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Abstract. Inequalities connecting ratios of bivariate homogeneous means whose variables sat-
isfy certain monotonicity conditions are obtained. Derived results include the Stolarsky, Gini,
Schwab-Borchardt, and lemniscatic means.

1. Introduction

Inrecent years a problem of comparison of ratios of certain bivariate homogeneous
means has attracted attention of researchers (see, e.g., [17], [6]).

In order to formulate this problem let us introduce a notation which will be used
throughout the sequel. Let a = (a1,a2) and b = (by,b;) stand for vectors whose
components are positive numbers. To this end we will always assume that a and b
satisfy the monotonicity conditions

- (1.1)

Further, let ® and ¥ be bivariate means. We will always assume that @ and ¥ are
homogeneous of degree 1 (or simply homogeneous) in their variables. The central
problem discussed in this paper is formulated as follows. Assume that the variables q;
and b; (i = 1,2) satisfy monotonicity conditions (1.1). For what means ® and ¥
does the following inequality

D) _ (@)

D(b) " W(b)

hold true? In [6] the authors have proven that the inequality (1.2) is valid for power

means of certain order, logarithmic, identric and the Heronian mean of order @ . For
the definition of the latter mean see [7] and formula (2.6).

In this paper we shall obtain inequalities of the form (1.2) for the Stolarsky, Gini,

Schwab-Borchardt, and the lemniscatic means. Definitions and basic properties of these

(1.2)

Mathematics subject classification (2000): 26D05, 33E05.

Key words and phrases: Stolarsky means, Gini means, Schwab-Borchardt mean, lemniscatic mean,
inequalities.

© gepay, Zagreb 383

Paper IMI-02-34



384 EDWARD NEUMAN AND JOZSEF SANDOR

means are presented in Section 2. The main results are derived in Section 3. We close
this paper with a result which deals with the relationship of the Ky Fan inequality and
the inequality (1.2).

2. Definitions and Basic Properties of Certain Bivariate Means

We begin with the definition of the Stolarsky means which have been introduced
in [18] and studied extensively by numerous researchers (see, e.g., [4], [8], [10], [11],
[15]). For x >0, y > 0 and p, g € R, they are denoted by D, ,(x,y), and defined for

x#y as

1

P —yP —aq

|&5=23] 7, palp —q) #0
1 X Inx—y’ Iny
ﬁpﬂ-+——t%+)7p:q#0
Dpg(x,y) = b 1 oo (2.1)

¥ P p
[M} ) p#0,g=0
VY, p=q=0.

Also, Dy 4(x,x) = x.

Stolarsky means are sometimes called the extended means or the difference means
(see [8], [10], [15]).

A second family of bivariate means employed in this paper was introduced by C.
Gini [5]. Throughout the sequel they will be denoted by S, 4(x, y) . Following [5]

1
PPl p=a
[x‘ii;q}’ . P#q
Sp,q(xay) = exp (xp ln,d,’rjrri; ln_v) . p=gq 7& 0 (22)
VY, p=q=0.

Gini means are also called the sum means (see, e.g., [10]).

For the reader’s convenience we recall basic properties of these two families of
means. Properties (P1)—(P3) follow directly from (2.1) and (2.2). Properties (P4)—(P6)
are established in [8], [18] and [11]. For the sake of presentation, let ®, , stand either
for the Stolarsky or Gini mean of order (p,q). We have

(P1) Dpy(-s) = Pgp(--) -
(P2) @..(x,y) =D..(y,x).
(P3) @, ,(x,y) is homogeneous of degree 1 in its variables, i.e.,

D, (Ax,Ay) = AD, ,(x,y), A >0.

