FCop(x) 1 Colx,t(x)) CQ, (3.1)

where Cp(x) isanindefinite cone with vertex at x and opening 0, and Cp(x, 7(x))
= Co(x) N B(x, 7(x)).
For any fixed x € Q and b € [1,+o00[, we denote by €,(x) the union of all open
cones C with opening 6 and height ! 7(x), such that C CC Q and x € C. For
each x € Q, put

Fpx)={yeQ :xeQyy)}, (3.2)
A={(x,y) eQxQ:x€Q yeQyx)}. (3.3)

Obviously we have
Yy E Fp(x) <= x € Q(y). (3.4)

LEMMA 3.1. Assume that condition i,) holds. Then the sets Fy(y) (y € Q) and
A are open sets in Q and Q x Q respectively .

Proof. Let y, € Q and x, € Fy(y,). By (3.4), we have that there exists
Co(z,b7 ' 7(x,)) (z € Q) such that

Xos Yo € CG(Z7b_1 T(xv))7 Ce(z7b_l T(xv)) CQ. (3'5)
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From (3.5) we have that there exists ¢ > 0 such that

Xo, Yo € Colz,b7 " T(x,) — €), Co(z,b~ ' 1(x,) +€) C Q. (3.6)
Since T € C%(Q), we deduce that there exists a neighborhood A (x,) of x, such that

A1(x,) C Colz, b7  1(x,) — €)

(3.7)
b~ l1(x,) —e<blr(x) <b l1(x,)+e Vxe Ai(x).
So we have for any x € A;(x,)
Co(z,b7 " 1(x,) — €) C Co(z, b7 7(x))
(3.8)
Co(z,b7'1(x)) C Co(z,b7 ' 7(x,) +€) C Q.
Therefore for each x € A;(x,) we have
X, Yo € Co(z,b7 " 7(x)), Co(z,b711(x)) C Q, (3.9)

and so y, € Qp(x). Therefore Fj(y,) is an open set.

Fix now (x,,y,) € A. We have already proved that there exists a neighborhood
Ai(x,) of x, such that y, € Q,(x) forany x € A;(x,). Fix x € A;(x,), let A2(y,) be
a neighborhood of y, such that

As(v,) C Colz, b " (%)) . (3.10)

By (3.9) it follows that A;(y,) C Q,(x) forall x € A;(x,).
Then we deduce that

A1 (%) X As(y,) C A (3.11)
From (3.11) we deduce that A is an open set. O
Consider the function @, : Q x Q — R defined by

1 if (x,y) € Q x Qp(x)

D, (x,y) = (3.12)
0 if (x,y) € Qx (Q\ Q(x)) .

We observe that

1 if (x,y) € Fip(y) x Q
Dy(x,y) = (3.13)
0 if (x,y) € (Q\ Fy(y)) x Q.

LEMMA 3.2. Assume that condition i,) holds. Then the function @), defined by
(3.12) is a measurable function.
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Proof. Let t € R. Consider the set
F(1) = {(x,y) € R? : ®y(x,y) >1}. (3.14)

For r < 0 we have .Z () = Q x Q, so .#(r) is a measurable set. If r > 1, then
Z(t) = 0 and hence the set is measurable too. Suppose now 0 < 7 < 1, then
F(t) = A, where A is defined by (3.3). In this case the result follows from Lemma
3.1. |

Suppose now that T € C°(Q)N &7/ (). So thereexists 0 € [1, 4o0[, independent
of x and y, such that
57 M(y) < 1(x) < 8 t(y) VyeQ, VxeQnB(y,1(y)). (3.15)

In the sequel, we denote by Q(x), F(x) and ®(x,y) the sets Qs(x), F5(x) and the
function ®s(x,y) respectively.

LEMMA 3.3. Assume that condition i,) holds. Then there exist ¢y, ¢ € R such
that
aT'(x) <|F(x)| < 2 T'(x) VxeQ, (3.16)

where ¢, dependson 0, n, §, and ¢y depends only on n.

