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HARDY-HILBERT’S TYPE INEQUALITIES
FOR (p, q)-H6(0, 00) FUNCTIONS

W. T. SULAIMAN

(communicated by Sh. Abramovich)

Abstract. New inequalities concerning functions of the form f (xy) similar to Hardy-Hilbert’s

integral inequality are presented. A new class of functions denoted by (p, g) ™ -Ho(I) is defined.
Many other new inequalities are also given.

1. Introduction

Amapping f : I C [0,00) — [0, 00) (where I = (0, 00), [0, 00), (0, 1),[0, 1), (0, 1]
r [0,1]) is called (p,q)-Holder type on I, where p,q are fixed with the property
p,g>1,1/p+1/qg=1,if (see [1])

) S E@NP(EEN)Y for all xyel

The class of these functions is denoted by (p, ¢)-Ho(I). If the inequality is reversed,
then we say that f € (p,q)”-Ho(I).

In [1], the authors proved that the following functions belong to (p, ¢)-H5(0, o0)

1. f(x) = e$™¥ ¢ is convex on (0,c0).

2. f is logarithmically convex and monotonic non-decreasing on (0, 00).

3. f is absolutely monotonic on (0, co).

4. f is exponentially convex on (0, 00).

If f,g > 0 are such that

0</ F2(x)dx < oo, 0</ g2 (x)dx < oo,
0 0

then the famous Hilbert’s integral inequality is given by

/ / [l dxdy <m (/ 1 a’)c/ooO gz(x)dx> 1/2, (1)

where the constant factor 7 is the best possible (see [3]). Inequality (1) has been
generalized by Hardy-Riesz [2] as follows.
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Hp>L§+l:L

q

0</ fP(x)dx < oo, 0</ gl(x)dx < o0,
0 0

then

/OOO /Ooof(;ff(yy) dxdy < Sin(:,'/p) (/Ooof”(x)dx)l/p (/OOO gq(x)dx)l/q7 2)

where the constant factor TZ/P) is the best possible. We call (2) Hardy-Hilbert’s
integral inequality, which is important in analysis and its applications (see [5]).
In the sequel the Beta function is denoted and defined by

o0 xp—l
B(p>CI) = / (1 T —)[)+qu7

= / )Cp q ldx p,q>0

The following are examples for functions that belong to (p, g) ~-H6(0, 0o) . The proofs
are similar to proofs in [1] and therefore are omitted (in [1] the proofs are related to
convex and logarithmically convex functions ).

PROPOSITION 1.1. Let g : R — R be a concave mapping and let f : (0,00) —
(0,00) given by f(x) = e#™) . Then f € (p,q)~-Ho(0,00).

PROPOSITION 1.2. Suppose that f : (0,00) — (0,00) logarithmically concave
and monotonically non-increasing on (0,00). Then f € (p,q)~-H6(0, 00).
The following remarks are needed for our aim.

REMARK 1.3. The function f () = L is non-decreasing. Hence f*(¢) is so for

T
any A > 0.

REMARK 1.4. Let a,f > 0,0 < ¢ < 1. Then the function g(r) = ﬁ; is
non-decreasing.

LEMMA 1.5. Let p; >0, pi = 1. Then

l—l—ﬁxf"éﬁ(l—i—x,-)p", x; = 0. (3)
1fﬁx{”2ﬁ(l—x,)p’, nglgl (4)
i=1 i=1

Proof. The proof by induction. We first consider the case n = 2. Set

Fl) =1 4x)"(1+x)” — '8 -1, (5)
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we also assume that p; + p» = 1,x; > xp, x; is fixed, and x; is variable. We have

1+x2 p2 X2 P2

/

X)) = — — > 0.

f'(x1) =p <1+x1> r\y) 2

Hence f is non-decreasing and attains its minimum when x; = x, which is 0.

Therefore f (x;) > 0.
Now we assume that the Theorem is true for » — 1. That is

n—1

n—1
1+Hx{"<H1+x, . if Y pi=1L
i=1

Let >0 ,pi=1, then,as Y ., ,— =1, we have

I=pn
n n—1 -, n—1
1+H;&;’" = 1+x”"1_[x,l “n? 1+ x,)" <1+Hx, p”)
i=1
n—1 1=pn
pi
(14 x,)Pm (H(l +xl-)m>

/A

i=1
n

TT+x)7.

i=1

The proof of the other part is similar. |
The first part of the following Lemma is quoted in [1], we prove the other new part.