(P4) @, ,(-,-) increases with increase in either p or g.
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(P5)
1 q
InD, (x,y) = —/ Ink(x,y)dt (p#q)
q—p P
where
Ip(x,y) = Dpp(x,y) (2.3)
is the identric mean of order p. Similarly
(P6)

q
InS, (x,y) = ﬁ/ InJi(x,y)dt  (p# q)

P
where
Jp(x,y) = Spp(x,y). (2.4)
Other means used in this paper include the power mean A, of order p € R. Recall
that
1/p
Py )
min =] (55) 7 r#a (25)
/XY, p=0.
The Heronian mean 7, of order w > O is defined as
X+y+ w/xy

I, = — 2.6
»(x,) 2t o (2.6)

(see [7]). Also we will deal with the harmonic, geometric, logarithmic, identric,
arithmetic and centroidal means of order one. They will be denotedby H, G, L, I, A
and C, respectively. They are special cases of the Stolarsky mean D, ,. We have

H=D__1, G=Dyy, L=Do1, H4=Dipzpn

(2.7)
I'=D1;, A=D1y, C=Dy3.
The Comparison Theorem for the Stolarsky means (see, eg., [15]) implies the chain
of inequalities

H<G<L<A<I<A<C (2.8)

provided x # y.

Another mean used in this paper is commonly referred to as the Schwab-Borchardt
mean. Now let x > 0 and y > 0. The latter mean, denoted by SB(x,y) = SB, is
defined as the common limit of two sequences {x,}5° and {y,}°, i.e.,

SB = lim x, = lim y,,

n—o0

where
Xy + Y
X0 = X, Yo=Y, Xn+l = . ) a 3 Yn+1 = \/Xn+1Yn » (29)
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n > 0 (see [2]). It is known that the mean under discussion can be expressed in terms
of the elementary transcendental functions

/v2 —x2
S— 0<x<y

arc cos(x/y) ?

SB(x,y) = {
arc cosh(x/y) ? y<x
X, xX=y

(see [1, Theorem 8.4], [2, (2.3]). The Schwab-Borchardt mean has been studied exten-
sively in recent papers [12] and [14].
The lemniscatic mean of x > 0 and y > 0, denoted by LM(x,y) = LM, is also
the iterative mean, i.e.,
LM = lim x, = lim y,,

n—oo n—oo
where
-xn ern
X0 =X, Yo=Y, Xn+l1 = ) s Yl = V/Xpp1x, n 2= 0.

The explicit formula
1/4
(xzfyz)’l/“arcsl(lfi—z) ., y<x

-1/2 1/4
[LM(xm))):I - (y2 — x2)71/4 arc slh (iz - 1) , X<y

x_l/z, XxX=y

involves two incomplete symmetric integrals of the first kind

Toodr
arcslx = —, x| <1
[ 7= v
and ’
arc slh /A di
x= —_
o V1+

which are also called the Gauss lemniscate functions, (see [2, (2.5)-(2.6)], [1, p. 259]).
It is known [2, (4.1)] that

arcslx = xRp(1, 1 — x*) (2.10)
and
arcslhx = xRp(1, 1+ x*), (2.11)
where -
Rp(x,y) = %/0 (t+x) 741 4+ y)~Vdr (2.12)

(see [2, (3.14)]). The lemniscatic mean has been studied extensively in [9].

For later use let us record the fact that both SM and LM are homogeneous of
degree 1, however, they are not symmetric in their variables. We shall make use of the
inequality which has been established in [9, Theorem 5.2]:

SB(x,y) < LM(y,x) <A < LM(x,y) < SB(y, x) (2.13)

provided 0 < y < x. Inequalities (2.13) are reversed if y > x > 0.
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3. Main Results

Before we state and prove one of the main results of this section (Theorem 3.3)
we shall investigate a function u(z) which is defined as follows

u(t) = u(tx) = %It(x, 1)

(0 < x < 1), where I, is the identric mean defined in (2.3). It follows from (2.1) that

(21 _xtt—l Itzxt_llnx, 20
u =14 (' =1) (3.1)
— t=0.
2x’

We need the following.

LEMMA 3.1. Function u(t) has the following properties

u(t) >0, teR, (3.2)

u(—1) + u(t) = 2u(0), (3.3)

u(r) is strictly decreasing for every t # 0, (3.4)

u(t) is strictly convex for t > 0 and strictly concave for t < 0. (3.5)

Proof. In order to establish the inequality (3.2) it suffices to apply the inequality
Inx’ < x — 1 to the right side of (3.1). Formula (3.3) follows easily from (3.1). For
the proof of monotonicity property (3.4) we differentiate (3.1) to obtain

(xt — 1)3 1

t

where y = x'. Letting z = x~' we can rewrite the right side of (3.6) as
(xt — 1)3 /

(2= 1D(z+1) 1 1
Y—Tlnx () = b4 {A(z, 1) Lz 1)] ’ (3.7)

Let t > 0. Then 0 < x’ < 1. This in turn implies that z > 1. Application of the

well-known inequality L(z,1) < A(z,1) shows that the right side of (3.7) is negative.

