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IMPLICIT DIFFERENCE FUNCTIONAL
INEQUALITIES AND APPLICATIONS

7. KAMONT AND K. KROPIELNICKA

(communicated by B. Pachpatte)

Abstract. We give a theorem on implicit difference functional inequalities of the Volterra type
for functions of several variables. We apply this general result in the investigation of the stability
of implicit difference functional equations with initial boundary conditions.

Classical solutions of parabolic functional differential equations are approximated in the
paper by solutions of suitable implicit difference schemes. The proofs of the convergence
of difference methods are based on comparison technique and results on difference functional
inequalities are used. Numerical examples are presented.

1. Introduction

Differential inequalities found applications in several topics concerning differential
or functional differential equations. Such problems as: estimates of solutions of ordinary
or partial differential or functional differential equations, estimates of the domain of the
existence of classical or generalized solutions, criteria of uniqueness and continuous
dependence, are classical examples, however not the only ones. Moreover discrete
versions of differential inequalities, the so called difference inequalities, are frequently
used to prove the convergence of numerical methods.

Explicit difference schemes for evolution functional differential equations consist
in replacing partial derivatives with difference operators. Moreover, because differential
equations contain functional variables, some interpolating operators are needed. This
leads to difference functional problems which satisfy consistency conditions on suffi-
ciently regular solutions of original equations. The main task in these investigations is to
find functional difference problems which are stable. Methods of difference inequalities
are used in the investigation of the stability of nonlinear difference functional equations
generated by initial or initial boundary value problems for functional differential equa-
tions see [4] Chapter 3 and [5], [9], [10] [18]. Explicit difference inequalities and explicit
difference schemes are investigated in these papers.

The aim of the paper is to show a theorem on implicit difference inequalities
corresponding to nonlinear parabolic functional differential problems. We give also
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applications of a result on implicit difference inequalities. More precisely, we pro-
pose implicit difference schemes for the numerical solving of functional differential
equations. We give a complete convergence analysis for the methods and we show by
examples that new difference schemes are considerable better than classical methods.

Results presented in the paper are new also in the case of differential equations
without the functional dependence.

We formulate our functional differential problems. For any metric spaces X and Y
we denote by C(X, Y) the class of all continuous functions from X into Y. We will use
vectorial inequalities with the understanding that the same inequalities hold between
their corresponding components. Write

E= [07(1} X (7ba b)a D= [7d0a0] X [7d7d}7
where ¢ > 0, b = (by,...,b,) € R", b; > 0 for 1 < i < nand dy € R,
R, =1[0,+00). Let c=b+d and
Ey = [—dp,0] x [—c, c], OE =10,a] x ([76, c]\ (b, b) ), Q =FEUEyUOE.

For a function z: Q@ — R¥, z = (z1,...,%), and for a point (¢,x) € E where E is
the closure of E, we define a function z(;,) : D — RF by 7 (7,y) =2(t + T,x + ),
(t,y) € D. Then z(,) is the restriction of z to the set [t — do,7] X [x —d,x + d] and
this restriction is shifted to the set D.

Let us denote by M, «, the class of all n X n matrices with real elements. Write
E = E x C(D,R¥) x R" x M,, and suppose that F = (Fy,...,F;) : & — Rt

and ¢ : Eg U OoE — R* are given functions. We consider the system of functional
differential equations

Ozi(t,x) = Fi(t,%,2(1x), Oxzi(1, %), Ouzi(1, %)), i =1,...,k, (1)
with the initial boundary condition
z(t,x) = @(t,x) on EpUQHE, (2)
where

axzi = (axlzia R axnzi)7 avoczi = [axuxvzi] = 17 R k.

u,v=1,....n’

We consider classical solutions of (1), (2). We give examples of equations which can
be obtained from (1) by specializing the operator F.

EXAMPLE 1.1. Suppose that the function o : E — R satisfies the condition:
a(t,x) — (t,x) € D for (t,x) € E. Fora given F = (Fy,...,F;) : E x R* x RF x
R" X M, — R¥, we put

F(t,x,w,q,s) = F(t,x,w(0,0),w(a(t,x) — (t,x)),q,s) on Z,

where 0 = (0,...,0) € R", w € C(D,R¥), ¢ € R", s € M,x,,. Then (1) reduces to
the system of differential equations with deviated variables

Oizi(t,x) = Fi(t,x,2(t,x), z( (2, X)), Oxzi(t, X), Onuzi(t, X)), i=1,... k.
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EXAMPLE 1.2. For the above F we define

F(t,x,w,q,s) = F(t,x,w(0, 6),/W(T,y)dydr,q,s) on X.
D

Then (1) is equivalent to the system of differential integral equations

Dizi(t,x) = Fi(t,x,z(t,x), / 2(t+ 1,x +y) dydt, 0:zi(t, x), Ouezi(1,%) ), i =1,... k.
D

It is clear that more complicated differential systems with deviated variables and differ-
ential integral systems can be obtained from (1) by a suitable definition of F. Sufficient
conditions for the existence and uniqueness of classical or generalized solutions of
parabolic functional differential problems can be found in [1], [2], [3], [6], [13], [14].
Functional differential inequalities and applications were studied in [11], [12], [15] -
[17].

Our motivations for investigations of implicit difference functional inequalities
and for the construction of implicit difference schemes are the following. Two types of
assumptions are needed in theorems on the stability of difference functional equations
generated by (1), (2). The first type conditions concern regularity of F. It is assumed
that

(i) thefunction F of the variables (¢, x,w,q,s), ¢ = (q1,-..,qn), S = [Suv]uv=1,...n>
is of class C! with respect to (g, s) and the functions
OgF; = (0q Fi, ..., 04, F:), OF; = [0y, F ], |
are bounded,
(ii) F satisfies the Perron type estimates with respect to the functional variable w.

