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INEQUALITIES INVOLVING CERTAIN INTEGRAL OPERATORS
M. K. AOUF

(communicated by A. Kufner)

Abstract. Two integral operators I (o > 0; p € N) and Qg‘.’) (¢>0; B>—1; peN),

where N = {1,2,....}, are introduced for functions of the form f(z) =z’ + Z appz " which

are analytic and p-valent in the open unit disc U = {z: |z] < 1}. The object of the present paper
is to give an applications of the above operators to the differential inequalities.
1. Introduction

Let A(p) denote the class of functions of the form :

f(z)zzp+iap+nzl’+" (peN=1{1,2,....}) (L.1)

n=1

which are analytic and p-valent in the open unit disc U = {z: |z| < 1}. In 1993 Jung
et al. [2] introduced the following one-parameter families of integral operators :

o

1% f(z) = zrz(—a)o/ (1og§)“”f(t)dt (a>0; f €A(1)) (1.2)

and

aira= (305 / (1) B f (s
0

(a>0; B>—1; feA(1)). (1.3)
They [2] showed that
oo 2 o R
2) =z+n§12(—n+l> a ", (1.4)

and

Foe+B+1) & T(p+n) Y
T(B+1) n%r(aJrBJrn)“”Z' (1.5)
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Motivated essentially by Jung et al. [2], Liu and Owa [3] generalized the operator
Qf as QOf :A(p) — A(p) defined as follows:

o _(ptra+B-1\« / fat
o0 =" );i/ug>lrlfmm

(a>0;>—-1; peN,; feA(p). (1.6)

For f(z) € A(p) givenby (1.1), Liu and Owa [3] have shown that

(a+B+p)

F(ﬁ +p +l’l) Z]H»n
FB+p)

T(atBtptn) "
(x>0, 8>—-1;peN; feA(p). L7

DM s

It is easily verified from the definition (1.7) that (see [3])
20F ,f2) = (a+B+p-1)0F ' f(2) = (0 +B—-1)0F ,f().  (1.8)

We note that Qg_l = Qg.
o Also Shams et al. [5] generalized the operator I* as I : A(p) — A(p), defined as
ollows :

19£(2) = (Z;E;;ao/(logf)alf(t)dt (>0, peN; fEA(p)). (1.9

For f(z) € A(p) given by (1.1), Shams et al. [5] have shown that

+1 \“
zP+Z<pin+1) apa?’™  (a>0; peEN). (1.10)

It is easily verified from the definition (1.10) that (see [5])

(I5f(2) = (p+ IS () — 15 (2). (L.11)

Also we note that I =I1%.
By using the operators Il‘j‘ and Qg_p we define the following classes of functions :

The Class @: Let ® be the set of complex- valued functions ¢(r,s,?);
o(rs,1):C—=C (C is complex plane)

such that
(i)  ¢(r,s,t) is continuous in a domain D C C?;

(ii) (0,0,0) € D and |¢(0,0,0)| <L
0 SH1 e (1+30)e+M

(i) |o(e, (), 2

)| >1
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C“)ei@ (14380)e® +M
p+1 7 (p+1)?
all O R, andforall { >p>1.

whenever (eie,( ) € D with Re{e "M} > {({ —1), for

The Class ¥ : Let ¥ be the set of complex-valued functions w(r,s,t);
w(ns,t):CP=C

such that
(i) w(rs,t) is continuous in a domain D C c3;
(i) (0,0,0) € D and |y (0,0,0)| < 1;
(iii)
‘ <éeé—l+a+ﬁae(a+ﬁ—1MMC—U+a+Bk£+L>’>1
“a+f+p-1 7 (a+B+p-1)(a+P+p-2)

whenever

(en. et B (0‘+B—1)[2(C—1)+a+B]ei9+L>ED
atBrp-1" " (a+Brp-Dia+ptp-2)

with Re{e L} > {({ —1) forall O € R, and forreal { > p > 1.

The Class H : Let H be the set of complex - valued functions h(r,s,z);
h(r,s,1):C> = C

such that
(i)  h(r,s,t) is continuous in a domain D C c3;
@ (1,1,1)e D and |A(1,1,1)|<J (J > 1);
(iii)

h<Jei9 CH(pH1)Je® 1
T op+l o Tpl

CC2+(p+1)§Jei9+L}> ’ S

{€+(p+1)‘]ei9+ €+(p_|_1)]ei9

whenever

76 CH(p+1)Je® 1
T opHl Tp+l

C—C+(p+1)8Je® + L <D
{+(p+1)Jei?

J—1

J+1

The Class G : Let G be the set of complex-valued functions g(r,s,1);

{C+(p+1)1e"9+

with Re{L} > {({ —1) forall O € R and forall { >

g(rs,1):C*—=C

such that
(i) g(r,s,t) is continuous in a domain D C C3;
i) (1,1,1)€D and |g(1,1,1)|<J (J > 1);
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(i)
<Jei9 —1+{+(a+B+p—1)Je?
8 ’ a+p+p—2 ’
1 .
—— ¢ 24+ (a+B+p—1)Je0+
g | LB e
(-Ct(atBrp-1LI”+M\\|_
—1+C+(a+B+p—1)Jei? -
whenever
(Je,.(, —1+{+(a+B+p—1)Je®
) a+B+p_2 )
1

{2+C+(a+[3+p1)Jei9+
C—C2+(a+ﬁ+p—1)§Je"9+M}> cp
—1+C+(a+B+p—1)Jef
J—1
J+1

a+B+p-—3

with Re{M} > {({ —1) forall 8 € R and forall { >

2. Main Results

We recall the following lemmas due to Miller and Mocanu [4].