Hence u/(r) < 0 for ¢ > 0. The same argument can be used that #'(r) < 0 for positive

t. This completes the proof of (3.4). For the proof of (3.5) we differentiate (3.6) to
obtain

(' — 1)

x~1(Inx)?

The right side of (3.8) can also be written as

u" (1) =3(% — 1) — (Iny)(y> + 4y + 1). (3.8)

A, 1) +2G(y* 1)

=:R.
3

6(Iny) |L(y*,1) —
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Let > 0. Then y < 1. This in turn implies that R > 0 because
A+2G
3

(see [3], [12]). This in conjunction with (3.8) shows that «”(#) > 0 for # > 0. Since
the proof of strict concavity of u(f) when # < 0 goes along the lines introduced above,
it is omitted. ]

L< (3.9)

For later use let us record a generalization of the classical Hermite-Hadamard
inequalities.

PROPOSITION 3.2. ([4]) Let f(¢) be a real-valued function which is concave for
t < 0, convex for t > 0, and satisfies the symmetry condition f (—t) + f (t) = 2f (0).
Then for any r and s (r # s) in the domain of f (t) the following inequalities

(550) < 5 [roar< 3o +ro) (3.10)

hold true provided r + s > 0. Inequalities (3.10) are reversed if r + s < 0.

We are in a position to prove the following.

THEOREM 3.3.  Let the vectors a = (a1, a2) and b = (b1, by) of positive numbers
be such that the inequalities (1.1) are satisfied. Further, let the numbers p, q, r and
s satisfy the conditions p < q and r < s. Then the following inequality

D, (a) < Dy q (a)

< (3.11)
Dys(b) ~ Dpg(b)
is satisfied if either
(i) r+s>0andp >
or
(i) r+s<0andp>r
or
(iii) p+q=0ands<p
or
(iv) p+q<0ands< 9.
Proof. The following function
Dypq(x,1)
=—_———=, 0 1 3.12
¢ (x) DD 0<F<l (3.12)

plays a crucial role in the proof of the inequality (3.11). Logarithmic differentiation
together with the use of (P5) yields

= pfq Ndt— L [Tu(r)dt, p#qandr#s
o' (x) ”(p)*ﬁfr u(r) dt, p=qgandr#s

o() —fq )dt — u(r), p#qandr=s G.13)

u(p)—u(r), p=gqgandr=s,
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where u(t) = £J,(x,1). We shall prove that ¢(x) is a decreasing function on its
domain. Consider the case when r+s > 0 and p > (r + s5)/2. Taking into account
that the function u(z) is strictly decreasing for ¢ # 0 (see (3.4)) we have
L ) G.14)
—_— u(t)dt <ulp). 3.14
Py ) (p

This in conjuction with the first inequality in (3.10) and the first line of (3.13) gives

£ o (15) <0

where the last inequality holds true because p > (r + s5)/2. Hence ¢’(x) < 0 for
0 < x < 1. Assume now that r + s < 0. Making use of (3.14) and the second
inequality in (3.10) applied to the expression on the right side in the second line of
(3.13) we obtain

¢"(x)
¢(x)
where the last inequality holds true provided p > r and p > s. Since r < p, ¢’'(x) <0

provided p > r. Assume now that p + g > 0. Utilizing monotonicity of the function
u(r) together with the use of r < s gives

[u(p) — u(n)] + 3 [ulp) ~ u(s)] <0,

N =

< ulp) — 3 [ulr) + uls)] =

1

S —r

/Su(t) dt > u(s). (3.15)

This in conjunction with the third member of (3.13) and the second inequality in (3.10)
gives

¢'(x)
¢(x)

where the last inequality is valid provided p > s and ¢ > s. Thus ¢'(x) < 0 if s <p.
Finally, let p + ¢ < 0. Then