The second type conditions concern the mesh. The following condition is needed in the
analysis of the convergence of explicit difference schemes for (1), (2):

1—2/402}12 i Fi(P) + ho Z hh |0, Fi(P)| >0, PEE, i=1,....k
wv=lu#v

see [5] and [9], [10]. It is clear that strong assumptions on relations between ho
and ' = (hy,...,h,) are required in (3). It is important in our considerations that
assumption (3) is omitted in a theorem on difference functional inequalities and in a
theorem on the convergence of implicit difference methods for (1), (2).

It important in the paper that we use nonlinear estimates for F with respect to the
functional variable and ordinary differential functional equations are used as comparison
problems.

The paper is organized as follows. In Section 2 we prove a general theorem on
implicit difference functional inequalities with unknown function of several variables.
In the next section we prove a theorem on the existence and uniqueness of a solution
of implicit difference equation with an initial boundary condition. We establish also
some estimates for the difference between exact and approximate solutions to difference
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functional problems. They are used in the investigation of the stability of difference
schemes generated by (1), (2).

The second part of the paper deals with applications of the above general results.
We propose implicit difference schemes for the numerical solving of evolution func-
tional differential equations. Convergence results and error estimates are presented in
Sections 3 and 4. Theorems on difference inequalities are used in the investigation of
the stability of implicit difference methods. Numerical examples are given in the last
part of the paper.

2. Functional difference inequalities

For any two sets U and W we denote by F(U, W) the class of all functions
defined on U and taking values in W. If A C U and o € F(U, W) then «a |4 is
the restriction of ¢ to the set A. Let N and Z be the sets of natural numbers and
integers respectively. For x = (x1,...,x,) € R*, p = (p1,...,px) € R we put
x|l = |x1| + ...+ |xa| and ||p|loc = max { |p;| : 1 < i< k}. We define a mesh on Q
in the following way. Suppose that (ho,h’), b’ = (hy,...,h,), stand for steps of the
mesh. For (r,m) € Z'*" where m = (my,...m,), we define nodal points as follows:

1) = rhy, X" = (xgn“), Xy = ik, mghy).

Let us denote by H the set of all & = (hy, k') such that there are Ky € Z and K =
(Ki,...,Ky) € Z" satisfying the conditions: Kohg = dy and (Kihy,...,K,h,) = d.
Set
R, ™ ={ D X"y (r,m) € 2V}
and
D, =DNR™ E,=ENR}"™, Ey,=ENR™,

OEn = WENRY, Qy = E, U Egy U oEy.
Let Ny € N be defined by the relations: Noho < a < (No + 1)h¢ and

Ey={("x")eE,: 0<r<Ny—1}.

For functions w : D, — R¥ and z : Q;, — R* we write w") = w(t< r) <’">) on Dy, and
Zrm = z(#"),x™) on Q. We need a discrete version of the operator (t,x) — z(.).
For a function z : Q, — R¥ and for a point (t“),x(’")) € E;, we define a function

) © D — RE by 20 (7,y) = 2(t 1)+ 1,x" 4 y), (1,y) € D). Write y = 1 + 2n?
and

A={A=A,.... %) he{-1,0,1}for 1 <i<n and ||A] <2},
N=A\(6)

Note that x is the number of elements of A. Let y : A — {1,2,..., x } beafunction
such that y(4) # w(A) for A # A. We assume that < is an order in A defined in
the following way: A < A if y(A) < y(A).
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Elements of the space R* will be denoted by & = {EH) };cn. Write V), =
E; xF(Dy, R¥) x R* and suppose that the function G, = (Gy.1,...,Gux) : ¥, — R¥ of
the variables (t,x,w, &) is given. For (1), x" w, &) € V), we write Gy ;[w,&]""™ =
Gpi(t), x" w &), i = 1,...,k. For a function @ : Q, — R and for a point
(1), (’”)) € Eh we put @,y = {0}, cn and

rm 1 r+1m r,m

Given @y, € F(Ey; U OyEp, RF ), we consider the system of functional difference equa-
tions

60Z,<r7m) = Gh,i[z[r,m]a (Zi)< r+1,m) ](r,m)7 i=1,...k (5)

with the initial boundary condition
Zrm = (P;(Lr’m) on Ey, U GEy. (6)
Note that the numbers z{" """ **) where A € A appearin (2i)(r+1m) - Then (5), (6) is

an implicit difference functional problem.

REMARK 2.1. Let us denote by § = (§;,...,8,) and §? = [5,“/]’”71
difference operators corresponding to the derivatives 9, = (0y,,...,0x,) and Oy =

[am-w ]H’v: o Then implicit difference scheme corresponding to (1) has the form

SOZt(r’m) = Fi (t(r)’x(m)7 Thz[r,m] ) 5Z§r+l,m)’ 5(2>Zz(r+l’m))7 i= 17 R k7 (7)

where Tj, : F(Dy, RY) — C(D,R¥) is an interpolating operator. It is clear that system
(7) is a particular case of (5).