LEMMA 1.6. Let x; > 0,p; > 1,i=1,...n,>.;  1/pi=1. Then

f (Hx) < _H(f ()P provided f € (p,q)-H5(0, 00). (6)
f (Hx> > H(f(x{-”'))l/p" provided f € (p,q)”-H5(0, o). (7)

This Lemma appears in [1], and the second part is proved in a similar way and
therefore will be omitted.

2. Main Results

In this chapter we prove seven theorems related to functions belonging to (p, ¢)-H6(1)
and to functions belonging to (p, q)~-Ho6(I) .

THEOREM 2.1. Let f, F be non-negative and belong to (p,q)-H6(0,0), f’
exists and strictly positive, f (0) =0, f(0) =00, p>1,¢>1, 1/p+1/qg=1, let
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L u} < “771 < min{’l,i}. Then

q p

/ / (1+f > dxdy < (/ C atl ”’f/j(’; Axp’;/)‘fpi(x")dxy/’”

> (f ( yq YPa=2u=A~a/p p(y1) Va
( =D/p(f1(y4))alp dy) (8)

A>0, u>l, max{

where
K =B""(Ap — pg+q,A — Ap + ugq — q)B"4(Aq — up +p, A — Aq + up — p),

provided the integrals on the right do exist.
Proof. By virtue of Remark 1.3,

[ ()

1 Loy A
/ / - (f'(l)f (") )dxdy
L+ £ () (39)

/ / TN T omv@mﬂw%l
‘% (o t)i (147 ) i)

3
q

p

L FOFE ) vy

f“%@ﬂvww»WJﬁ(1+fﬂﬂy¢@@)q

1/p
( / / T (y")(f’(ly")y"‘ll) , dxdy)
0 P _yfI))

£ ) ﬂﬂl)(H#NﬂVN

1/q
(/ I () 10 () Aiﬂa
0 1 1 q))

FR ) ()ye)? (1+f1’(xp)f‘f(y

— MYPNVa,
To consider M, let f (y7) = v, then
X7 U=A—q/p (P oo L/p(xP\\AP—HMa+q—1£1/p (4P
M_/U‘D ), [~ O ) Fire)
y(p—=1) /q(f xp))p/q 0 (1+ vfl/p(xp)))/1

p—

P 2u—A—a/pEp(x 00 LAp—iig+q—1
I () Wy [~ 2,
xo=0)/a (f1 () o (142

))Pa=2u=A=a/p F(xP)
xP=1/a (F1(xp) )P4

= B(Ap —uq+q,A—Ap+uq— q/ Ut
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Similarly,

)(Pq Du=A=p/aF(y9)
a=lp (f1(y) "

B(Aq—up+p,A—Aq+up— p/ (f dy.

O

THEOREM 2.2. Let f, F be non-negative and belong to (p,q)-H6(0, ), f’
exists and strictly positive, f(0) =0, f(c0) =00, p>1,g¢>1, 1/p+1/g=1.

p=1 g=1 p=t inle 4
Let/l>0,,u>1,max{ 5 }< = <m1n{q,p}.Then

/ / — 7 dxdy < K /°° F(xP)(f(xp))#(pfl)MT*l(q,l),ld 1/p
) xdy < 0 w14 (f1(x)) ) x

_ 1/q
% F(ya gy )la— D+ (= 1)~
(/ F() (7 () ldy) o
0

yala=1)/p (f/(yq))‘f/”
where
K =287 (pr 20w, 1-p+ L 1)) B (g2 (1), 1+ 2 (1))

provided the integrals on the right do exist.
Proof. Making use of Remark 1.3,

/ / 1+fA ))cy)dXdy

/ / FPWFS (A P00
L/ F ()

_ / / Fi () T (y)f P () (£ (7))

O @) e (L4 £ ()

Py (e )t

PR (et (1 +f%(xf’)f%(y‘1))§
( / / T om0 (1107 dxdy) v
xp)xp HE (1475 @) ()
yﬁ)yq 1>%’ (177 0oy )