¢'(x) pray

where the last inequality follows from the first inequality in (3.10) and from (3.15).
Since u(t) is strictly decreasing, the right side of (3.16) is nonpositive if s < (p+¢)/2.
The desired property of the function ¢(x) now follows. In order to establish the
inequality (3.11) we employ the inequality ¢(x) > ¢(y) with

< L utp) + u(@)] — u(s) = 2u(p) — u(9)] + 2 [ulg) — u(s)] <0,

ay bz
=< S=y<1.
by

X =

Making use of (3.12) and properties (P2) and (P3) we obtain the assertion. The proof
is complete. ]
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We shall establish now an inequality between the ratios of the Stolarsky and Gini
means.

THEOREM 3.4. Let the vectors a and b satisfy assumptions of Theorem 3.3. If
p+q=0,then

Dy 4(a) < Sp.q(a)

< . (3.17)
Dpq(b) ~ Spq(b)
Inequality (3.17) is reversed if p + q < 0.
Proof. Let now
D, ,(x, 1)
o(x) = H=, (3.18)
Squ(x’ 1)
where 0 < x < 1. Using (P5) and (P6) we obtain
L ["TInI,(x,1) — InJ,(x, 1)] dt,
o = { £ ks )i )t £
InZ,(x,1) —InJ,(x, 1), pP=q.
Differentiation with respect to x gives
0'(x) _ { = [ultydt, p#q (3.19)
o()  Lup), p=4q,
where now 4
u(t) = o [InZ,(x,1) — InJy(x,1)].
Making use of (2.3), (2.1), (2.4), and (2.2) we obtain
1 2x'Inx
lnIt(x,l)fant(x,l) :*?+ﬁ, [#0
Hence
_ 2 e (@4 i 3.20
M(l)—m[x — _()C + )nx]. ( )
We shall prove that the function u(¢) has the following properties
>0 ifr>0,
u(t){ ) (3.21)
<0 ift<0
and
u(—r1) = —u(r). (3.22)

For the proof of (3.21) we substitute y = x" into (3.20) to obtain

4 Inx (-1 y +1 A Inx , ,
1= - = L(*, 1) —AGA D).
u( ) (er - 1)2 ( lny2 2 ) (er — 1)2 [ (y , ) (y s )]

Since 0 <x<1,0<y<1fort>0andy>1 for ¢t <0, the inequality of the
logarithmic and arithmetic means implies (3.21). For the proof of (3.22) we rewrite
(3.20) as

u(t) = %(yziil)z[yz —1-(+1)Iny],
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where y = x’. Easy computations give the assertion. It follows from (3.19), (3.21)
and (3.22) that ¢'(x) > 0 if p+¢q > 0 and ¢'(x) < 0 if p + g < 0 with equalities if
p + g = 0. To complete the proof of (3.17) we let

o ay b2

<2 =y<1
al\bl y<

in ¢(x) < ¢(y) when p + ¢ > 0. This in conjunction with (3.18) and properties (P2)
and (P3) completes the proof. The case when p + ¢ < 0 can be treated in an analogous
manner. This completes the proof. O

Our next result reads as follows.

THEOREM 3.5.  Let the vectors a and b satisfy monotonicity conditions (1.1).
Then

H(a) _Gla) _[GC@A@]" _ L) _ Hla) _ A

H(b) S Go) [Gz@)A(b)} SL0) S A6 S ARG
Aosla) _Ila) _ Hiala) _ Hala) _ Ala) _ Cla)

S Waplh) S10) S Hialb) S Halb) S AG) S CO)

provided 0 < o < e — 2.

Proof. The first inequality in (3.23) follows from (3.11) and (2.7) with r =
—2, s = —1, p = g = 0 while the second one is an immediate consequence of
G(a)/G(b) < A(a)/A(b) which is a part of (3.23). For the proof of the third inequality
in (3.23) we define a function

L3(x, 1)

" G A .