We prove a theorem on difference inequalities generated by (5), (6). For w, w €
F(Dh,Rk) We Write w < w if w < W where (17,x™) € Dy, and ||w||p, =
max{[lw(r”, x") oo = (17, x1") € Dy}

ASSUMPTION H|[Gy]. The function Gy, : ¥, — RF satisfies the conditions:
1) there exist the partial derivatives

{6§(A)Gh4i[ (rim) }AeA’ i=1,...,k

and O;) Gn.i[w, e e C(RA,R) for A € A, (1), x") w) € Ej, x F(Dy,, R¥),
i=1,... k,

2) foreach (¢, x"™ w) € Ejx € F(Dy,R¥) and A € A, 1 < i < k the function
0 Gilw, -1"m"is bounded on RZ,

3) the conditions

e Gilw, E]™ = 0 for A € N, (8)
S 0z Gualw, €0 = 0 )
AEA

are satisfiedon Y, fori=1,... ,k,
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4) the following monotonicity condition holds: if w, w € F(Dy, R¥), w = (wy, ..., wy),
w= (Wi,...,w), and w < w then

WI(O’@)JrhoGh,,-[W7 5}(”"> < W§0’9)+h0Gh‘i[W, 5}(””> on E;lka fori=1,...,k

REMARK 2.2. Suppose that Gy, : E; xRxF(Djy, R\ ) xR* — R¥, G, = (Gp1,. .., Gux),
is a given function of the variables (¢,x,p,w, &) and Gy is defined by

Gri(t,x,w, &) = Gpi(t,x,w;(0,0),w,&) on Y, i=1,....k
Then system (5) has the form

60Z§mn> = Gh.i(t<r>ax(m>7 Z<r7m)7z[r,m]7 (Zi)< r,m) )7 i=1,...k

1

The dependence of the right hand of (5) on the classical variable z""") is distinguished
in the above system. Suppose that
1) Gy, is nondecreasing with respect to the functional variable,
2) there exist the derivatives (3,,(?;,,1, ce 3,,(?;,,;6) = 3,,(?;, and there is L € R,
such that
8thj(t,x,p,w, E)>L, 1<i<k,

and 1+ Lhg > 0.
Then the above G, satisfies the monotonicity condition 4) from Assumption H[Gy].

THEOREM 2.3.  Suppose that Assumption H|Gy) is satisfied and
1) h € H and the functions u, v : Qy — R*, u = (uy,...,w), v= (vi,...,m),
satisfy on E}, the difference functional inequalities

Sou™™ =G iltipm)s () (rs1my ] < 8™ = Grilviem)s (Vi) (r1my | (10)

where i =1,...,k,
2) the initial boundary estimate ulrm) < virm) holds on Ey, U OE),.
Then
um < on By, (11)

Proof. We prove (11) by induction on r. It follows from assumption 2) that
estimate (11) is satisfied for » = 0 and (#?),x"")) € E,. Assume that u0") < vU™) for
(e, xm) € E, N ([0,#7] x R"). We prove that ul™+1m < yU+Lm) for (#r+1) x(m) ¢
E;,. Write

Ui(r’m> = ul(r,m) + hOGhAi[u[r,mb (ui)<r+1,m) }(r,m) - vl(r,m) - hOGhAi[V[r,mb (”h)( r+1,m) ](r,m)

where i = 1,...,k. It follows from (10) that

(u; — w)(rﬂ’m) < Ui(r’m + ho | GrilVirm)s (i) (r1.m) ]U’m) = GrilVirm], (Vi) (r+1,m) ]U’m)
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where i = 1,...,k. The monotonicity condition 4) of Assumption H[G;] implies
the inequalities U™ < 0 for (1), x") € El, i = 1,...,k. Then there exist
intermediate points QI(rJrl’m) € RZ such that

(Mifvi)(’drl’m) |:1*hoa§(9) Gh.i[v[r,m]7 Ql(r+l,m)](r,m) :|
< ho Z 8§(A)Gh,,- [V[r,m]a Ql(r+1’m)] (rim) (u,-fv,-) (r+1’m+/l>, i= 17 PN k.
AeN (12)
We define in € Z" and j € N, 1 <j < k, as follows

(L) = max max{ (u; — v;) " (D Xy € @ 1.

(uj — vj) max

If (t+1),x™) € OyE, then assumption 2) implies that (u; — v;)" 1™ < 0. Let us
consider the case when (1’1 x™)) € E,. Then we have from (12) that

7

< (5= )" N 90 G lvp, Q0.
AeN

(uj — vy) "™ [1 = ho0g0))Gn,j[Viri Q(rﬂ’%)}(r’rh)}

It follows from (8), (9) that (u; — v;)"*1#") < 0. Then the proof of (11) is completed
by induction. (]

3. Approximate solutions of difference functional equations

We define N = (Ny,...,N,) € N" by the relations: (Nihy,...,Nh,) <
(b1, ...,by) < ((N1 4+ Dhy,...,(Ny + 1)h,) and we assume that (N; + 1)h; = b;
if d; = 0. We first prove a theorem on the existence and uniqueness of solutions to (5),

(6)-

THEOREM 3.1.  If conditions 1) - 3) of Assumption G[G)) are satisfied and
On € F(Eop U OoEy, RY) then there exists exactly one solution u, = (upy. ... up)
Q, — R¥ of (5), (6).

Proof. Suppose that 0 < r < Ny — 1 is fixed and that the solution u; of problem
(5), (6) is given on the set Q; N ( [—do, "] x R ). We prove that the vectors u
—N < m < N, exists and that they are unique. It is sufficient to show that there exists
exactly one solution of the system of equations

1 r,m r.m .
h_() (Z§r+17m) - M;(“ )) = Ghj[(uh)[r,m]y (Zi)<r+l,m> ]( ’ )7 —N < m < N> 1= 17 cee 7k>
(13)

with the initial boundary condition (6). There exists Q; > 0 such that

On = —hoeo)Guil (n) ), €™, EERY, —N<m <N, A€Ai=1,... k
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It is clear that system (13) is equivalent to the following one

(rym)

thl(r+1,m)+ (rm +h0Ghz[(uh)[rm] (Zi)<r+l,m> (14)

(r+1,m)
Z =
Qh 1

where —N <m < N, i =1,....k. Write S, = {x") : x(" € [—c,c]}. Elements
of the space F(S;,, R¥) are denoted by {,{. For {: S, — R, £ = (&1,..., &), we
write ") = £(x")) and

