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A CLASS OF NEW TRIGONOMETRIC
INEQUALITIES AND THEIR SHARPENINGS

KUN ZHU, HONG ZHANG AND KAIQING WENG

(communicated by V. Volenec)

Abstract. Some sufficient or necessary conditions for Schur-convexity of a function of two
variables F(x,y) = (f (v) —f(x))/(g(y) — g(x)) were considered. These results are applied to
establish a class new inequalities in a triangle. In the fourth section we prove two theorems for
a kind of symmetric function. These theorems are used to sharpen some of the inequalities and
yield two inequalities in the last section.

1. Introduction

In the paper [5], the author consider necessary and sufficient conditions for
convexity of a function x +— f(x) in terms of some properties of the associated
function of two variables F(x,y) = (f(y) —f(x))/(y — x). These results are ap-
plied to the theory of the Gamma function. This paper follows the ideas in [5] and
discusses the conditions for Schur-convexity and some statements of the function
F(x,y) = (f(y) = f(x))/(g(y) — g(x)), and use them to yield some new inequali-
ties in a triangle. For example it is shown that in an acute AABC,

sinA —sinB sinB —sinC sinC — sinA

3
1 < -
= A—B * B-C + C—-A 2

Actually the best lower bound of the inequality above is not 1 but % . The similar case
is happened to some other inequalities. In the fourth section, we prove two theorems to
find the optimal lower or upper bound of each inequality.

Firstly, we recall the concepts of majorization and Schur-convexity. For any
x = (x1,x2, - ,x,) € R", let X[1] 2 Xjg) = - 2 X|y , denote the components of x in
decreasing order.

DEFINITION. The vector x is said to be majorized by the vector y (denoted x < y)

if
k
Z-x[i] <Zy[l]7 k:1>27"'7n_17 (11)
i=1 i=1
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and

ZX[,-] = Zy,-. (1.2)
i=1 i=1

DEFINITION. If x < y but x is not a permutation of y, then x is said to be strictly
majorized by y (denoted x << y).

DEFINITION. A function ¢ : R" — R is called Schur-convex if x <<y = ¢(x) <
o).

If, in addition, @(x) < @(x) whenever x << y, then ¢(x) is said to be strictly
Schur-convex. Of course @(x) is said to be (strictly) Schur-concave if and only if
—@(x) is (strictly) Schur-convex.

2. Conditions for Schur-convexity of the function

Let f, g be functions defined on an interval I and their derivative f’, g’ exist,
and g’ # 0. Define the function F of two variables by

f(y) _f('x)7 (.X #y)7 F(.X,.X) —

P = = s o)

where (x,y) € I?. Let us now consider the following statements:
(A) f’ isconvex, g’ is concave, f' > 0 and g’ > 0 on [; or f’ is concave, g
isconvex, f' <0 and g’ <O on I,

(B) Flry)>L ,(:i:)
P
x)+ /'y
(C) F(an) < m

(D) F is Schur-convex on 17,

forall x,y €1,

forall x,y €1,

(A") f’ isconcave, g’ is convex, f/ > 0 and g’ > 0 on I;or f’ is convex, g’ is
concave, f/ <0 and g’ <O on I,

®) Fly) <L)
S
/ f X Jrf y
(C) Flx,y) > )T e0)

(D') F is Schur-concave on I°.

forall x,y €1,

forall x,y €1,

THEOREM 2.1. if f""'(t), g (¢) is continuous on I,
1. if (A) holds then the conditions (B) — (D) hold;
2. if (A’) holds then the conditions (B') — (D) hold.