0 < x < 1. We shall prove that ¢(x) is a decreasing function on the stated domain.
Logarithmic differentiation gives

0'(0) _ (L 1\ 2+l
o(x) “\x—1 xlnx x(x+1)°
Letting x = 1/t (¢ > 1) we see that the last formula can be written as
¢'(x) 3t [r=1 P4+l
o(x) t—1| Int 3(t+1)

To complete the proof of monotonicity of ¢(x) we apply Carlson’s inequality (3.9) to
obtain

(3.25)

t—1 _rP+dr+1
Int = 3(t+1)
This in conjunction with (3.25) gives the desired result. To complete the proof of the
inequality in question we follow the lines introduced at the end of the proofs of Theorems
3.3 and 3.4. The fourth, sixth, and eighth inequalities in (3.23) are established in [6].
(See Theorems 3.2, 3.1, and 3.3, respectively.) The fifth, ninth, and the tenth inequalities
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in (3.23) are a consequence of the monotonicity in @ of the ratio 7, (a)/ 7, (D). We

have
Hla) _ Hy(a)

< 3.26
lb) < H5(0) (3:20)
provided & > 3 > 0 and 0 < x < 1. For, let
Ao (x, 1
= 27
o) = S (6.27)

Differentiating we obtain

(PI(X): (2+B)(a7ﬁ) l—x

24a  2Jx(x+ 1+ BVA)?E

Thus ¢(x) is increasing for 0 < x < 1. Letting in (3.27) x = ax/a; < by /by =y < 1
we obtain the inequality (3.26). The seventh inequality in (3.23) is a consequence of
the fact that A,/3(x,1)/I(x,1) is a decreasing function for 0 < x < 1 (see [13, p.
104]). The remaining part of the proof of the inequality in question goes along the lines
introduced in the proofs of Theorems 3.3 and 3.4. The last inequality in (3.23) is a
special case of (3.11) when r =1, s =2, p =2 and g = 3. The proof is complete.
]

We shall now derive inequalities involving ratios of the Schwab-Borchardt means
and the lemniscatic means. The following result, sometimes called the L’Hospital-type
rule for monotonicity, will be utilized in the sequel.

PROPOSITION 3.6. ([21]) Let f and g be continuous functions on [c,d]. Assume
that they are differentiable and g'(t) # 0 on (c,d). If f'/g’ is strictly increasing
(decreasing) on (c,d), then so are

(See also [16].)

We are in a position to prove the following.

THEOREM 3.7. Let the vectors satisfy the monotonicity conditions (1.1). Then the
following inequalities

SB(ay, az) < LM(ay,a;) < LM(ay,a,) < SB(az, a1)

SB(bi,by) ~ LM(by,b1) ~ LM(by,by) ~ SB(by, by)

(3.28)

hold true.

Proof. In order to establish the first inequality in (3.28) we introduce a function

¢(x) = % (3.29)

(x > 1). Making use of
2

SB(x,1) = ———
(e 1) arc sinh #2
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(see [12, (1.3)]) and

2
LM(1 = —Y
(1,%) (arc slh¢)?
(see [9, (6.2]) we obtain
_ (arcslhr)?
o0 = arcsinh#2 ’

where 1 = Vx> — 1. To prove that ¢(x) is an increasing function on its domain we
write ¢(x) = f(¢)/g(t), where f(t) = (arcslh?)® and g(t) = arcsinh#® (t > 0).
Differentiation gives

f'(t) arcslht

g'() t
where in the last step we have used (2.11). Since Rp is a decreasing function in
each of its variables (see (2.12)) we conclude, using Proposition 3.6 and the fact that
f(0) = g(0) = 0, that ¢(x) has the desired property, i.e., ¢(x) > ¢(y) whenever
x 2 y. Letting

= Rp(1, 1+ ),

ar _ b
—=2—=yz21
a = by
and next using (3.29) and the fact that both means SB and LM are homogeneous we
obtain the assertion. For the proof of the second inequality in (3.28), we define

LM(x, 1)

o(x) = [@] (3:30)

where

t
1) =arcsl | —— | =tRg(1+*,1

10 =arst( gty ) =kt 44
and g(r) = arcslht = rRp(1,1 4+ *) and r = v/x% — 1. Taking into account that
f/(6) = (1+r)~3* and ¢'(¢) = (1 4+ *)~/? we see that