G my = {G" ) i=1..,k

The norm in the space F(S),, R¥) is defined by ||{||, = max {[|{"||« : x) € 8, }.
Let us consider the set

={C € F(S), R : ¢ = @t for x" € [—¢, ] \ (—b,b) }.
We apply the operator Wy Xn — Xp, Wy = (Wht, ..., Wiy), defined by

[7m) — m m) rym
Wh»l[é’] Qh F1 |:Qh€ + M/,” + hOGht[(uh) [r,m] (Ct) (m) } :|a (15)
where —N <m <N, i=1,...,k and
Wi[C]™ = @i for x™ € [~c,c] \ (~b,b) (16)

where { = ({i,..., &) € F(Si, RY). We prove that

[Wal&] = Wil¢]]l. <

+
It follows from (15) that we have for —N < m < N:

Wi 8] — Wyi[£]

— rr{eE- o

+ho Z aé(l)GhAi [(uh)[r,m] , PE”")] (rim) (Cz _ 471) (m+)t)}

AEA

€= ¢l on F(S, RY). (17)

! 7\ (m)
=5 11 + hoOg0)Gn.i | (u rnHP(rm :| i i
Qh+1{[Qh 00¢0) Gh. [ (utn) ] (& - &)
r,m) 1M Z\ (m+A .
o 3 D G () P | (6= 8) " i =1k
Aen
where P z(r’m) € R¥ are intermediate points. It follows from the above relations and from

(8), (9) that

’th[é](m - th ’ X

Q+1||€ C”*for— \mgN,l:1,7k

According to (16) we have

Wi[Z]™ — W, [E]"™ =0 for x™ € [—c,c]\ (—b,b).
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This completes the proof of (17). ]

It follows from the Banach fixed point theorem that there exists exactly one solution
¢ : S, — R of the equation { = W;[{] and consequently, there exists exactly one
solution of (6), (14). Then the vectors u,(fﬂ’m) , =N < m < N, exist and they are
unique. Then the proof is completed by induction with respectto r, 0 < r < Np.

Suppose that the functions v, : Q; — R, vy = (Vi1 ..., vik), and o, ¥ : H —
R, satisfy the conditions:

| 60";:;'”1) - Ghj[(vh)[r,mb (th)<r+l,m> ](r,m) | < Y(h) on E;n i= 17 v 7k7 (18)

H(p}(lr,m) — V]Sr’m)Hoo < O!o(h) on Eyj, U OWE), (19)
and
lim o(h) = 0, lim y(h) = 0. (20)

The function v, satisfying the above relations is considered as an approximate solution
of (5), (6).

We give a theorem on the estimate of the difference between the exact and approx-
imate solutions of (5), (6). Write I = [—d,0], J = [0,a] and

Ih:{t(r)l 7K0<r<0}, Jh:{t(r>l OgrgN()}, J;l:Jh\{l(N[))}.

For n : I UJ, — R we write n") = n(t(’)). We will need the following operator
Vi, : F(Dy, R*) — F(I,R.). Put

Viw]" = Vi [w] (1)) = max { [w""™||o : —K <m <K}, —Ko<r<0,

where w € F(Dy,, R¥). Forafunction 1 : IUJ — R and for a point # € I we denote by
N, : I — R the function defined by 1,(t) = n(t + 7), 7 € I. The maximum norm in
the space C(I,R) we denote by || - ||;. We will need a discrete version of the operator
t — 1. For a function 1 : I, UJ, — R and for a point ") € J, we define a function
Ny I — R by n(7) = n(t") + 1), 7 € I. Let Ty, : F(I,,R) — C(I,R denote
the interpolating operator defined by

r—1") t— 1)

Tho[n](t) = h—on(rJrl) + (1 - hO

)n® for ) <1 < oY,

where 1 € F(I;,, R). We will use the operator Uy, : F(Dy, RY) — C(I,R,) given by
Unlw](t) = Ti, [ Valw] | (1), 1 €1,

where w € F(Dj,, R¥). We formulate assumptions on comparison functions correspond-
ing to (5), (6).

ASSUMPTION H|o]|. The function o : Jx C(I,R;) — R, satisfies the conditions:
1) o is continuous and it is nondecreasing with respect to the both variables,
2) o(t,0) =0 for t € I where 0 € C(I,R.) is given by 0(7) =0 for 7 € I,
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3) the maximal solution of the Cauchy problem
n'(t) =o(n), nt)=0forrel,
is i(r) =0 fort € TUJ

THEOREM 3.2. Supose that Assumption H|Gy) is satisfied and
1) h € H and uy, : Q, — R isasolution of (5), (6) where @y, € F(Eo,UdEp, R¥),
2) vy : Q, — R* and there are o, Y : H — Ry such that conditions (18) - (20)
are satisfied,
3) there exists 0 :J x C(I,R;) — R such that Assumption H[o| is satisfied and

Ghilw, E17™ — Gpi[w, E]"™ < o(t), Uplw — W), i =1,...,k, (21)

where (1) x" E) € Ej x R%, w, w € F(Dy,R¥) and w > w.
Then

[ =)™ ||, < B on En (22)

where By, : I, UJ, — Ry is a solution of the difference problem
ﬁ(rJrl) = B(r) + hOO-(t(r)7 Tho [B[r]]) + hOY(h)v 0<r<N— 1a (23)
B = ag(h) for — Ko <r <0, (24)

and there is o : H — Ry such that

|| (un — vh)(r"">H < a(h) on Ey and %irr(l) o(h) =0. (25)

o0

Proof. The proof falls naturally into two parts.
L. The existence of u, follows from Theorem3.1. Let ¥, = (Pp.1,. .., Vnsx) : Qu —
R* be defined by