Proof. Fix x € Q. To prove (3.16), we observe that if y € F(x) then x €
QN B(y,5 ! 7(y)). Therefore from (3.15) we deduce that y € QN B(x, 7(x)) and so

IF()| < |B(x, 7(x))| < ex T'(x),  VxeQ, (3.17)

where ¢z € Ry depends only on r.
Now let y € Co(x, 52 7(x)). From (3.15) it follows that

Cg(x,cS’2 7(x)) C Cg(x,(S’1 7(y)) C Co(x, 7(x)). (3.18)
Therefore from condition i,) we have
Co(x, 867 11(y)) C Q. (3.19)

Since Cyg(x, 8! 7(y)) is acompact setin Q, we deduce that there exists a cone C with
opening O and height §~! 7(y), such that x,y € C and C CC Q. So x € Q(y) and
then y € F(x). It follows that

[F(x)| > [Colx, 672 7(x))| = ea T"(x), (3.20)

where ¢4 € R} dependson 6, n and 6. O
The above lemmas can be used to prove the following result, which will be essential
in the proof of Theorem 4.4.
Let S; the set defined by (2.3) in correspondence of the weight function 7.
Let y a function defined on Q which verifies the following conditions:

y(x) >0 VxeQ
(3.21)
JueR, tplyy) Sy <uwly) VYieQ VyeQx).
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LEMMA 3.4. Suppose that condition i,) holds and fix a function W which verifies
(3.21). Then for any p, q € [1,+oo[, with q > p, there exist c1,c; € Ry such that

L@ e @l ds> e [ weoras (22)
[V @ gy < e ([ veuera)’. e
for any u € Lfoc(ﬁ \ Sz), where ¢ depends on 0, n, d, U, and c; depends on

n, 8, 1, p and q.

Proof. Fix p € [1,+oc[ and u € L (Q\ S¢). From (3.15), (3.21) and (3.4) we
obtain

L e @ e as = [ ([ YT W) ) d

> o [ v e ) ([ owy)ds)dy

s [y omor( [ dx)a.

where ¢3 € R, dependson 0, u and n.
From Lemma 3.3 and (3.24) it follows (3.22).
Fix now g > p and put

q_q
h(x) = wi ' (x) (/ umlPdy)’ xeQ. (3.25)
Q(x)
From (3.15), (3.21) and Holder inequality, it follows that

4q —n
/QV/P (x)T7"(x) H“HZI’(Q(X)) dx

— /Q v (x) T”(x)h(x)(/g(x) u(y)I” dy) dx

<er [ w0 e EO) i ([ 75 0 ) @) d)

(3.24)

P
q

<ei [ v e i) o ([ =) () 77 @) | @) ax)"]ay

P
q

_nl L q T 1=
— ¢ /Q ) T ") [0 RG] dy /Q v () T (@)l g dx)
(3.26)
where ¢4 € R} depends on n, 0, i, p and ¢g. So (3.23) follows from (3.26) and
Lemma 3.3. 0
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4. Main results

Fix p € &/(Q). So there exists y € [l,+oo[, independent of x, y € Q, such
that

r ') <p) <vp(y) VyeQ, VxeQnB(yp().  (41)

The results of previous section can be used only if we consider a continuous weight
function. Preliminarily, in this section, we want to find some conditions on €2 that
guarantee the existence of a continuous weight function which is equivalent to p. To
this aim, we establish some introductory results.

For any x € Q we put

I(x) = QN B(x, p(x)), (4.2)
Jx)={yeQ:xecl(y)}. (4.3)
LEMMA 4.1. For any x € Q the set J(x) is measurable.
Proof. Fix x € Q. We observe that
Jx) ={yeQ: p(y) - [x—y/>0}. (4.4)

Then the result follows from the measurability of the function y — p(y) — |x — y|.
O

Consider the following condition on Q:

h,) There exists 6 €0, 5[ such that

VxeQ 3FCop(x) : Colx,plx)) C Q. (4.5)

LEMMA 4.2.  Assume that condition h,) holds. Then there exist ci, ca € R,
such that
qap' () <P <ep'ly)  VreQ, (4.6)

where ¢y dependson 0, n, vy, and c, dependson n and y .

