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NORM AND NUMERICAL RADIUS INEQUALITIES FOR A
PRODUCT OF TWO LINEAR OPERATORS IN HILBERT SPACES

S.S. DRAGOMIR

(communicated by J. Bourin)

Abstract. The main aim of the present paper is to establish some norm and numerical radius in-
equalities for the composite operator BA under suitable assumptions for the transform C,, g (T') :=
(T*—al)(BI—T), where o, € C and T € B(H), of the operators involved.

1. Introduction

Let (H;(-,-)) be a complex Hilbert space. The numerical range of an operator T
is the subset of the complex numbers C given by [6, p. 1]:

W(T)={(Tx,x), x€H, x| =1}.
The numerical radius w(T) of an operator T on H is given by [6, p. 8]:
w(T) = sup{|A[,A € W(T)} = sup{|(Tx,x) |, [|x]| = 1}. (1.1)

It is well known that w(-) is a norm on the Banach algebra B (H) of all bounded
linear operators 7 : H — H. This norm is equivalent with the operator norm. In fact,
the following more precise result holds [6, p. 9]:

THEOREM 1. (Equivalent norm) Forany T € B(H) one has
w(T) <||IT <2w(T). (1.2)

For other results on numerical radius, see [7], Chapter 11. For some recent and
interesting results concerning inequalities for the numerical radius, see [8], [9] and [1].

We recall some classical results involving the numerical radius of two linear oper-
ators A, B.

The following general result for the product of two operators holds [6, p. 37]:
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THEOREM 2. If A, B are two bounded linear operators on the Hilbert space (H, (-,

then
w(AB) < 4w(A)w(B). (1.3)

In the case that AB = BA, then
w(AB) <2w(A)w(B). (1.4

The following results are also well known [6, p. 38].

THEOREM 3. If A is a unitary operator that commutes with another operator B,
then
w(AB) <w(B). (1.5)

If A is an isometry and AB = BA, then (1.5) also holds true.

We say that A and B double commute if AB= BA and AB* = B*A.
The following result holds [6, p. 38].

THEOREM 4. (Double commute) Ifthe operators A and B double commute, then
w(AB) <w(B)|A]l. (1.6)
As a consequence of the above, we have [6, p. 39]:
COROLLARY 1. Let A be a normal operator commuting with B. Then
w(AB) <w(A)w(B). (L.7)

For other results and historical comments on the above see [6, p. 39—41]. For more
results on the numerical radius, see [7].

In the recent survey paper [2] we provided other inequalities for the numerical
radius of the product of two operators. We list here some of the results:

THEOREM 5. Let A,B: H — H be two bounded linear operators on the Hilbert
space (H,(-,-)), then

A*A+B*B N 1
—————||<wBA)+5[lA-B|’ (1.8)
2 2
and
A+B 1 A*A+B*B
+ ) | i B (1.9)
2 2
respectively.

If more information regarding one operator is available, then the following results
may be stated as well:

)
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THEOREM 6. Let A,B: H — H be two bounded linear operators on H and B is
invertible such that, for a given r > 0,

|A—B||<r (1.10)
Then
1
Al < ||B7Y| l:W(B*A)-l-Erz] (1.11)
and )
Ly IBIP|B "1
0)||A|||B||—w(B*A) < =P+ — 11— 1T~ (1.12)
O<)IA[HIB] —w(B™4) < 5 21B-1P
respectively.

Motivated by the results outlined above, it is the main aim of the present paper to
establish other inequalities for the composite operator BA under suitable assumptions
for the transform C..(-) (see (2.1) below) of the operators involved. The transform
C..(-) has been recently introduced in the literature by the author (see [3]) in order
to provide various generalizations for the operator version of the Kantorovich famous
inequality obtained by Greub and Rheinboldt in [5]. Some elementary properties of this
transform will be provided at the beginning of the next section.