1751;. >—th +Bh on Q, fori=1,...,k
We prove that the difference functional inequalities
60‘7;:;’”) = Ghi[(“;)[r,m]a (Gh,i)<r+l,m) }(r’m>7 i= 1a s 7ka (26)
are satisfied on Ej. It follows from Assumption H[Gj| and (18) that

1

S = ST+ (B~ )

P Gh.i[(“;h)[r,mh (‘N)hj)(rJrl,m) }(r,m) - Y(h) + =

+ Gnil(vi) frm)> (V. i)<r+1,m> 15— Gl (1) s (Vi) (1 my 1™

+ > 00 Gual(On) i, Q) i =1,k (27)
AEA
where QE”L’") are intermediate points. It is easily seen that

Uhj[ (‘N}h)[r,m] - (vh)[r,m] ](T) < Thu[(ﬁh)[r] ](T)7 i=1,....k for 7€l (28)
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We conclude from (21), (27), (28) that

(r,m) ~ rm 1 r
87" = Gual (5) s (P (s 1my | LWZH}TO(B v _ g )
— ot T, [(Bi)in 1) = B " 0z Gl (B, Q1]

AEA
= Gh[(f}h)[r,mb (‘N}h)<r+1,m) }(r,m)’ i= 17 o 7k~

where (), x™)) € E}. This completes the proof of (26). Since v\"" < 7" on
Eo U OyEy , it follows from Theorem 2.3 that

(r,m)

w™ < vim 4B on Ey.
In a similar way we prove that
S B0 <l on B
The above estimates imply (22).
II. Now we prove (25). Consider the Cauchy problem

n'(0) = o(t,m) + (k(h)) + v(h), (1) = ow(r) for 1€1 (29)

where k : H — R, lim;_ k(h) = 0 and the symbol (k(h)), denotes a constant
function: (x(h)),(t) = k(h) for T € I. It follows from Assumption H[o] that there is
& > 0 such that the maximal solution n(-, %) of (29) is defined on 7 U J for ||k < &
and

}1113}) n(t,h) =0 uniformly on 71U J.

Suppose that 7 € H is fixed and ||%| < €. Let us denote by C[i] the set of all 1 € H
such that ||h]| < & and y(h) < y(h), x(h) < k(h). It follows easily from theorems
on differential functional inequalities that for & € C[h] we have n(t,h) < n(t,h) on
TUJ. Let ny,(-,h) denote the restriction of n(-,h) to the set I, UJ,. Since n(-,h)
is a convex function, the definition of 7}, shows that for & € C[h] we have

(n( : 7h) )t(’) (T) - Tho[(nho( ’ ,h))[,ﬂ(f) 2 _hOn/(a> h) = —hon/(fh 71)

where 1) € I, and T € I. Thereis & > 0 such that for & € C[h] and ||k < & we
have

k(h) > x(h) = hon' (a, h).
It follows from condition 1) of Assumption H|[o] and from the above inequalities that
for h € C[h] and ||h|| < & we have

n' (@ n) = o (i, (-, 1)) + (K(B)) ) + 7 (h)
= o (1), T [ (M (-, 1)) + (
_Thu[(nho( NOME }+(K(h));(r))+Y(h)
> o (1", Tng[ (Mo (- 1)) — (
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and consequently

n/(t(r>h) = O-(I(r>7 Tho[ (nho( : 7h))[r]]) + Y(h)7 0<r<N.

Since n( -,k is a convex function then the above relations imply the difference func-
tional inequality

Nho (t(r+l>7 h) = Nho (t<r>7 h) + hOG(t(r)7 Tho [(nho( : 7h))[r]D + hOY(h)

where 0 < r < Ny — 1. Since f3; satisfies (23), (24) then the above relations and (29)
show that [3,?) < (e, h) for 0 < r < Np. It follows from (22) that condition (25) is

satisfied with o(h) = n(a, h), where h € C[h] and ||| < &.
This completes the proof. |

The following particular case of Theorem 3.2 is important in simple applications.

LEMMA 3.3. Suppose that Assumption H|Gy) is satisfied and
1) up : Q; — R is a solution of (5), (6) where @, € F(Ey;, U 80Eh,Rk),
2) v, : Qp — R and there are o, @ : H — Ry such that conditions (18) - (20)
are satisfied,
3) there exists L € Ry such that the estimates

Gh,i[W, a(r,m) - G/’Li[wa 5](",’”) < LHW - WHDh? i= 1a s ak7

are satisfied for (1), x" &) € E}, w, w € F(Dy,, R¥) and w > Ww.
Then

||(uh - vh)(r"">Hoo < a(h) on Ej (30)

where
a(h) = ao(h)e + y(h) S ! if L>0, (31)
&(h) = co(h) +ay () if L=0. (32)

Proof. 1t follows that the solution f;, : J, — R of the difference problem
BUHD = (1+ Lhg)B™ + hoy(h), 0<r < No— 1,
B = ay(h)

satisfies the condition: B;EH < a(h) for 0 < r < Ny. Then we obtain the assertion
(30) from Theorem 3.2. O

REMARK 3.4. Itis importantin our considerations that differential functional equa-
tions appear in comparison problems. Consider the Cauchy problem

n'() = A{/n(P) + Bn(r), n(0) =0, (33)

where 8 > o > 1. Itis easy to see that 1(¢) = 0 for ¢ € [0, 1] is the maximal solution
of (33).

