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ON THE RASSIAS STABILITY OF A
BI-JENSEN FUNCTIONAL EQUATION

KIL-WOUNG JUN, YANG-HI LEE, JEONG-HA OH

(communicated by Th. Rassias)

Abstract. In this paper, we investigate the stability of a bi-Jensen functional equation

x+y z+w

4f( D) ):f(X,Z)‘Ff(X,W) +f(y:Z) +f(y,w)

in the sense of Th. M. Rassias. Also, we establish the superstability of a bi-Jensen functional
equation.

1. Introduction

In 1940, S.M. Ulam [14] raised a question concerning the stability of homomor-
phisms: Let G; be a group and let G, be a metric group with the metric d(-, -). Given
€ > 0, does there exists a 0 > 0 such that if a mapping & : G; — G, satisfies the
inequality

d(h(xy), h(x)h(y)) < &

for all x,y € G, then there is a homomorphism H : G| — G, with
d(h(x),H(x)) < €

forall x € G; ? The case of approximately additive mappings was solved by D. H. Hyers
[4] under the assumption that G; and G, are Banach spaces. In 1978, Th. M. Rassias
[13] gave a generalization. Recently, P. Givruta [2] obtained a further generalization
of the Hyers-Ulam theorem following the spirit of the Th. M. Rassias Theorem for the
stability of the linear mapping. Since then, a further generalization of the Hyers-Ulam
theorem has been extensively investigated by a number of mathematicians[3,5,6,8-12].

Throughout this paper, let X be a normed space and Y a Banach space. A
mapping g : X — Y is called a Jensen mapping if g satisfies the functional equation
2¢(5) = g(x) + g(y). For a given mapping f : X x X — Y, we define

X+y z+w

Jf(x,y,z,w) :4f( 7 ' o )_f(x7z) _f(x7w) —f(y,z) —f(y,W)
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for all x,y,z,w € X. A mapping f : X x X — Y is called a bi-Jensen mapping if f
satisfies the equation Jf (x,y,z,w) = 0 and the functional equation Jf = 0 is called a
bi-Jensen functional equation.

When X = Y = R, the function f (x,y) := axy + bx + cy + d is a solution of
the functional equation Jf = 0. Bae and Park [1] obtained the general solution and the
generalized Hyers-Ulam stability of a bi-Jensen functional equation. Jun, Lee and Han
[7] obtained another stability result of a bi-Jensen functional equation.

In this paper, we investigate the stability of a bi-Jensen functional equation in the
sense of Th. M. Rassias. Also, we establish the superstability of a bi-Jensen functional
equation.

2. Stability of a bi-Jensen functional equation

We need the following lemma to prove the main theorems.

LEMMA 1. Let f : X X X — Y be a bi-Jensen mapping. Then the following
equalities hold;

Fey) = 35 @ 2) + (55 = 30)(F(2'0) +£(0,2) + (1= )% (0,0),
Fley) = 5 @ 2) + (21 = D (.0 +£(0,2)) = (2 =34 )7 (0,0),
Fry) =47 (5. 50) + (2" = 4)(F (57,0 +£ (0. 3)) + (2" = 1 0,0)),
F(63) = af (3) + (1= 307 (0,2) + (1 = 5.V (0,0) and

F(63) = 35 260) + 37 (1= 30 (F (6 29) +£ (=5, 2%) + (1 = 5,7 (0,0)

forall x,y € X and n € N.