2. Norm & Numerical Radius Inequalities

For the complex numbers o, 3 and the bounded linear operator T we define the
following transform (see [3]):

Cop (T) = (T*—al) (BI-T), 2.1)

where by T* we denote the adjoint of T.
We list some properties of the transform C, g (-) that are of interest:
(i) Forany a,f € C and T € B(H) we have:

Cop)=(1-)(B-1)I, Coua(T)=—(ad—T)" (ad~T), (2.2)
Cop (YT) =71’ Cy g (T) foreachy € C\{0}, (2.3)
[Cap (T)]" = Cp o (T) 2.4)
and
CE_]& (T") - Ca,B (TY=T"T—-TT". (2.5)

(ii) The operator T € B(H) is normal if and only if Csa (T*)=Cqp(T) foreach
a,pB eC.

We recall that a bounded linear operator T on the complex Hilbert space (H, (-,-))
is called accretive if Re(Ty,y) >0 forany y € H.
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Utilizing the following identity
2

1
Re(Coyp (T)x.x) =Re (Cp o (T)x.x) = 21—’ H <T - a;ﬁl> Xl @6
that holds for any scalars , 8 and any vector x € H with ||x|| = 1 we can give a simple

characterization result that is useful in the following:

LEMMA 1. For a, € C and T € B(H) the following statements are equivalent:
(i) The transform Cq, g (T) (or; equivalently, Cg o, (T)) is accretive;

(ii) The transform C 5 (T*) (or, equivalently, Cg - (T*)) is accretive;

(iii) We have the norm inequality

o+ 1
_ 2P ol 21— )
T > IH <3 B —af 2.7
or, equivalently, _
a+B 1
T — <= B-al. 2.8

REMARK 1. Inorder to give examples of operators T € B(H) and numbers o, 3 €
C such that the transform C, g (T) is accretive, it suffices to select a bounded linear
operator S and the complex numbers z,w with the property that ||S — zI|| < |w| and, by
choosing T =S, o= 4 (z+w) and = (z—w) we observe that T satisfies (2.7),
i.e., Cyp(T) is accretive.

In the recent paper [4], the following Griiss type result in comparing the quantities
w(BA) and w(A)w(B) has been given:

THEOREM 7. Let A,B € B(H) and a,B,y,0 € K be such that the transforms
Cup(A) and C, 5 (B) are accretive, then

1
w(BA) <w(A)w(B)+ 718~ ally—3|. (2.9)
Another similar result obtained in [4] is the following one

THEOREM 8. Let A,B€ B(H) and a,f,y,0 € K be such that Re (fa) > 0,Re (57) >
0 and the transforms Cy g (A) ,Cy 5 (B) are accretive, then

wBA) _ 1 |B—all5—7
w(A)w(B) = 4 [Re(Ba)Re(57)]">

(2.10)

and
w(BA) <w(A)w(B)
+ (et BI—2Re (B)?) (15 4+71-2Re (57)12) | boa) wiB)) 2,
2.11)

respectively.
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In the light of the above results it is then natural to compare the quantities ||AB||
and w(A)w (B)+w(A)||B||+||A]|w (B) provided that some information about the trans-
forms C, g (A) and C, 5 (B) are available, where o, 8,7,6 € K.

THEOREM 9. Let A,B € B(H) and a,B,y,0 € K be such that the transforms
Cop(A) and C, 5 (B) are accretive, then

1
1BAI < w(A)w(B)+w(A)[|IB]| + |Allw(B) + 7 |B — ol [y — 8] (2.12)

Proof. Since C, g (A) and C, 5 (B) are accretive, then, on making use of Lemma

1 we have that HAx a+ﬁ H Z\B o 7y+5 H

H, x| = 1.
Utilizing the Schwarz inequality we may write that

2|y 5| for any x €

|{Ax = (Ax,x)x, B"y = (B"y,y) y)| < [[Ax = (Ax,x) x[| [ By — (B'y,»)yll, (2.13)

for any x,y € H, with ||x|]| = ||y|| = 1.
Since for any vectors u, f € H with || f|| =1 we have ||u — (u, f) f|| = infyck |lu — uf]l,
then obviously