Proof. Fix x € Q. Using the same argument of the proof of Lemma 3.3, it is
possible to prove that

Co(x, 72 p(x)) CJ(x) CB(x,y p(x)) - (4.7)
So, the result follows from (4.7). O

REMARK 4.3. From Lemma 4.2, we deduce that

()]
inf 25 >0 (4.8)

From a known result of [10], it follows that there exists a function 0 € /() N
C>(Q) N C*'(Q) and a constant u € R, , independent of x, such that

ulplx) <o) <pplxr)  Vxe Q. (4.9)
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Now we put
T(x) = —= Vx € Q, (4.10)

where the function ¢ and the constant u are defined in Remark 4.3. In view of Remarks
2.1 and 4.3, and condition #,), the function 7 verifies the following conditions:

1€ (Q)NC(Q)

u2p(x) < 7(x) < px) Vxe Q,

S: =35,

30€]0,Z[ : VYxeQ 3ICo(x) suchthat Co(x, 7(x)) C Q.

(4.11)

For any x € Q, we denote by Q(x) and F(x) the sets of R" defined in section 3 in
correspondence of the function 7 in (4.10).

Fix k € No,r € N;s € R, p, € [l,400], p, ¢ €]1,400[ and consider the
following condition

h)
1 1 —k
k<r, Po <p <y, —2——r . (4.12)
qg P n
Put
1 1 1 1
aU:s—n<———), a:s—n<———), (4.13)
Po D qg P
1 1, k
- _+ R
a= 7‘”1" ‘l’ z. (4.14)
- — 2+ r
po p ' on
We observe that if condition A;) holds, then
k 1 1 —k
S<a<l  and a=1+=-=-—" (4.15)
r q p n

THEOREM 4.4.  Suppose that conditions h,) and hy) hold. Then there exists

¢ € Ry such that for any function u for which 0"u € L§(Q), u € Ly _ (Q), we have
<c(1107ul%. - lulls " ) 4.16
lullyto o < € (100120 Tl )+ lulizs o (4.16)
where ¢ dependson 0, n, p, r, k, p,, p and q.
Proof. Fixed x € Q, consider the function
Py e Qi x (4.17)

()

and put
Q" (x) = ¥* (Q(x)) . (4.18)
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Obviously by condition ,) and (4.11) we deduce that Q*(x) is a bounded set with the
cone property. Let now i € N, with i < k. Put

___+_
a="Lte_1_" (4.19)

P
Po +

and observe that a; < a Vi < k, where a is defined by (4.14).
From well known results (see for instance, [7], [5], [8]), it follows that for any
i < k there exists ¢; € R, , dependingon 0, 7, r, i, p,, p, such that

i r 1—a;i
[10"ullza(@ (x)) (Ha Ul 5o () * 14l o (@ () + H”Hm(gz*(x))) : (4.20)
It is know that if A and B are positive real numbers and if 0 < §; < f, < 1, then
AP BB < AP BB 4 B (4.21)

So, by (4.20) we deduce that there exists ¢; € R, , dependingon 0, 7, r, k, p, and p,
such that for each i < k

10ullniarwy < e (10ullin @y - Nilltege) + Illio@ecy) - (422)

From (4.22) and (4.11) we obtain
779 (x) 10Ul ago) < €1 (Tf”_”(x) [[ullro (@)
PO ) |0l o) - Nl ) V<K
With easy computations, from (4.23) we obtain for any i < &
T(Ot r+i)qg— n( ) ||aluHLq < ¢ (T(a(,fr)q n( ) ||u||LI’n ()
(@I 10y ) - (7@ Nl i) ) -

where ¢, € R, depends on the same parameters as ¢; and on g. So by (4.24), (4.11)
and Holder inequality we obtain

o) e ) 10l < ([ 2100770 107l )