Proof. Since

FO0y) —f(,0) —£(0,y) +£(0,0) _f(2'x,2%) —f (2", 0) = f(0,2") +£(0,0)

4n

= Z (Jf (2/x,0,2y,0) — Jf (2x,0,0,0) — Jf (0,0, 2%y,0)) = 0,

n

F09) = 0.9) = 5 Q83) = 0.3) = 3 55l (5.0,3.9) =0,

f(x,O)ff(O,O)f2—1,1(f(2"x,0)7f(0,0)): 21+1Jf(2/x000)—0
=1

FO1 0.0~ (/0.2 ~/ (0,00 =3 577/ 0.0,5.0) =0 and

F(0.29) =£(0,2') + 7D(x, —,2'%,2") = S (x,2') +  (~,2")]
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forall x,y € X, we easily get

F03) = 0 (2% 2') — £ (275,0) £ (0,2'5) +£(0,0)
+ 35 (2'%,0) = £(0,0) + 5 (0,2'%) ~£(0,0) +7(0,0),

F0) = 35 (2 2') — £ (2'5,0) ~ £(0,2'y) +7(0,0))

21 (5500 = £(0.0)) + 2'(£ (0, 5) = £ (0,0)) +/(0.0),
Fory) =4 (G 57) = (520) £ (0. 37) +£(0,0))

£ 2'(F (5500 £ (0,0)) +2(F (0, 53) — £(0,0)) +£(0,0),

forall x,y € X. Using the above equalities, we obtain the desired results. |
Now we have the stability of a bi-Jensen mapping for the case 0 < p < 1 in the
following theorem.

THEOREM 2. Let 0 < p <1 and € > 0. Let f : X x X — Y be a mapping such
that
I1F (e, 3, 2 w) | < ellxll” + Y117 + 217 + [[wll”) (1)
forall x,y,z,w € X. Then there exists a unique bi-Jensen mapping F : X x X — Y
such that

1) = P < ( gy + g ) €+ )

forall x,y € X with F(0,0) =£(0,0). The mapping F : X x X — Y is given by

1 1 1 .
F(x,y) := lim —f (Zx,2y) 4+ lim —f(2x,0) + lim —f(0,%y) + f(0,0)
Jj—o0 47 Jj—o0 2 Jj—o0 )
forall x,y € X.

Proof. Since

| (2. 29) — £ (2,0) —£(0,2) +£ (0,0)
- @2~ F20) £ (0,271) +£(0,0)
= 4% [Jf (271x,0, 271y, 0) — Jf (27'x,0,0,0) — Jf (0,0, 2"y, 0)]
<26 (Y (Il + IbIP), 0

I35/ (X0~ (0.0) = (7 (211x,0) £ (0,0))]

1 . g 2P .
= Al @1x,0,0.0) < S l? and @



366 KIL-WOUNG JUN, YANG-HI LEE, JEONG-HA OH

I35 0.29)~F(0.0) = (7 (0.215) £ (0,0))]
€2

e (5)

1 .
= ﬁ||]f(07072j+1y70)” <

forall x,y € X and j € N, we get
1
Hﬁ(f(zljﬁ 2ly) 7f(2lx7 0) 7f(0v Zly) +f(070))
= g (2", 2%) = £(2"x,0) = £ (0,2"y) +(0,0))]|
m—1

<D (2 (i—p)j“(IIXH” + IvlP), (6)

=

m—1
1 T €,
I (21%,0) = £0,0) — 57 (2"x,0) O, 0)] < 3 STV (1)
and Jj=
1 1 " (g 21’
I35 (0.2) £ (0,0) = 57 (0,2") - S ®)
j:l
for given integers I,m (0 <1< m)andall x,y € X. The sequences {; (f (2x,2'y) —
are Cauchy sequences forall x,y € X. Since Y iscomplete, the sequences {1 (f (2/x, 2/y)—
converge for all x,y € X. Define F|,F,,F3: X xX — Y by

Fi(x,y) = lim (7 (2x,2) — £ (2,0) £ (0,2)),

j—oo

Faloy) = lim 2 (25,0),

]*)OO
F3(x,y) := lim gf (0,2)

forall x,y € X. Putting / = 0 and taking m — oo in (6), (7) and (8), one can obtain
the inequalities