1
_ < B =
Jax— arxpal < ar- 252 < S16 - a
and
* * Y40
Iy~ B < y——H T
producing the inequality
* * 1
lAx = {Ax, x)x[| [ BTy = (B*yy)yll < 7 1B —elly =4l (2.14)

Now, observe that

(Ax— (Ax,x)x,B"y — (B"y,y)y)
= (BAx,y) + (Ax,x) (By,y) (x,y) — (Ax,x) (Bx,y) — (Ax,y) (By,y) ,

for any x,y € H, with ||x|]| = ||y|| = 1.
Taking the modulus in the equality and utilizing its properties we have successively

[(Ax — (Ax,x)x, B"y — (B"y,y) )|
> [(BAx,y)| — [{Ax,x) (Bx,y) + (Ax,y) (By,y) — (Ax,x) (By,y) (x,)|
> [(BAx,y)| — [{Ax,x) (Bx,y)| — [(Ax,y) (By,y)| — [(Ax,x) (By,y) (x,y)]
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which is equivalent with
|(Ax — (Ax,x) x, B"y — (B"y,y) y)| + [(Ax,x) (Bx, )|

+[(Ax,y) (By,y)| + [(Ax,x) (By,y) (x,y)]
> |(BAx,y)|, (2.15)

forany x,y € H, with ||x|| = [|y]| = 1.
Finally, on making use of the inequalities (2.13)-(2.15) we can state that
1
7 |B = ally = 8]+ [(Ax,x) (Bx,y)|
+ [(Ax,y) (By,y)| + [(Ax,x) (By,y) (x,y)| = [(BAx,y)|, (2.16)

for any x,y € H, with ||x|| = ||y|| = 1.
Taking the supremum in (2.16) over ||x|| = ||y|| = | and noticing that

sup [(Ax,x)| =w(A), sup [(Ax,y)| =[[All, sup [(By,y)| =w(B),

=1 Iel=lyl=1 Iyl=1
sup  [(Bx,y)| =Bl sup |(xy)[=Tland sup [(BAx,y)|=IBA|,
Iel=lyl=1 Iel=lyll=1 Iel=lyl=1

we deduce the desired result (2.12).

REMARK 2. Itis an open problem whether or not the constant 4—{ is best possible
in the inequality (2.12).

A different approach is consider in the following result:

THEOREM 10. With the assumptions from Theorem 9 we have the inequality
[BA[| < w(A )HB||+ |B—al(Jy+6[+]y—34]). 2.17)

Proof. By the Schwarz inequality and taking into account the assumptions for the
operators A and B we may state that

7+6 y+ 5

\<Ax— (A3} By~ %y>] <= (sl By~ 5% )
y+6

<| o< 318-alir-a1

for any x,y € H, with HxH =|y||=1.
Now, since
r+8
<Ax — (Ax,x)x,B*y — %y>
Y+0

= (BAx,y) — (Ax,x) (Bx,y) — > (Ax — (Ax,x) x,y),
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on taking the modulus in this equality we have
‘ <Ax — (Ax,x)x,B*y — ¥y> ‘
> |(Baxo) |~ 4 B~ [ 2 Jar— (axat sl @219

forany x,y € H, with ||x|| = |ly|| = 1.
On making use of (2.18) and (2.19) we get

B5)] < (arr) (B3] +| 152 ar— s xo) |+ 5 18- oy - 3
y+5
< [(Ax,x) (Bx,y)| + Ax—— —Iﬁ*allY*fS\
< |(Ax, x) (Bx, Y>\+ B —al(ly+8[+r—46l), (2.20)
for any x,y € H, with ||x|]| = ||y|| = 1.
Taking the supremum over ||x|| = ||y]| =1 in (2.20) we deduce the desired inequal-

ity (2.17).
In a similar manner we can state the following results as well:

THEOREM 11. With the assumptions from Theorem 9 we have the inequality
1
[BA[| < w ()HBH+ |y +8[(w(A)+[All) + 7 [B — ol [y —8]. 221