Proof. (A) = (C): Let f' is convex, g’ is concave and x,y € I,x < y. Then
foreach ¢ € [x,y] we have t = A(r)x + (1 — A(¢))y, where A(t) = (y —1)/(y — x).
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By Jensen’s inequality, we have f'(¢) < f/(x)A(t) +f'(y(1 — A(¢#))). The integration
over t € [x,y] yields

/ 7 / A+ £1() / (1 — A()]dr, (2.2)

which is equivalent to

7)) <TEEW 23)
Similarly,
§0) - sl > EOTEL) 2.4
Andif f' > 0,¢' >0 on I, then f(y) —f(x) > 0 and g(y) — g(x) > 0.We get
fO) ) _FW )
o) =g S g0 +g0) 23)

which is the statement (C).
The second part follows upon replacing f by —f and g by —g.
(C) < (D): It’s evident that F(x,y) is symmetric on I*. Since

OF(xy) _ g G) /(&) —f'x)(80) — g)

ox (g(y) — g(x))? ’ (26)
OF(x,y) _ f'()(80) —8) — &' ) —f (x) 2.7)
dy (g(y) — g(x))? ’ '

we see that the partial derivatives are continuous in each point (x, ) €’ x+#y. Let
2 OF(xy) _ OF(xy)
x <y, then F(x,y) is Schur-convex on /2 if and only if ([4,3.A.4]) % e — e > 0,
which is equivalent to (C).
(D) = (B): Suppose that F is Schur-convex, for sufficiently small € > 0 it
follows that (2 — &, 2 +€) < (x,y) ,s0

Xty Xty

< . .
FOEY e 520 ) < Fiay) 28)
Letting € — 0, we get a Em; < F(x,y), which is the statement (B).
This ends the proof of (1). The proof of (2) is similar to (1). O

Let us now consider the other four statements:
Ay) g’ isconcaveon I,

1) g isconvexon I,

) f' isconvexon I,

) f' isconcaveon I.

THEOREM 2.2. if g"'(t) is continuous on I and f (t) = t, then the conditions
(A1), (B),(C), (D) are equivalent, and the conditions (A'), (B'),(C’),(D") are equiv-
alent.
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Proof. If g’ is concave on I, let x,y(x < y) be arbitrary points in 7. By Taylor’s
expansion around ¢ = (x +y)/2, we have

" C)
2

g(y) =gle) +&'(c)(y —c) + gﬂ%(y —c)?+g"(&)y—c), (2.10)

whete & € (x,0),& € (c,) and g”(&)(x — )° > 0,g"”(&)(y — ¢)® < 0. Then
from (2.9) and (2.10) we get

g —g®) =g —x)+g"(&)y—c) —g"(&)(x—c)’ < g(c)(y—x). (2.11)

Therefore ﬁ > ﬁ wherefrom (B) follows.

(B) = (A1): Suppose that (B) holds and that (A;) does not hold. Therefore,
there exists 7 € I with g"’(¢) < 0. By continuity of g’ , there is an interval I* C I so
g"(t) <0 for t € I*. Then the function —g’ is convex on I* and by the above proof
of (A)) = (B), we conclude that (B) holds for —g on I*, hence (B) does not hold for
g, which is a contradiction.

(A1) = (C): Similar to prove (A) = (C) , if g’ is concave on I, then (2.4)
holds. (2.4) is equivalent to (C).

The proofs of (C) = (D) and (D) = (B) are the same with theorem 2.1.

This is the end of the proof of the first part. The second part follows upon replacing
g by —g. U

Similarly we have the theorem 2.3, which has been proved by Milan Merkle[5].

g(x) =g(c) +g'(c)(x—c) + (x =)’ +8"(E)(x — ), (2.9)

THEOREM 2.3. if f""(¢) is continuous on I and g(t) = t, then the conditions
(A2),(B),(C), (D) are equivalent, and the conditions (A%),(B'),(C’),(D") are equiv-
alent.

3. Some new trigonometric inequalities

A, B, C are the angles of an acute triangle ABC.