17 (5.5) = (5:0) = 0.5) +£(0.0)) = Fue. )| € =g (117 + blP). 9

20e

I/ (5.0) ~£(0.0) = (o 0)]| € gz " and (10)
I/ (0.9) =1 (0.0) = (0.9 € 5= bl (1)

forall x,y € X. Since

lim —f( x,0) = lim %Fz(x 0)=0

n—oo n—o0
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and |
lim 4—f( ,2"y) = lim §F3(0,y) =0,
we get
1 . .
Fi(x,y) := lim —f (2x,2y)

j—oo A
forall x,y € X. Since

1

JFi(x,y,2,w) = lim —Jf (2'%,2'7,22,2"w) = 0,

JFy(x,y,z,w) = lim —Jf( "x,2",0,0) =0,

n—oo

JF5(x,y,z,w) = lim —Jf(O 0,2"z,2"w) =0

n—oo

for all x,y,z,w € X and all n € N, F is a bi-Jensen mapping satisfying (2), where
F:X x X —Y is given by

F(x,y) = Fi(x,y) + Fa(x,y) + F3(x,y) +£(0,0)

forall x,y € X. Now, let F’ : X x X — Y be another bi-Jensen mapping satisfying (2)
with F(0,0) = F’(0,0). By Lemma 1, we have

|F(x,y) —F'(w)ll

<l (= )2 2') + (5 — 30 (F — F)(2%,0) 4+ (F — F)(0,2'))]
4,1<||<F D@2+ G = F)@m 29)]) + 2,1\|<F )0
307 = FY@ 0l + | (F = £)0. 2] + 55117 — F)(0,2)]

€ e 2+lp 4 .om+1)p
< (— — p p

forall n € N and x,y € X. As n — oo, we may conclude that F(x,y) = F'(x,y) for
all x,y € X. Thus such a bi-Jensen mapping F : X x X — Y is unique. (]

Now we have the stability of a bi-Jensen mapping for the case p > 2 in the
following theorem.

THEOREM 3. Let p > 2 and € > 0. Let f : X x X — Y be a mapping such
that the inequality (1) holds for all x,y,z,w € X. Then there exists a unique bi-Jensen
mapping F : X x X — Y satisfying the inequality (2) for all x,y € X. The mapping
F:XxX —Y is given by

Flx.y) = lim 4(f(5. 5) ~f (5,0) = £(0, 5) +£(0,0)
+ lim 2/((55.0) £ (0,0)) + lim 2/(7(0. 55) = £(0.0)) +/(0.0)

forall x,y € X.
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Proof. Since the inequalities (3), (4) and (5) hold for all negative integer j, we

can use the similar method in Theorem 1 to get the sequences {4/(f (%, %) —f (5,0) —

f(0.5) +£(0,0)}, {2(f(5,0) - £(0,0))} and {2(£(0,5) —f(0,0))} converge
forall x,y € X. Define F|,F>,F3: X x X — Y by

Filx.y) = lim 47 (55, 5) —f (55.0) —f (0.5) +(0.0)).
Falx.y) := lim 2(7(5;.0) £ (0.0)).
Fy(x.y) = lim 2(7(0, 55) £ (0.0))

for all x,y € X. By the similar method in Theorem 1, we obtain the inequalities (9),
(10) and (11). Since

xyzw

JFi(x,y,z,w) = l1m 4"(-]f( o)

' on
. X y w -
If (55550, 0) J£ (0,0, 2n 5 =0,
JF2(x,y,2,w) = Tim Z”Jf(; 2yn,0 0)=0 and
JF3(x,y,z,w) = l1m 2"(Jf (0,0, =— o ;) =0

forall x,y,z,w € X, F is a bi-Jensen mapping satisfying (2), where F : X x X — Y
is given by

F(x,y) = Fi(x,y) + Fa(x,y) + F3(x,y) +£(0,0)

for all x,y € X. Now, let F’ : X x X — Y be another bi-Jensen mapping satisfying
(2). By Lemma 1 and F(0,0) = f(0,0) = F’(0,0), we have

|F(xy) = F (5,
< |l4(F - F)(; %) <2"74"><<F7F’><§,o>+< F)(0,2))]
SHNE =G 3+ 4G = F) G 30+ 4°1F = £)(55. 0
+4”H(f—F’)(§7 0)| + 4| (F = £)(0, )| + 41 = F)(0, 3,)]
4"¢ 2 8

p p
< 5ommp (=3 + 5 =) U+ 11y11”)

forall n € N and x,y € X. As n — oo, we may conclude that F(x,y) = F'(x,y) for
all x,y € X. Thus such a bi-Jensen mapping F : X x X — Y is unique. (]

