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FURTHER EXTENSION OF AN ORDER

PRESERVING OPERATOR INEQUALITY

TAKAYUKI FURUTA

Abstract. A capital letter means a bounded linear operator on a Hilbert space H . The celebrated
Löwner-Heinz inequality asserts that A � B � 0 ensures Aα � Bα for any α ∈ [0,1] , but Ap �
Bp does not always hold for p > 1 . From this point of view, we shall prove the following result.

Let A � B � 0 with A > 0 , t ∈ [0,1] and p1, p2, . . . , p2n � 1 for natural number n . Then
the following inequality holds for r � t :
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This result is further extension of the following previous one: if A � B � 0 with A > 0 ,

then for t ∈ [0,1] and p � 1 , A1−t+r � {A r
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in particular, A1+r � (A
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p+r for p � 1 and r � 0 .
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[L] K. LÖWNER, Über monotone MatrixFunktionen, Math. Z., 38 (1934), 177–216.
[P] G. K. PEDERSEN, Some operator monotone functions, Proc. Amer. Math. Soc., 36 (1972), 309–

310.
[T1] K. TANAHASHI, Best possibility of the Furuta inequality, Proc. Amer. Math. Soc., 124 (1996),

141–146.
[T2] K. TANAHASHI, The best possibility of the grand Furuta inequality, Proc. Amer. Math. Soc.,

128(2000),511-519.
[Y] T. YAMAZAKI, Simplified proof of Tanahashi’s result on the best possibility of generalized Furuta

inequality, Math. Inequal. Appl., 2 (1999), 473–477.
[Y-G] J. YUAN AND Z. GAO, Complete form of Furuta inequality, Proc. Amer. Math. Soc., 136 (2008),

2859–2867.

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com