1) 4\—1/4

=1+t
g'(0) 0

is a decreasing function for ¢ > 0. Making use of Proposition 3.6 we conclude that the
function f (r)/g(¢) decreases with an increase in ¢. This together with (3.30) implies
that ¢(x) < ¢(y) whenever x > y. We now follow the lines introduced in the proof of
the first inequality in (3.28) to obtain the desired result. In order to establish the third
inequality in (3.28) we define

O(x) = pr— (3:31)
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(x > 1). Inorder to prove that ¢(x) is a decreasing function on its domain it suffices to

show that the function y(x) = ¢(1) is an increasing function on (0,1]. Using (3.31)

and the fact that LM and SB are homogeneous functions we obtain

~ LM(1,x)
V) = S
(0 < x < 1). Making use of [9, (6.1)] and [12, (1.2)] we obtain
_f@
vl =3 (3.32)
where f () = arcsin/?, g(r) = (arcsl#)? and 1 = v/1 — x2. Hence
f (@) t 1

g (1) arcslt  Rp(l,1—1r4)’

where the last equality follows from (2.10). We conclude that the ratio f'(¢)/g’(z) is
a decreasing function of 7 because Rp is also decreasing in each of its variables. This
in conjunction with Proposition 3.6 applied to (3.32) and the fact that 7 and x satisfy
t = ¥/1 — x2 leads to the conclusion that y(x) is an increasing functionon (0, 1]. This
in turn implies that ¢(x) defined in (3.31) is decreasing for every x > 1. We follow
the lines introduced earlier in this proof to complete the proof of the last inequality in
(3.28). ]

Before we state and prove a corollary of Theorem 3.7, let us introduce some special
means derived from SB and LM . To thisend let x > 0, y > 0 andlet G, A and
X2+ y?

Q = Q(x7 y) = 2

stand for the geometric mean, arithmetic mean and the root-mean-square mean of x and
y. Following [12, (2.8)] let

L =SB(A,G), P =SB(G,A), M = SB(Q,A), T = SB(A, Q), (3.33)

where L stands for the logarithmic mean and P and T are the Seiffert means (see [19],
[20]). Clearly all four means defined above are symmetric and homogeneous of degree
1. The lemniscate counterparts of these means have been introduced in [9, (6.4)]:

U=LM(G,A), V=LM(A,G), R=LM(A,Q), S = LM(Q,A). (3.34)

It is easy to see that these means are symmetric and homogeneous of degree 1. The
following inequalities

L<UKVEP<KAKM<ERELSKT (3.35)

have been established in [9, (6.10)].
We are in a position to establish the following.

COROLLARY 3.8. The means defined in (3.33) and (3.34) satisfy the following
inequalities
L u Vv P
— <5< o< 5 (3.36)
M "R S T



INEQUALITIES FOR THE RATIOS OF CERTAIN BIVARIATE MEANS 395

Proof Letay =A, ap=G, by = Q and b, = A. Since A> > GQ, the numbers
a; and b; satisfy the inequalities (1.1). Utilizing (3.28) and (3.33) and (3.34) one
obtains the assertion (3.36). O

Let a and b satisfy (1.1). Then the inequalities (3.35) can be obtained immediately

from
La) _ Ula) _ V(@) _ Pla) _ A) _ M(a)
L) S UG) S Vi) S Po) S AB) S M) -
Rla)  Sa) T(a) '
S R(b) T S(b) T T(b)

by letting by = b, . Since the proof of (3.37
Theorem 6.2], it is omitted.

We close this section with a result which shows that the inequality (1.2) implies
the Ky Fan inequality for the means ® and ¥':

oes along the lines introduced in [9,

a9

®(a) _ ¥(a)
< 7 3.38
(@) < ¥(a) (3%
where a = (a1, az) with 0 < ay,a; < % and
d=1-a=(1-a,l—a). (3.39)

PROPOSITION 3.9. Let ® and Y be symmetric homogeneous means of two
positive variables and assume that the inequality (1.2) holds true for the vectors a and
b which satisfy monotonicity conditions (1.1). Then the means ® and ¥ also satisfy
the Ky Fan inequalities (3.38).