Now we have the stability of a bi-Jensen mapping for the case 1 < p < 2 in the
following theorem.
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THEOREM 4. Let 1 < p <2 and € > 0. Let f : X x X — Y be a mapping
satisfying the inequality (1). Then there exists a unique bi-Jensen mapping F : X x X —
Y satisfying the inequality (2) for all x,y € X. The mapping F : X x X — Y is given
by

Fx,y) = Jim (72, 29) — (25,0) £ (0,2)) +£ (0,0)

+ Jim 27 (3,,0) £ (0,0)) + Jim (£ (0, 57) ~ £ (0,0)) +7 (0,0)

forall x,y € X.
Proof. Let F| be as in Theorem 2 and let F, and F3 be as in Theorem 3. Since

1
JFi(x,y,2,w) = lim —2(Jf (2"x,2%,2"2,2"w)
- Jf (2n-xa 2”)’7 Oa 0) - Jf (07 Oa 2nZ7 2nw)) = Oa
F is a bi-Jensen mapping satisfying (11), where F is defined by
F()C,y) = Fl(x7y) + F2(x>y) +F3(x,y) +f(070)
for all x,y € X. Now, let F’ : X x X — Y be another bi-Jensen mapping satisfying
(2). By Lemma 1 and F(0,0) = f(0,0) = F’(0,0), we have
||F(x7y) - Fl(xay)”
1 n n n X y
<l (F = F)@'%,2) 4+ (2" = D((F = F)(3:,0) + (F = F)(0, )|

lH(F*f)(Z”XJ"Y)IIJr L= F) (@, 2') ||+ 2" (F — f)(zn, 0l

+2( - PG ST L)+ 26 - )0, 2]
<G+ 2 g + e (IalP =+ )

forall n € N and x,y € X. As n — 0o, we may conclude that F(x,y) = F'(x,y) for
all x,y € X. Thus such a bi-Jensen mapping F : X x X — Y is unique.

Now we have another stability of a bi-Jensen mapping different from Theorem 2
forthecase 0 <p < 1.

THEOREM 5. Let 0 < p < 1,0 < 0 and € > 0. Let f : X xX — Y bea
mapping satisfying the inequality (1). Then there exists a unique bi-Jensen mapping
F: X x X — Y such that

17 (03) = o)l € g WP + (5 + €D 48 (12

forall x,y € X with F(0,0) =£(0,0). The mapping F : X x X — Y is given by
.1 ; .
Flx,y) = lim 5(f(2x,y) +£(0,2y)) +(0,0)

forall x,y € X.
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Proof. Since
1 1 ,
155 (@x,3) = £(0,) - F(f@’“x,y) —£(0,y)]

. e 20 . 1
= F‘l]f(21+1x70,y,y)” < 5(7)]+1||XHP + 5 2}+1 Hpr 26

forall x,y € X, we get

H%f (2%y) = £(0,y) — (2"x,y) = £ (0,3))]|

2m
e 2 .
S ES s )
j=t
for given integers I,m (0 < I < m)andall x,y € X. By 0 < p < 1, the sequence

{%(f (Zx,y)—f(0,y)} is a Cauchy sequence forall x,y € X . Since Y is complete, the

sequence {%(f(2jx,y) —f(0,y)} converges forall x,y € X. Define Fs : X x X — Y
by

N S
Fa(x,y) = lim —f (2x,y)

for all x,y € X. Putting [ = 0 and taking m — oo in (13), one can obtain the
inequality