— sl/rrl/a,
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In order to consider S,let f(y7) = v?/*. Then
L(1—p)—
% Vfl/P(xp))p+l(l Wb ()

u(p D+E (g—1)-1 (
s = /'L/ /q(f( ))P/q dx/o (1+vf1/17( P))
1 q ) (f ()0
- I).L?(%L)L(l—u),l—p+z(u—1))/O (_)/q(f(xp))p/q

Similarly,

1 p  F(y) (f ()T
T = IB (CI+ I(l—‘u),l—CI‘FI(M_l))/O yq(q—l)/P(f’(yq))q/p dy

O

THEOREM 2.3. Let f, F be non-negative and belongs to (p,q)-Ho(0,00), f’
exists and strictly positive, f(0) =0, f(1) =1, p>1,q¢>1, I/p+1/g=1,
a>0,0<pB<1. Then

» 1/p
/ / y)» by < K</ xP(P‘”/Z(();’)(X”))p/qu>

: F(y7) e
X (/0 yq(q_l)/p(f/(yq))q/pdy> ) (10)

Q (04
K=Bl/"(7p+q,1—ﬁ>31/4(7"+p,1—ﬁ>,

provided the integrals on the right do exist.

where

Proof. By virtue of Remark 1.4, we have

[ | [ P

)f ()

N—

/ / Fr ()f 9 () (f’(y")y"‘l)‘l’

B
(F (=) (1= ()f 8 3))”
X fp(xp (o) dedy
y‘[ 1 %(1 Pl yfI))q
1/p

%

// 00 (oMY dxdy
O () 16(1# ) ion)”

dv
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(] [ v,
B
1 1
RO ( —[H @) ()
— Gl/rgl/a,
As before, we consider first G. Let f (y?) = v7. Then

! F(x P!
G _ / ( ) 5 dx/ Vq—ﬁdv.
0 a0 (1 o)

1/q

As f(¥") < 1, then

1 X g—1 1 ®yg
q q
[ e [ 5 ar=(P g1 -p),
0 (l—va(xP)) 0 (17‘)) q
Therefore, we obtain

1 p
GgB(@+q,1ﬁ)/ PO
q 0o xP—1)/a (f'(xr)) 9

Similarly,

1 q
H<B(%+p,1—ﬁ>/ FO 4,
p 0 yala=1)/p (f'(y1))?
O

THEOREM 2.4. Let f € (p,q) -H6(0,00), A > 0, p; > 1, >, 1/p; = 1.
Then

I, ) ’ (2 )
/ / (1 +f i=1 t)) dxl"'dx” 2 11211 (/() (1 _A'_f(x{’))}‘/PI) ’ (11)

Proof. Making use of Remark 1.3 and Lemma 1.5,

I A

/ / <1+f lxl)x)> dx...dx,

[ (e >dd
!

<1+H L f ()
[ (Y
o o 1+H 1)) '
0o oo fl/p, xpl)
| ( >dd
n </oo f
L\Jy T+7

1 +f xpz))/l/Pi

/1/171
S g ) |
)
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O

THEOREM 2.5. Let f € (p,q)-H6(0,00), f (") <1, pi>1, >0 1/pi=1,
a>0, >0. Then

1) . n o fa/Pi(xIl?i) .
/ /< hx;))")dl"'d”giq(/o ((1f<x¢f>)"/’”d’>>m)

Proof. Making use of Remark 1.4 and Lemma 1.5,

[ /(( ”ll;?))ﬁ)dxl...dx,,
[ /( uf;/j/;(>))>dxl...dxn
/0“ I ( Lo );B/p)dxl...dxn

i=1

N

O
A mapping f : I C R — R is said to be submultiplicative if f (xy) < f(x)f ().
Concerning such maps we have the following results.

THEOREM 2.6. Let f, F be non-negative submultiplicative maps, f' is strictly

positive, f(0) =0, f(c0) =00, p; > 1, >0 1/pi=1, A >0, max{i 2}<

W < A. Then
pU=A)+p—1 p 1/p
) dxdy < (/ il PP )dx>
p 1

Ik e (5
</ (f q(2u—2A)+q lqu( )dy>1/q

K=B""(p(h —u),A —p(A — ) B (g2 — n),A —q(A — ),
provided the integrals on the right do exist.
Proof. By Remark 1.3,

/ / (foy ) dxdy </ / (1 X()xf)J(cy()y)ydxdy(ls)