PROPOSITION 3.1.1.

| < sinA—sinBJrsinB—sinC+ sin C — sin A < 3 (3.1)
A—B B-C cC-A T2 ’

Proof. Let f(t) = sint, g(t) =t and I = (0,%) , then f’ = cost is convex on
I. From theorem 2.3, we get
cosA + cosB sinA — sinB A+B . C
< < cos =
2 A—B 2 2

Similarly we have

cosB +cosC sinB — sinC A
< <
2 B—-C 2
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and

cosC +cosA _ sinC —sinA . B
< < sin —.

2 S C-A 2
Adding the three inequalities upon, it yields

ZcosAéZw\Zsm—

cyclic cyclic cyclic

. . A
> cosA > 1 had been shownin [I]and } sin§ <

cyclic cyclic

2 in [3].
Similarly we can get

PROPOSITION 3.1.2.

—ZCOSASZ(DSII:%;M<*ZSiHA<Ov

cyclic cyclic cyclic
tanA tanB
E csc? < E E sec A
cyclic cyclic cyclic
) COtA — cotB
fEcscAgg B Esec—\f.
cyclic cyclic cyclic

And using theorem 2.2, we get

PROPOSITION 3.2.

2
csc < - -
Z < Z smA —sinB Cy;nc cosA + cosB

cyclic cyclic
2 A—B A
_ R S sec — < —2V3
Z sinA + sin B Z CoSA —cosB Z 2 ’
cyclic cyclic cyclic
2 A—B A
——— < —— < sin” — < 1
Z sec2A +sec?B ZtanA—tanB = Z 2 ’
cyclic cyclic cyclic

9 2
Yty Aoy

cyclic cyclic cyclic

Using theorem 2.1, we have
PROPOSITION 3.3
COoSA + cosB sinA — sin B .3 A \/§
. T < e —— — < =
> > > osin's <5

<
< sec? A + sec? B < tan A — tan B ,
cyclic cyclic cyclic

2 2
sec”A +sec” B tanA — tan B 5 A
< < csc’ =
Z CosA +cosB Z sinA —sinB Z 2’

cyclic cyclic cyclic

24

N
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(3.6)

(3.7)

(3.8)
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cosA — cosB sinA + sin B

cos’ < _ 3.11
Z < Z cotA — cotB Z csc2A +csc2B ( )
cyclic cyclic cyclic

83 CotA — cotB csc* A + csc? B
— K — < < S 3.12
3 Z ec’ Z CcoSA — cosB Z sinA + sin B ( )

cyclic cyclic cyclic

Till this section, we have found 12 new inequalities. But some of these inequalities
don’t have the best lower or upper bounds. This problem will be solved in the next two
sections.

4. Theorems for Symmetric Function

In this section, we prove the theorem of a kind of symmetric function. Moreover,
improvement of certain known results is also presented.
LEMMA 4.1. (Schur, 1923) If I C R is an interval and g : I — R is convex, then

= &)
i=1

is Schur-convex on I".

Define the symmetric function G of three variables by

G(x,y,2) = Y F(x,y) = F(x,y) + F(y,2) + F(z,%)

cyclic

where (x,y,z) € I°.

THEOREM 4.2. Let x+y+z=15>0,x,y,z€1=(0,5),
L. if F is Schur-convex on I*, ¢\(1) = F(t,1) is convex and ¢(t) = F(3,1) is
strictly convex on I, then G(3, %, 5) < G(x,y,2) < G(5, 5,0);
2. if F is Schur-concave on I*, ¢1(1) = F(t,1) is concave and ¢,(1) = F(%,1) is
strictly concave on I, then G(%, %,5) = G(x,y,2) > G(35, §,0).