Proof. Without a loss of generality let us assume that a = (aj,az) is such that
0<ay<ay <jandb=(b,by) =(1—az1—a). Itis easy to verify that a and
b satisfy (1.1). Since ¢ and y are symmetric means, inequality (1.2) holds true with
b replaced by a’ (see (3.39)). O

Application of Proposition 3.9 to Theorems 3.1-3.3 in [6] gives immediately The-
orems 4.1, 4.2 and 4.4 in [6].

REFERENCES

[1] J. M. BORWEIN AND P. B. BORWEIN, Pi and the AGM — A Study in Analytic Number Theory and
Computational Complexity, Wiley, New York, (1987).

[2] B.C.CARLSON, Algorithms involving arithmetic and geometric means, Amer. Math. Monthly, 78 (1971),
265-280.

[3] B. C. CARLSON, The logarithmic mean, Amer. Math. Monthly 79 (1972), 615-618.

[4] P. CZINDER AND ZS. PALES, An extension of the Hermite - Hadamard inequality and application for
Gini and Stolarsky means, J. Inequal. Pure Appl. Math., 5(2) (2004), Article 42 (electronic) URL:
http://jipam.vu.edu/au/images/167_03_JIPAM/167_03.pdf.

(5] C. GINL, Di una formula comprensiva delle medie, Metron 13 (1938), 3-22.

[6] K. GUAN AND H. ZHOUN, The generalized Heronian mean and its inequalities, Univ. Beograd, Publ.
Elektrotehn. Fak., Ser. Mat., 17 (2006), 60-75.

[7] W.JANOUS, A note on generalized Heronian means, Math. Inequal. Appl., 3 (2001), 369-375.



396

EDWARD NEUMAN AND JOZSEF SANDOR

(8] E. B. LEACH AND M. C. SHOLANDER, Extended mean values, Amer. Math. Monthly, 85(2) (1978),
84-90.
[9] E. NEUMAN, On Gauss lemniscate functions and lemniscatic mean, Math. Pannonica, 18(1) (2007),

77-94.

[10] E. NEUMAN AND ZS. PALES, On comparison of Stolarsky and Gini means, J. Math. Anal. Appl., 278
(2003), 274-284.

[11] E. NEUMAN AND J. SANDOR, Inequalities involving Stolarsky and Gini means, Math. Pannonica, 14(1)
(2003), 29-44.

[12] E.NEUMAN AND J. SANDOR, On the Schwab-Borchardt mean, Math. Pannonica, 14(2) (2003), 253-266.

[13] E.NEUMAN AND J. SANDOR, On the Ky Fan inequality and related inequalities 11, Bull. Austral. Math.
Soc., 72 (2005), 87-107.

[14] E.NEUMAN AND J. SANDOR, On the Schwab-Borchardt mean II, Math. Pannonica 17(1) (2006), 49-59.

[15] Zs. PALES, Inequalities for differences of powers, J. Math. Anal. Appl., 131 (1988), 271-281.

[16] 1. PINELIS, On L’Hospital-type rules for monotonicity, J. Inequal. Pure Appl. Math., 7(2) (2006), Article
40 (electronic) URL: http://jipam.vu.edu.au/images/157.05.JIPAM/157_05.pdf.

[17] J. SANDOR, Monotonicity and convexity properties of means, Octogon Math. Mag., 7(2) (1999), 22-27.

(18] K. B. STOLARSKY, Generalization of the logarithmic mean, Math. Mag., 48(2) (1975), 87-92.

[19] H.-J. SEIFFERT, Problem 887, Nieuw. Arch. Wisk., 11 (1993), 176.

[20] H.-J. SEIFFERT, Augabe 16, Wurzel, 29 (1995), 87.

[21] M. K. VAMANAMURTHY AND M. VUORINEN, Inequalities for means, J. Math. Anal. Appl., 183 (1994),
155-166.

(Received January 28, 2008) Edward Neuman

Department of Mathematics, Mailcode 4408

Southern Illinois University

1245 Lincoln Drive

Carbondale IL 62901

USA

e-mail: edneuman@math.siu.edu

URL: http://www.math.siu.edu/neuman/personal.html

Jozsef Sandor

Department of Pure Mathematics
Babeg-Bolyai University

400084 Cluj-Napoca

Romania

e-mail: jjsandor@hotmail.com

Journal of Mathematical Inequalities

e-math.com

e-math.com