Indeed, we observe that

<Ax — (Ax,x)x,B*y — ¥y>

+6
= (BAx.y) - (Av.x) (Br.y) = T2 (Axy) + 722 (ax) ()
which produces the inequality
2T
Ax — (Ax,x) x,B*y — V)|t |[(Ax, x) (Bx, )|
] \ +] ]| (e, (x.3)] > | (BAx. )

for any x,y € H, with ||x|]| = ||y|| = 1.
On utilizing the same argument as in the proof of the above theorem, we get the
desired result (2.21). The details are omitted.
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3. Other Norm Inequalities

The following result concerning an upper bound for the norm of the operator prod-
uct may be stated.

THEOREM 12. With the assumptions from Theorem 9 we have the inequality

1
IBAl < 18—l Iy =3

a+p Y+6 oa+p y+0o
+H 0. p 10, ath 1H
1
LB olly-9|
+5
+mm{\—<|3||+ 18— al).| 722 a1y 6)} G.1)

Proof. By Schwarz inequality and utilizing the assumptions about A and B we
have

a+p v+8
Ax— By —+——
O
d
for any x,y € H, with ||x|| = ||y|| = 1.
Also, the following identity is of interest in itself

<Ax_ @B gy @y>

Ax —

y=—5y| < zlB-ally=8], (3.2

y+5 H

2 7 2
a+p y+9o a+pB

YO - Y+06
2 2 Y 2

<B-x7y>_ T <Ax7y>7 (33)

= (BAx,y) +

forany x,y € H, with |jx|| = [|y]| = 1.
This identity gives

V8
<Ax #x,B*yf %y>

o+p y+6 ,  a+B y+$é B
+< > Bx+ > Ax 2 5 = (BAx,y),

for any x,y € H, with ||x|]| = ||y|| = 1.
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Taking the modulus and utilizing (3.2) we get

a+B . 7+
@%myH<’<Ax——7;—mB)F——E—y>

a+f Y+6 oa+pB y+9o
—|—< 2 Bx+ 3 Ax > 2 X,y
1

<z IB—ally=3|
oa+p Y+0 o+p y+9o
-B Ax — .

A A 2 |

for any x,y € H, with ||x|| = ||y|| = 1.

Finally, taking the supremum over ||x|| = ||y|| = 1 we deduce the first part of the
desired inequality (3.1). The second part is obvious by the triangle inequality and by
the assumptions on A and B.

The following particular case also holds

COROLLARY 2. Let A€ B(H) and o, 3 € K be such that the transforms C,, g (A)
is accretive. Then

1 o+p oa+p
A2l <= |B—af? 2-A— 1
1 > |a+B 1
<= 1B- =—ElAl+=1B— 4
( ﬂﬂ M% 2’<H|+26 a)) (3.4
and
1 a+p a+B o+ B
2 2 *
<_ — - - . . _ .
JAIP < 718~ +|| =5 A"+ =4 ’ | 1

(<3184 |52 (4 518-a1)). 69)

respectively.

The following result provides an approximation for the operator product in terms
of some simpler quantities:

THEOREM 13. With the assumptions from Theorem 9 we have the inequality

o
BA—-—FL .B— as 8P YES

o+ Y+6
2 2 2 2

1
|<ib-ar-ol. o

Proof. The identity (3.3) can written in an equivalent form as
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<Ax a+ﬁx B*y@y>

B o+ p ) o+p y+48
_<<BA— 5 ‘B— 3 A+ ) A)xy ), (3.7

forany x,y € H, with |jx|| = [|y]| = 1.
Taking the modulus and making use of the inequality (3.2) we get

_a+B o, y+9d at+pf y+8 1,
(- 252504 P 0 )] < L1 - a1,

for any x,y € H, with ||x|| = ||y]| = L, which implies the desired result (3.6).

COROLLARY 3. Let A€ B(H) and o, 3 € K be such that the transforms C,, g (A)
is accretive, then

2
o+ 1
Az—(a+ﬁ)-A+(Tﬁ> 1 <Z|ﬁ—a\2 (3.8)
and _ 5
ATA — CAT — A A<= |B—al, .
! L5 UB-af, (o)
respectively.