Proof. (1). It is evident that( =, 55) < (x,y) < (5,5 —z) and F(x,y) is
Schur-convex on 1%, we get F(5%, 55%) < F(x,y) < F(%, 5 — z). Therefore

S§—2 §—Z s S
F g RS < F_a_i .
> (2,2) Glor < YRGS -9

S
37
1

N

cyclic cyclic
Let X; = 5%, ¥, = 5%, Z) = 5% then (%, 4, %) < (X1, Y1,Z;) and 213 F(52,55) =
cyclic
> ¢1(Z;). By the lemma 4.1, we know that > ¢;(Z;) is Schur-convex on I*. We
cyclic cyclic
get
s s s
Z1) =3 F = 5 3
Z‘Pl( 1 ¢1 Z 3 3 3)

cyclic cyclic
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so G(5,5,5) < G(x Y,2)-

Slmllarly, let X, = £ —x, Yz 5=9.2y =5 —z, then (X2,Y2,2;) << (5,0,0) and
(2,2 fz) wehave
cychc cychc
s s s s s s
Z = 2¢(0) =2F(5,0)+ F(=z, =) =G(%, 3,0

so G(x,y,z) < G(3,5,0).
This is end of the proof of (1). The (2) follows upon replacing F by —F. O

Actually, from above, if F is strictly Schur-convex (concave), and ¢»(¢) is convex
(concave), the inequalities are also satisfied. By a similar proof as Theorem 4.2 we get

THEOREM 4.3. Let x+y+z=15>0,x,y,z€ I =(0,s),

1. if F is Schur-convex on I*, ¢1(t) = F(t,t) is convex and ¢,(t) = F(t,0) is
strictly convex on I, then G(3, 5,3) < G(x,y,2) < G(5,0,0);

2. if F is Schur-concave on I, ¢,(t) = F(t,t) is concave and ¢(t) = F(t,0) is
strictly concave on I, then G(%, %,%) = G(x,y,z) > G(s,0,0)

This theorem can be formulated for a function in n variables.

THEOREM 4.4. Define the function Gy of n variables by

Gl(-x) :Fl(xla"' 7xﬂ*1) +Fl(-x27"' 7xﬂ) + 4 F(-xn7x1?"' 7xi172)

n
Let xe I"=1[0,s]", s=>_.x; >0,
i=1

1. if Fy is Schur-convex on I""', ¢;(t) = Fy(t,t ,t) is convex and ¢ (1)
Fi(t,0,---,0) isconvexon I, then G(3, 5, - 7n) < Gi(x) < Gi(s,0,---,0);
2. if Fy is Schur-concave on I"™', ¢,(t) = F1 (t,2,--- ,1) is concave and ¢, (t)
Fy(2,0,---,0) isconcaveon I, then G (& ,n) > Gi(x) = Gy(s,0,---,0).

||

n’n".

5. Sharpening Some Inequalities

In this section we will use the theorem 4.2 and 4.3 to find some inequalities’
optimal bounds. From [5] we know that

sinx — siny

XFy
Fx,y) = x—y
oS X, xX=y
is Schur-concave on (0,%)?. It is easy to prove that F(Z,7) is strictly concave on

(0, 7). Hence by theorem 4.2 we get G(3, 7,0) < G(x,y,z) < G(§, 5, %), which is

equivalent to the inequality (5.1). Similarly we can prove the inequalities (5.2)-(5.6).
PROPOSITION 5.1. In an acute AABC
4 sinA —sinB _ 3
— ——— < = 5.1
T < Z A—-B 2 (5-1)

cyclic
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A — B 4
7 \ZCOS cos PR (5.2)
T
cyclic
A—B 3
0 — < -, 5.3
<C§: tanA —tanB ~ 4 (5:3)
9 A—B
—-< —_ < -1, 5.4
4 C%%: cotA — cotB < (5:4)
sinA — sin B 3
0 —— < o, 5.5
<C§: tanA —tanB ~ 8 (5:3)

Z CcosSA — cosB . 9\/§

1 < 5.6
e cotA — cotB 8 (5-6)
And using theorem 4.3 we get
PROPOSITION 5.2. In an arbitrary AABC,
A —cosB 4
_ < Z cos cos <4 (5.7)

T
cyclic

A—B
— < -2V3. .
Z COSA — cosB V3 (5-8)
cyclic
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