([ 00 7770l )

0T [l ).
(4.25)
where ¢3 € Ry dependson 8, p, r, k, p,, p and q.
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Observing that p verifies conditions (3.21), by Lemma 3.4 and (4.25) we have

[0l < s (10l g Ity + il ) (426)
Ly (&) At )

where ¢4 € Ry depends on the same parameters as ¢3 and on n. Finally, (4.26) proves
the result. ]

Now we can obtain some applications of Theorem 4.4. First suppose that the
weight p € &/(Q) is a constant function. In this case the condition /,) means that the
open set Q has the cone property.

COROLLARY 4.5. Let Q be an open set with the cone property. If condition hy)
holds, then there exists ¢ € R, depending on Q, n, r, k, p,, p and q, such that for
any function u for which 0"u € L (Q), u € L' (Q), we have

leellweaiey < € (107 ullipq) - el o) + lullo@) (4.27)
where a is defined by (4.14).

Proof. The statement easily follows from Remark 2.1 and Theorem 4.4. O

We observe that if the weight p € <7 (Q) is an unbounded function, the condition
h,) may not be verified even if Q is a regular open set. However it is possible to prove
an interpolation inequality even when the condition #,) is not verified.

COROLLARY 4.6. Let Q be an open set with the cone property and p € < (Q)
such that irgllf p > 0 and supp = +oo. If condition hy) holds, then there exists
Q

c € Ry, depending on Q, n, p, r, k, p,, p and q, such that for any function u for
which O"u € IV (Q), u € Lp” (Q) and forany i < k (i € Ny), we have

—QOp+r
0l o < e (10l g Wl g+ Tl @) (429)
where a is defined by (4.14).

Proof. Let h be the height of characteristic cone of . Let inf p = ¢ and fix

A € Ry suchthat A > max{;5, L}. Put p(x) = Ap( forany x € Q Using (2.2), it
is easily to prove that p € o/ (Q). So, since sup p < h, we deduce that condition 4,)
Q

is verified with p instead of p. Therefore from Theorem 4.4 it follows that there exists
c1 € R, such that for any i < k

15~ Dullae) < 1 (16% ™ ullro@)+10* O ullipig) - 16% "l pig)) -

(4.29)
where c¢; depends on Q, n, p, r, k, p,, p and g. The statement easily follows from
(4.29). ]

In section 5 we will give an example of an open set Q and a weight function p
for which it is possible to apply such result.

Now we consider further classes of weight functions and weight spaces and we
prove an interpolation inequality also in this case.
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Fix d € R, . We denote by ¢(Q) the class of measurable functions p : Q — R
such that

p(x)
sup —= < 4000, 4.30
X,,ve% p(y) ( )

l=yl<d

(see section 5 for examples of functions belonging to this class).
It is easy to show that p € ¥(Q) if and only if there exists v € R, independent
of x and y such that

viip(y) <p(x) <vpy) VyeQ, YxeQnB(y,d). (4.31)

Moreover,if r € N, 1 < p < 400, s € R and p € 4(Q), we denote by Us”(Q) the
space of distributions u on Q such that p* 0% € [P(Q) for |a| < r, equipped with
the norm

ullgrr @) = Z ||8a”||L§?(Q>' (4.32)

ol <r

Suppose that Q has the cone property with characteristic cone having opening 6
and height # and fix p € 9(Q). Put d, = min{d, h} and consider the function
7(x) = d,, Vx € Q. Obviously the weight function p verifies (3.21).

THEOREM 4.7. Let Q be an open set with the cone property and fix p € 9(Q).
If condition hy) holds, then there exists ¢ € Ry, depending on Q, p, d,, n, r, k,
Do, P and q, such that for any function u for which p* 0"u € IF(Q), p*u € L[*(Q),
we have

Jull gy < € (107l g - N sy + N (4.33)

where a is defined by (4.14).