REMARK 3. Itis an open problem whether or not the constant i is best possible
in either of the inequalities (3.6), (3.8) or (3.9) above.

The following theorem provides an approximating for the operator % (U*U+UU")
when some information about the real or imaginary part of the operator U are given.

We recall that U = Re(U) +ilm(U), i.e., Re(U) = L (U+U*) and Im(U) =
% (U—-U"). For the simplicity, we denote with A the real part of U and with B its
imaginary part.

THEOREM 14. Suppose that a,b,c,d € R are so that C,(A) and Cp4(B) are
accretive. Denote o0 :== a+ib and B :=c+id € C, then

o+p o+ p
U —
2 2

2

o+ p .

U*
+ 2

< %|a—ﬁ\2.(3.10)

1
HE (U*U+UU*) -

Proof. 1t is well known that for any operator 7" with the Cartesian decomposition
T =C+iD we have

(T*T +TT*) =C*+ D% (3.11)

N =
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For any z € C we also have the identity

%[(U—zl)(U*—z‘l)Jr(U* —2) (U —zl)]
= %(U*U+UU*)—Z~U—z-U*+\z\z-l. (3.12)
For z = # we observe that
Re (U —zl) :Afa—;rc-landlm(U—zI) :1%#1

and utilizing the identities (3.11) and (3.12) we deduce
1 * * - * 2
E(U U+UU")—z-U—z-U"+|z|"- L

2 2
a+c b+d
- 1 B———.]

2 2
b

-1

< % [(cfa)%(dfbﬂ = %Ia*ﬁlzv

where for the last inequality we have used the fact that C, . (A) and Cp, 4 (B) are accre-
tive.

REMARK 4. Itis an open problem whether or not the constant }1 is best possible
in (3.10).

Acknowledgement. The author would like to thank the anonymous referee for some
valuable comments that have been implemented in the final version of the manuscript.

REFERENCES

[1] S.S. DRAGOMIR, Reverse inequalities for the numerical radius of linear operators in Hilbert spaces,
Bull. Austral. Math. Soc., 73 (2006), 255-262.

[2] S.S. DRAGOMIR, A survey of some recent inequalities for the norm and numerical radius of opera-
tors in Hilbert spaces, Banach J. Math. Anal., No. 2, 1 (2007), 154-175, [Online http://www.math-
analysis.org/].

[3] S.S. DRAGOMIR, New inequalities of the Kantorovich type for bounded linear operators in Hilbert
spaces, Linear Alg. App. 428 no. 11-12 (2008), 2750-2760.

[4] S.S. DRAGOMIR, Some inequalities of the Griiss type for the numerical radius of bounded linear oper-
ators in Hilbert spaces, J. Inequal. Appl. 2008, Art. ID 763102, 9 pp.

[5] W. GREUB AND W. RHEINBOLDT, On a generalization of an inequality of L. V. Kantorovich, Proc.
Amer. Math. Soc., 10 (1959), 407-415.

[6] K.E. GUSTAFSON AND D.K.M. RAO, Numerical Range, Springer-Verlag, New York, 1997.



510 S.S. DRAGOMIR

[71 P.R. HALMOS, A Hilbert Space Problem Book, second edition, Springer-Verlag, New York Heidelberg
Berlin, 1982.

[8]1 F. KITTANEH, A numerical radius inequality and an estimate for the numerical radius of the Frobenius
companion matrix, Studia Math., 158 1 (2003), 11-17.

[9]1 F. KITTANEH, Numerical radius inequalities for Hilbert space operators, Studia Math., 168 1 (2005),
73-80.

(Received January 9, 2008) S.S. Dragomir
Research Group in Mathematical Inequalities & Applications

School of Engineering & Science

Victoria University, PO Box 14428

Melbourne City, MC 8001, Australia

e-mail: sever.dragomir@vu.edu.au

Journal of Mathematical Inequalities

e-math.com

jmi@ele-math.com