If @ > 1, f =1 then problem (33) does not contain a deviated variable and it
has a positive maximal solution on (0, 1].
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4. Parabolic functional difference inequalities

Solutions of difference equations are functions defined on the mesh. On the other
hand equations (1) contain the functional variable z, ) which is an element of the space
C(D,RK). Then we need an interpolating operator Ty, : F(D;, R¥) — C(D,R*). We
define T}, in the following way. Let us denote by (9, ... d,) the family of sets defined
by

9 ={0,1} if d;>0 and &, ={0} if =0, 1 <i<n.
Set v=(v1,...,0y) €Z" and v, =0if d; =0, v;=1if d; >0 where 1 <i<n
Write
Ar={A=N,...; ) e forl <i<n}.
Let w € F(D;,,R¥) and (¢,x) € D. Suppose that dy > 0. There exists ("), x")) € D,
such that (¢7+D x("t)) € D, and 1) < ¢ <UD XM < x < xUMH0), Write

t — l’(r) X — x(m) /‘L X — x(m) 17}.
_ (rm+A) (2% _
Tilw](r,x) = (1 T ) AZA: Y ( W ) (1 W )

+

[_[ ZWFFIWI‘F)L( ())l(l_x_x(”o)lf/l
n n

AEAL

where
(mi) n (mi)

() e () 05

i=1 i=1

and we take 0° = 1 in the above formulas. If dy = 0 then we put

Th[W](t,x) = Z wirm+d) (X*Tif(m))}‘ (1 X —hjlc(m))l—)t.

AEAL

Then we have defined T,[w] on D. Itis easy to see that Tj,[w] € C(D, R¥). The above
interpolating operator has been first proposed in [4], Chapter 5.

For z: Q, — R and (1), x") € E, we write T32)m instead of Tj,[zy.,,]. For
w € C(D,R¥) weput ||w|| = max{||w(t,x)|| : (¢,x) € D}. The following properties
of the operator T}, are important in our considerations.

LEMMA 4.1.  Suppose that w : D — R is of class C' and w;, = w Ip, - Let C
be such a constant that ||Ow||p, ||0xw|p < C for 1 <i < n. Then ||Tywi] —wl|p <
C||h|| where ||h|| = ho + h1 + ...+ hy.

LEMMA 4.2. Suppose that w : D — RF is of class C* and wy, = w Ip, . Let
C be such a constant that ||0,w| | O W
1 Tulwa] = wllp < CllAl1.

D, D, 10uwlp < C, i,j=1,...,n. Then
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The above lemmas are consequences of Lemma 3.19 and Theorem 5.27 in [4].
We formulate a difference functional problem corresponding to (1), (2). Write

F={(u,v)eN": I<pu,v<n, u#v}

and suppose that we have defined the sets I'y, I'_ C I" such that 'y UT_ =T,
[y NT_ = (. In particular, it may happens that T', = () or T_ = {. Moreover we
assume that (i,j) € Ty when (j,i) € T;. Let o : @, — R and (#),x™)) € Ej. Let
O be defined by (4) and

1 . 1 .
6i+w(r,m) — h_ [w(r,m+e,) _ w(r,m)]7 61-7(0(”") — h_ [w(r,m) _ w(r,mfe,)]7 i=1,...,n.
We consider the difference operators (8, ...,05,) = & defined by
1
Sl = — [ty — om=a) ] j=1,..n. (34)
2h;
We apply the difference operators 8 = [ &, ]M v_1.., Eivenby
Sun @™ =558 "™ for u=1,...,n, (35)
and |
Sy = 5[5+5 o™ + 878 0" ] for (u,v)€T_, (36)
Sy = 5 [5;5V+w<fvm> +68, 8, 0™ ] for (u,v) €Ty, (37)

Given @y, : Eo; U OoE;, — RF, we consider the functional difference system
ozt = F; (1), X Tyzjy g, 8281 §PZrtbm) ) i =1, .k, (38)
with the initial boundary condition
2 = (p;(f’m) on Eg, UOoE;. (39)

The above problem is considered as an implicit difference scheme for (1), (2). It is
important that the difference operators dz; and 5<2)z,-, 1 <i < k, are calculated in
(38) at the point (1), x(™)) and the functional variable T}z, appears in a classical
sense.

We begin with a theorem on implicit difference functional inequalities generated
by (38), (39). Write

Fh‘i[z](r’m) = F,-(tm,x(m), Thzjrms 5Z§r+l’m>, 5(2)Z§r+l’m> ), i=1,...,k

ASSUMPTION H|F]. The function F = (Fy,...,F;) : 2 — R* of the variables
(t,x,w,q,5), s = [Suv |uv=1,.n is continuous and
1) the partial derivatives

O4Fi = (04, Fi, . ..,04,F)), OFi=[08y,F] _ i=1,...k,

Suv

existon Z and the functions 9,F;, 0,F;, 1 < i < k, are continuous and bounded
on E,
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2) foreach i, 1 <i < k, the matrix O,F; is symmetric and

Dy Fi(P) > 0 for (1, v) € Ty, 0y, Fi(P) <0 for (w,v) €T-  (40)
and
1 1 1
70y, Fi(P) = 5| 04, Fi(P) | - > h—|8S,.jF(P)| >0, u=1,...,n, (41)
u v=1,v#£u v
where P = (t,x,w,q,s) €E,i=1,...,k
3) there is & > 0 such that for 0 < hy < & and w, w € C(D,R¥), w < w, we
have

Wi(07 9) + hOFi(t7-x7 W7‘]>S) < 1/17,'(0, 6) + hOFi(t>x> "‘77Q>S)7
where (£,x,q,5) € EXR" X Myx,, i=1,... k.

REMARK 4.3. Itis required in condition 2) of Assumption H[F] that for each (u,v) €
I and 1 < i < k the function g, ,(P) = sign 0y, F;(P), P € E, is constant on Z.

suv i
Relations (40) can be considered as definitions of the sets I'; and T'_.

REMARK 4.4. Suppose that for each i, 1 < i < k the matrix O,F; satisfies the
condition: there is € > 0 such that

[

n
Oy Fi(P) = > 0y, Fi(P) 2 & Pe
v=1v#u

If hy = hp, = ... = h, then there is € > 0 such that condition (41) is satisfied for
II7] < €.