/ / - "L(y)(f 0)? FOY* @ ()T
SRR (@) A @ ODF f TR ’ (

where

=
<
—
<
=
.| =+
—
[
Jr
~
—~
Nad
~
<
=
Nt
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( rr - f”“ D), dy)””

(F() T (L+f (f ()

a , 1/q
(/ / — f i (l(x)f (x) dxdy)

L+f(f )

El/P Fl/ q
Now, we consider

B (f (x ‘F <fx M)A )
E‘/ / +f()f()) a

2yl+p1p
= B - —plh ) [ L (f(x)),,lF()dx

Similarly,

q2u—2A)+q—1 g
Blg(A — 1) 2 — g2 — ) / U F10) gy,

(f )

O
THEOREM 2.7. Let f, F be non-negative, submultiplicative, f (0) =0, f(oc0) =

oo, p>1,1/p+1/qg=1, A >0, max{ }<u<1Then R
/p
R
</ f (v A(2u—1)+1]— (y)dy> 1/q7 "

1
K= IBI/” (p(1 =), 1= p(1 = ) BV (q(1 — w), 1 = (1 — ),
provided the integrals on the right do exist.
Proof. By Remark 1.3,

/ / N fl sdsdy

where

( )( dxdy

// 1+f‘) y)
/ / A “‘-%@)(W ) ()7

0 fHS lf* L (x >> (1+ ()2 ()
F(y)f* “‘“ () (A1)

- : -dxdy
FE ) A0 )P (1 +f’1( Y)Y

Tl

X
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</ﬂm/ (P ) (A O) ) dﬂw>”
o f M”__ %) O 217 (0) 7 (1 + () ()

(/ / fql )L(x) (Afl—l(x)f/(x)) dXdy> 1/q
OfM“"(M*%WwﬁUHWWNW

— cl\/rpl/a,

To consider C, we have

F” [(m 1)+1]—1
C = )L/ ))p/q dx
/ Wxﬂ T AL 00 () £ ()
(HfMVMD

1 (f (x) Py
~B(p(1— ), 1 / ))IH dx.

dy

Similarly,

AQQu—1)+1]— F"(y)
(O)n

D= iB((l—u)l—ql— /(f dy.

3. Applications.

3.1. Theorems 2.1, 2.2, 2.3 and 2.5 are satisfied by the following functions (see
[1])-

L f() =sinh(|xy[), xy€eR
2. flxy) = Osh(\xyl) x,y €R.
3 f(w) = (). xye (=10,
4 f() =t (£2), xye (-1,

5. flxy)=sin"'(Jxy ), xye(=1,1).
The above examples of functions that belong to (p,q)-H6(I) are in addition to
those functions mentioned in the beginning of the introduction and are also quoted from
1].
! 3.2. Let f be non-negative belong to (p, q)- Ho( 1), f'(x) exist and positive, on
theinterval 0 <x <1, f(#) <1,p>1,f(0)=0, f(1) =1. Let g(x) = %,
Ly é = 1. Then

//ﬁ whyi) s V@“”<<m£m9{ 1)
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Proof. We claim that g € (p,q)-H6(0,1). In fact via Lemma 1.5, we have

FO0)  _ STONIOY)  _ fRG) f9()
L=S) "= fr(e)fi(e)  1—fF(w)1—fi(9)
< g ()gh ().

glxy) =

Therefore

/01 /Olg(xéyé)f'(X)f’(y)dxdy < /01gl/l’(x)f’(x)dx/lgl/q(y)f/(y)dy

0
_ [T )
/o -7 / a—ron7”

= (55) () -

N

(|
3.3. Let f : (0,1) — R defined by
flx)= (lfax)ﬁ’ a>-1,0<pB <1
Then
1 1
/ /f(xy)dxdyng(aH,ﬁ— 1). (16)
0 0

Proof. f is submultiplicative, as for 0 < x,y < 1, 2xy < 2,/xy < x+y, which
implies (1 —x)(1 —y) < 1 — xy, hence
1 1
B S B B
(I—xy)f = (1 =x)P(1—y)

Therefore
o

(X )Oc xa
1) = =07 S Ty = @)

/ol/olf (xy)dxdy < /Olf(x)dx/olf(y)dy_ </°1f(X)dx>2
_ </01 ﬁdx)zzw(a%ﬁ‘”‘
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