I (5.3) = 0.5) = Fax9)ll € gz Il + eyl + 39

forall x,y € X. We can define F as in the proof of Theorem 2 and the equality

1 (0,) =£(0,0) = F3(0,y)] <

holds for all x,y € X. Since

I’
w”)’”p +5 5

1
JF4(-xaya 2, W) = lim EJf(Z”X, 2nya e W) = 0

forall x,y,z,w € X, F is a bi-Jensen mapping satisfying (12), where F : X x X — Y
is given by

F()C,y) = F3(x,y) —|—F4(X,y) +f(070)
for all x,y € X. Now, let F’ : X x X — Y be another bi-Jensen mapping satisfying
(12) with F(0,0) = F’(0,0). By Lemma 1, we have

1F(x,y) = F'(x,y)]|

1 n 1 n n
< S IF@xy) = F(2'%3) + 2:(1 = )F(0,2%) = F/(0,27)]

1-—
2"(

1
< E(H(F(znx7y) _f(2’1x>y)H + ||(2nx7y) - F/(znx7y)||

+11F(0,2) = £(0,2"y)| + [I£ (0,2"y) — F'(0,2"y))]|)

2r e 2.-20¢ 4
< (2 P P il
< (G = Wl + G +4e)yIF) + 3-8
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forall n € N and x,y € X. As n — oo, we may conclude that F(x,y) = F'(x,y) for
all x,y € X. Thus such a bi-Jensen mapping F : X x X — Y is unique. |
3. Superstability of a bi-Jensen functional equation
We need the following lemma to prove the main theorem.
LEMMA 6. If F satisfies the equality
JF(x,y,z,w) =0
Sforall x,y,z,w € X\{0}, then F satisfies the equality
JF(x,y,z,w) =0
forall x,y,z,w € X.
Proof. Since
1 3z 3z z
JF 0) =JF —|JF JF =
(53,2,0) = JF (5,3, 5, 2) + ZUF (00, 5 =) — P 5, 2)
Z 3z z 3z z
—JF JF —,—=)—JF -, =
(., 3, 2)+ 0,y 5 =3) =IFG Y, 55 5)
z z
—JF =) =0
(y7y> 27 2)} b
JE(0,2w) = JFCE 5 zw) + Sur(EE, =% 2 —ar (2 E 2 )
b 7Z7 2 27Z7 4 27 27Z7Z 2727Z7Z
X 3x  x 3x x
— JF(E, —§7Z,Z) —‘r]F(?, _§7W7W) — JF(?7 §7W7W)
X x
—JF(E,—E,W,W)} —O,
JF(x,y,0,w) = JF(x,y,w,0) =
JE(0,y,2,w) = JF(y,0,z,w) =
1 3x  x 3x x
JF(x,0,0,0) = E[JF(T’_E’Z’_Z’) JF(= 2 2% -z,)
X x
—JF(z,—= JF =0
(3:—55-2)+ (2 272, -z,)] =0,
JF(07y7 0’ 0) = JF(y7 0’ 07 0) = 07
1 3 3
JF(070’Z70):§[JF(X, x7§77§)7‘]F(x77-xa?Z?§)
z 2z z 2z
—JF(x,—x, =, — = F =, =)=
J (x7 'x727 2)+J ('x’ x7272)] 07

JF(0,0,0,w)

= JF(0,0,w,0) = 0,
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1 1
JF(x,0,z,0) = JF(x,0, % %) + 3JF(x.x,2,0) + 5JF(0,0,2,0) =0,
JF(x,0,0,z) = JF(0,x,2,0) = JF(0,x,0,z) = JF(x,0,z,0) = 0,

1 1
EJF()C, —X,7,2) — EJF()C, —x,w,w) =0,

1 1
]F('x7y7070) :JF(x7y7Z7 _Z) - EJF(X>X>Z7 _Z) - EJF(%%Z’ _Z) = 07
JF(0,0,0,0) = 0

]F(O7O7Z7W) :JF()C, —.X,Z,W) -

forall x,y,z,w € X\{0}, we get the desired result. O

Now we have the superstability of a bi-Jensen mapping for the case p < 0 in the
following theorem.