REMARK 4.5. Given the function G = (Gy,...,Gy;) : Ex R x C(D,R¥) x R" x My,
of the wariables (z,x,p,w,q,s) Put

Fi(t,x,w,q,s) = Fi(t,x,w;(0,0),w,q,s) on E, i=1,... k.
Then system (1) has the form
atzi(t7x) = Fi(t7x7 Zi(t, X), Z(tx)s a‘czi(ta X), aXXzi(t7x) ) (42)

It is important that the the dependence of F on the classical variable z(¢,x) is distin-
guished in (42). Suppose that
1) F is nondecreasing with respect to the functional variable,
2) there exists the derivatives (0,F),...,d,F) and 9,F;(t,x,p,w,q,s) > L for
1<i<kand 1+ Lhy>0.
Then the monotonicity condition 3) of Assumption H|[F] is satisfied.

For £ € RX, & = {EW ), cn, we put

. - 1 —e; :
5j+,g<9) - [é(eﬂ _ 5(9>]7 5; EO) = - [g(e) — &l e,>]7 j=1,...,n.

1
hj Jj
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The expressions

6€<6) = (815(0>,...76n€<9))7 6(2>é = [ uvé ]yv L.n’

.....

are defined in the following way:
= — [§<““) - 5(76")] foru=1,...,n,

SuuE® =878, for p=1,....n
and X
B ¥ = 3[8:8, 69+ 8;8; 6] for (u,v) €T,

1 el
8uvE®) = [ 87 + 6,5, £ for (w,v) €T
We consider the sets
A={A € A: thereisi, 1 <i<n, suchthat A =e¢;or A = —¢; },

Ay ={A €A thereis (u,v) € 'y suchthat A = ¢, +e,0or A = —¢, —ey },
A_={A €A thereis (u,v) €T'_suchthat A =¢, —ey0orA = —e, +e, },
and A, = A\ ({0} UAUA; UA_). Let the function Gy, : ¥, — R, be defined by

Gh.i[wa 5](r,m) = Fi(t(r)7x(m)7 ThW, 55(0>7 6<2)5(0> )a i= 1’ te 7k' (43)

LEMMA 4.6. Let Assumption H[F] holds. Then the function Gy, defined by (43)
satisfies Assumption H[Gy).

Proof. Ttis clear that conditions 1), 2), 4) of Assumption H[G,] are satisfied. It re-
mains to prove relations (8), (9). Write QU™ [w, &] = (£, x, T,w, §&(O), §RIEWO)).
It follows from (43) that

m

aé(g)Ghi[ - _ZZ h2 é,uu rm) [W>€] Z | buv (om) W’éD |7
(u,v)er hyh
ag(eu)Ghi[W> é’](rm = _abu,uF (Q( )[W> é]) - Z ‘ Smuv W7 é]) ’
nu=1,v#mu H
1
— (Olrm) -
+2hﬂaqHFl(Q [W7 é]) for u L... n,
rm 1 rm - (rym)
85(*6;1.)Gh‘i[w> g]( ) = h_ZaSHMFi(Q( ’ )[W7 é]) Z | ‘WV 7&]) |
H v= lv;éu
1

0, F(Q" w, E]) for = 1,....n,
2h,,
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aﬁ“’“e” Gn.i[w, ’g](r’m = aé(—e,ﬁev) Gh.ilw, é](”@
1 r.m
e ma&"qui(Q( s >[W’ 5]) fOr (“7 V) S F+’

aaeufewGhj[W, gm = Or(—epev) Gy.i[w, €]

1
= —— 0. . (rym) .
Zh,lhvab“"F'(Q [w,&]) for (u,v) eT'_

we put i = 1,...,k in the above formulas. Moreover, we have
OpGrilw, E]"™ =0 for A €A, i=1,... .k

The above relations and condition 2) of Assumption H[F] show that conditions (8), (9)
are satisfied on Yj. This completes the proof. |

THEOREM 4.7. Suppose the Assumption H[F] is satisfied and
1) h € H, hy < & and the functions u,v : Q, — RF satisfy the difference
functional inequalities

Sou"™™ — Fy i[u] ™™ < Sy — Fy )" on Ej for i=1,...k,

2) the initial boundary estimate ulrm) < yrm) polds on Egp, U OEj,.
Then
um <y on By, (44)

Proof. We apply Theorem 2.3 to prove (44). Let Gy : ¥, — R* be defined by
(43). Then the difference functional inequality (10) is satisfied. We conclude from
Lemma 4.6 that all the assumptions of Theorem 2.3 are satisfied and the assertion (44)
follows. ]

5. Implicit difference methods

We need the following operator V : C(D,R¥) — C(I,R,). For w € C(D,R%)
we put
Vw](r) = max |w(t,x)||ec : x € [—d,d]}, t€L
For w, w € C(DR¥) we write w < w if w(t,x) < w(t,x) for (t,x) € D. We consider
now the problem of the convergence of the implicit difference schemes for (1), (2).
ASUMPTION H[F, o]. Thereis o : J x C(I,Ry) — Ry such that Assumption
H|o] is satisfied and for w, w € C(D,R), w > w we have

Fi(fax’W’Clvs) *Fi(fvwia%s) < O-(t7 V[W*W]), i= 1a'~'7ka
where (¢,x,q,5) € EX R" X Myx,, w € C(D,R¥) and w > w

THEOREM 5.1.  Suppose that Assumption H[F| and H[F, o] are satisfied and
1) v:Q — RF is a solution of (1), (2) and v is of class C* on Q,
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2) h€e H, ho < € and @, : Egj, U OoE, — R* and there is o : H — R such
that

(r,m)

|| m(’”a”’) _ (ph’ HOO < O{O(h) on Ey, U OyE), and ]11_{1}) OQ)(h) =0.