Proof. Fix x € Q and i € N, with i < k. Proceeding as in Theorem 4.4, we
deduce that there exists ¢; € R , dependingon 0, d,, r, k, p,, p, q, such that for each
i<k

10Ul < €1 (107l 0y - Nl + 1l e ) - (4.34)

So by Hélder inequality we obtain

/qu()C)HaiMHZq(Q(x)) < (/pbq(x)‘lqu]’O(Q(x))dx
Q Q
1—a
+/p 0'u dx-/p Ul p0 (@) 4% .
([ o 10l ) ([ 0965 Il ) )

(4.35)
The result follows from (4.35) and Lemma 3.4. O
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5. Appendix

We have proved the interpolation inequality in Theorem 4.4 under the assumption
that the open set Q verifies the condition h,) (see section 4). Such condition is,
obviously, weaker than condition H) of [9] (see Introduction). Our purpose is to
analyze some examples of open sets Q (also in the case of sufficient regularity of Q)
for which condition H) is not verified but condition 4,) is verified.

In the sequel, for the corresponding definitions of certain regularity properties of
Q we will refer to [1].

Let p € o7/ (Q). First we observe that condition H) is verified in an arbitrary open
set Q if S, = Q. Infactitis knownthatif S, # 0, then p(x) < dist(x,S,) Vx e Q.

If S, # 0Q, some hypotheses of regularity are necessary in order to satisfy
condition H). In particular the condition H) is verified if:

i) Q is a bounded set with locally Lipschitz boundary;

ii) Q is an unbounded set with the strong local Lipschitz property and p € L>(Q).
The cone property only for the open set € is not sufficient in order to have condition
H) . For example if

Q={(x,y) eR*|x€]0,1[U]1,2[ 0<y<1}
(5.1)
p(xvy) :§7

then condition H) is not verified. We note that if Q and p are defined by (5.1), then
condition h,) is satisfied.
The condition 4,) is verified, for example, if the open set Q satisfies the following
assumption:
(iii) there exists an open set Q* in R" with the cone property such that

QCQ*  9Q\S,C o (5.2)

and p € L>*(Q)
(see [4]).
The required regularity property on Q to satisfy condition %,) can be still weaker
than iii). If we consider

Q={(xy) eR|x€]0,1[UI,2[ y> Ay}
(5.3)
p(xvy) = %7

then we have an example of an open set Q with the segment property and a weight
function p € 7/(Q) for which condition 4,) is verified but condition H) is not
satisfied.

In section 4 we have observed that if p € &7 (Q) is an unbounded weight function,
then the condition #,) cannot be verified also when Q is a regular open set. However
we have proved an interpolation inequality in the case of open set Q with the cone
property and where the weight function p satisfies the condition

infp > 0, supp = +00. (5.4)
Q Q
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Now we give an example of such result. Consider the set Q and the weight function p
defined by

Q =]2, +o0], px) = % XEQ. (5.5)
It is easy to prove that p verifies (5.4). Let
cos? x

u(x) = . (xeQ). (5.6)

Then u € L*(Q) and u” € L? ,(Q). So, from Corollary 4.6, for any g €]1, +oc0] there
exist c € Ry and a €]0, 1] such that for i < 1 (i € Ny)

—2+n($—%)—i

o Wiy < e (05 oy - Il + @) . (57)
As the last application of our results, we have considered also weight functions which
do not belong to the class </ (Q). In fact we have studied weight functions p € ¢ (Q)
(see section 4). It is easy to verify that, for fixed d € R, and Q C R", the functions

px) =€, p) = (1+ ), (xeQ) (1eR), (5.8)

belong to the class ¢(Q).
Observe that, if p € &7/ (Q) and igfp > 0, then p € ¥(Q) with d < igfp. So

for the open set Q and the weight function p defined by (5.5), and for the function u
defined by (5.6), for any g €]1, +oo[ we have also the bound

el < ¢ (10112 ) + ez @) (5.9)

where the Sobolev space Uig(Q) is defined in section 4.
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