THEOREM 7. Let p < 0 and € > 0. Let f : X x X — Y be a mapping such that
[ Cey v,z w)F < e([lxll” 4 [[y[17 4 [l211” + Iwl”)

Sorall x,y,z,w € X\{0}. Then f : X x X — Y is a bi-Jensen mapping.

Proof. Using the inequalities

I 2x.3) = F(0.3) — 555 (F (@7x3) — )

= F‘|Jf(3 ' 2jx7 72jx7y7y) 7Jf(3 ! ij72jx7y7y) 7Jf(2jxa 72jxayay)||

N 2)2

and

1 ; 1 ;
I3 (0,205) = £(0,0) = (7 (0,2*1y) — £ (0,0))]
= F”]f (x,=x,3 -2y, =2'y) — Jf (x, —x,3 - Zy,2'y)
7Jf(x —-X, ijﬁi ] )+Jf(x77-xa2’jya2'jy)”

343
ety + EE I o

for all x,y € X\{0} and the similar method in Theorem 2, we can define F},F} :
X\{0} x X\{0} — Y by

L 1
Fi(x,y) = lim S[f (2%,y) =f(0,y)] = lim =f (2'x,y)

and

jﬂOO
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forall x,y € X\{0} and obtain the inequalities

342 3
_ _F < - = P = r
I (55) £ 0.5) = Fix)ll < g5l + 3
and
1F(0.5) —£(0,0) — Fy(xy)| < 2eflell” + o> ey
9 ) 2\My B 2(2_2p)
forall x,y € X\{0}. Since
lim f(O y)=0
jﬂOO

and
.11 S 1 . 1 )
lim —f(2 x,0) = lim > Z]f(21x, 2x,y,—y) + Ef (2x,y) + Ef (2x,—y)

j*)OO J—00
forall x,y € X\{0}, we can define F|,F,: X x X — Y by
1.
Fi(x,y) := lim —f(?x,y) and
J— 00
1 .
FZ(x>y) = lim _f(072Jy)
forall x,y € X. Since
JF1(x,y,z,w) = lim Z—Jf( "x,2"y,z,w) =0,
1 1
JFZ(x7y7Za W) = lim i |:Jf (x7 —X, 2’1Z7 2nw) - E‘]f (x7 -X, ana 2”Z)

f—Jf( 2"y, 2" )} =0

for all x,y,z,w € X\{0}, F; and F, are bi-Jensen mappings by Lemma 6. Hence F
is a bi-Jensen mapping satisfying

¥ +2 3 3 +3
_ < (1= p 22 T2 p
1) = Pl < (5 gy +2) elll? + (5 4+ 552 ) elol? (19
forall x,y € X\{0}, where F : X x X — Y is given by
F(x,y) = Fi(x,y) + Fa(x,y) +£(0,0)

forall x,y € X. From (14), we get

If (x, y)—F(x, y)|| = %Hff ((k+2)x, —kx, (k+2)y, —ky)+(f —F)(—kx, —ky)
+(f —F)((k4+2)x, —ky)+(f —F) ((k+2)x, (k+2)y)
+(f —F)(—kx, (k+2)y)—JF((k+2)x, —kx, (k+2)y, —ky)|]
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< @2y | (5 ) ol (1450 ) el

forall x,y € X\{0} and k € N. Similarly we get

1700~ 00 < (42 +87) 355 ) ellle e (24552 el
100 -FO < (55 t3 ) elllP+(er2r+0) (145522 Y el

1r0.0-FO.01 < # | (5323 ) elatp+ (24552 el

for all x,y € X\{0} and k € N. As k — oo in the above inequalities, we have
F(x,y) =f(x,y) forall x,y € X. O

We can prove the following theorem by the similar method used in Theorem 7.

THEOREM 8. Let p,q < 0 and € > 0. Let f : X x X — Y be a mapping such
that

[1F (e, 3, 2wl < e([lx[” + Iy I”7) (Ulzll* + [wll)
Sorall x,y,z,w € X\{0}. Then f : X x X — Y is a bi-Jensen mapping.
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