Under these assumptions we have
1) there is a solution u;, : Q, — RF of (38), (39),
2) thereis o : H— Ry such that

| (n — i)™ || < e(h) on Ey and lim a(h) =0, (45)
where vy, = v |q, .

Proof. Let Gy, : Y, — R be defined by (43). The existence of u;, follows from
Theorem 3.1 and Lemma 4.6. The assertion (45) is a consequence of Theorem 3.2 and
Lemma 4.6. This is our claim. (]

REMARK 5.2. Suppose that all the assumption of Theorem 5.1 are satisfied and
o(t,m) = L||n|jo on J x C(I,R.). Then ‘ (up, — vy) ) ‘ < @(h) on Ej. where & is
given by (31), (32).

The above observation is a consequence of Lemma 3.3.

REMARK 5.3. Suppose that @ < 1 and there are A, B€ Ry and > a > 1
such that

Fi(t7x7Qaq7s) 7Fi(taxaw7qws) gA a\/ V[nyﬂ([ﬁ 7t) +B||W7W||D7 i= 17~'~ak7

where (t,x,q,5) € E X R" X Myx,, w,w € C(D,R¥) and w > w. Then comparison
problem has the form

(1) = A{/n(P) + Bn(r), n(0) =0,
and Assumption H[F, o] is satisfied.

The above observation is a consequence of Remark 33. Then Theorem 5.1 is a gener-
alization of results presented in [7], [8].
Now we give numerical examples.

EXAMPLE5.4. Put n =2 and E = [0, 0.5]x[—0.5, 0.5] x[—0.5, 0.5]. Consider

the differential integral equation

dz(t, x,y) = Ouz(t, x, ) + Oyz(t, x,y) + cos [Ouz(t, x,y) + Oyz(t, x,y) + 2m°2(t, x, )]

—la”ztxym/os/os (1, €, O)dC dE — / (1%, y)d

+2m%2(t,x,y) — 1 + cos(mx) cos(my)
with the initial boundary condition
2(0,x,y) =0, (x,y) € [-0.5, 0.5] x [-0.5, 0.5],
z(t,—0.5,y) = z(1,0,5,y) =0, (t,y) € [0, 0.5] x [-0.5, a] x [-0.5, 0.5],
z(t,x,—0.5,) = z(1,x,0.5) =0, (t,x) € [0, 0.5] x [-0.5, 0.5]
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The function v(z,x,y) = sinzcos(mx) cos(my) is the solution of the above problem.
Let us denote by z; an approximate solution which is obtained by using the implicit
difference scheme. The Newton method is used for solving nonlinear systems generated
by the implicit scheme. Write m = (my,m;) and

(r) — 1 (rm) — (r,m) <r< 4
TN —1)(2N2—1),§1|Zh VL 0SS Mo, (46)

where
H:{m:(ml,m2)€Z2: —N+1<m <N —1, —N1+1<Wl2<N2—1}

and Nihy = 0.5, Nohy, = 0.5, Noghg = 0.5. The numbers 8,5” can be called average
errors of the difference method for fixed 7). We put hgp = h; = h, = 0.005 and we
have the following values of the above defined errors.

Table of errors

1) 0.25 0.30 0.35 0.40 0.45 0.50

gh(’) 0.0047  0.0056  0.0065 0.0074  0.0083  0.0091

Note that our equation and the steps of the mesh do not satisfy condition (3) which is
necessary for the explicit difference method to be convergent. In our numerical example
the average errors for the explicit difference method exceeded 10°.

EXAMPLE 5.5. For n =2 we put E = [0, 0.5] x [—1, 1] x [-1, 1]. Consider the
differential equations with deviated variables

(1, x,y) = Oucz(t,x,y) + Oyyz(t, x,y) + x°y?Ony(t,x, )
+arc tan[Dz(t, x,y) + Oyyz(t,x,y) — 482 (x* 4+ yH)z(t, x, y)]
+2(2¢,0.5(x +),0.5(x —y)) +f (t, x,¥)z(z, x,),
[(txy) =02 =y =42 +3" = 2°y) —exp[t(xy — 2% + 7)),
with the initial boundary conditions

2(0,x,y) =1, (x,y) € [-1, 1] x [-1, 1],

2(t,~1,y) = 2(t,1,y) = 19, (1,y) € [0, 0.5] x [ 1, 1],
2(tx,—1) =z(t,x, 1) = &€V, (1,x) €0, 0.5] x [~1, 1].

The function v(t,x,y) = exp[r(x* — y?)] is the solution of the above problem.

Letus denote by z;, an approximate solution which is obtained by using the implicit
difference scheme. The Newton method is used for solving nonlinear systems generated
by the implicit scheme. Let g, be the average error defined by (46) with Noho = 0.5,
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Nihy =1, Nohy = 1. We put hg = h; = hy = 0.005 and we have the following
values of the above defined errors.

Table of errors

1) 0.25 0.30 0,35 0.40 0.45 0.50

Sh(r) :0.0045 0.0055 0.0064 0.0072 0.0078  0.0083

Note that our equation and the steps of the mesh do not satisfy condition (3) which is
necessary for the explicit difference method to be convergent. In our numerical example
the average errors for the explicit difference method exceeded 10°.

The above examples show that there are implicit difference schemes which are

convergent and the corresponding classical method are not convergent. This is due to
the fact that we need assumption (3) for explicit difference methods. We do not need

this

(1]
2]

3

[4]
[5]
[6]
7]
(8]
]

(10]

(11]
(12]
(13]
(14]

(15]

this condition in our implicit methods.
Our results show that implicit difference schemes are convergent on all meshes.
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