LEMMA 1. Let w(z) = bpz’ +bp12? ™1 +... (p € N) be regular in the unit disc
U with w(z) #0 (z€ U). If 20 = roe’® (0 <ro < 1) and |w(z)| = max; <y, [W(2)
then

s

(0) oW (z0) = Ewlzo) @b
and /
(if) Re{1+ oW (ZO)} >¢ 2.2)
w'(z20)

where { isrealand { > p > 1.

LEMMA 2. Let w(z) = a-+wiz*+ ... be regular in U with w(z) #a and k > 1.

If zo=roe’® (0<ry<1)and |w(zo)| = max <, [w(z)|, then

U]

20w (20) = Ew(z0)
.. ,
(if) Re{l LA (20) } > ¢
w'(20)
where § is a real number and
w(z0) —af’ w(z0)| —la|

= . 2.3
wzo) P —laf ~ w(zo) +dl @3)
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THEOREM 1. Let ¢(r,s,t) € ® andlet f(z) belonging to the class A(p) satisfy
0 (Iyf@) 0y~ ()15 fz) eDC C
and
(i) QUL f(2), 127 f(2), 1972 f())| <1, fora>2, peN and z € U.
Then we have
Ifx)| <1 (z€U). (2.4)

Proof. We define the function w(z) by
Iyf(z) =w(z) (a>2;peEN) (2.5)

for f(z) belonging to the class A(p). Then, it follows that w(z) € A(p) and w(z) #0
(z € U). With the aid of the identily (1.11), we have

1

o—1 _ - /
Iy f(9) = P [w(z) +2v'(2)] (2.6)
and |
Igfzf(z) = e [w(z) 4 32w/ (2) + 22w (2)]. 2.7
Suppose that zg = rpe’® (0 < rp < 1,0 € R) and
w(z0)| = max w(z)|=1. (2.8)

Then, letting w(zg) = ¢’ and using (2.1) of Lemma 1, we obtain

12 f(z0) = w(z0) = €, (2.9)
o f+1 C+1Y
I 1f(m)—(m) w(z0) = <p+1> ‘, (2.10)
and
1 , " 1+3¢)e
152 w) = o 03060+ ) = L2

where M = z2w/'(z0) and { > p > 1.

Further, an application of (2.2) in Lemma 1 gives
Z()W é W 20
{ (0 } Re{ Ogele )}24’1, (2.12)
or _
Re{eﬂ@M} >C(C—1)  (BeR(>1). (2.13)

Since ¢(r,s,7) € @, we also have

OIS f (=), 15 f(2), 152 (2))|
_ o SH1 9 (1+30)e+M
= ‘(}5(6 7(p+1)e ([)+1)2

) > 1 (2.14)
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which contradicts the condition (if) of Theorem 1. Therefore, we conclude that
w@)| =I5 fR)] <1 (z€Usa>2). (2.15)
This completes the proof of Theorem 1.

COROLLARY 1. Let ¢(r,s,t) = s and let f(z) € A(p) satisfy the conditions in
Theorem I for o« >2, pe N and z€ U. Then

15T f() <1 (i=0,1,2,..;a>2p€ENiz€U). (2.16)

Proof. Note that ¢ (r,s,¢) = s is in @, with the aid of Theorem 1, we have
197 f@)| < 1= |I5f(z)| <1 (a¢>2:p€EN)

= |IZ"f)| <1 (i=0,1,2,..;a>2pEN;z€ V).

THEOREM 2. Let W(r,s,t) €Y and let f(z) belonging to the class A(p) satisfy-
ing

(@) a o1 P Do
(0p,,/(2): Q5 , f(2).Q5, f(z)) D C
and

(i) (0§ f(2). 0, £(2). 052 (2))] < 1
for a>2, B>—1, peN and z € U. Then we have

‘Qﬁ_y,,f(Z)‘ <1, (zeU). (2.17)

Proof. Defining w(z) by
05 ,f(2) = w(z), (a>2;8>—1;peN), (2.18)

we have w(z) € A(p) and w(z) # 0 (z € U). With the aid of the identily (1.8), we

have
Qg;lf(z) = m {(a+B—1)w(z)+2v'(2)} (2.19)

and

1
@ pip Dt pip_ (*FA-D@th=2n)
+2(a+B—1)aw'(2) +22w"(2)}.  (2.20)

052 f() =

Suppose that zg = rpe® (0 < ry < 1;0 € R) and

lw(z0)| = max |w(z)| = 1. (2.21)

[2<z0]
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Then letting w(zo) = ¢/ and using (2.1), we obtain

0f ,f(z0) = w(z0) = €, (2.22)
1 i0
05, f(z0) = W{C—H%B}e ; (2.23)
and
o—2 _ 1 _ _ i0
Oy ) = o pp ) (B DR oples oo
where L =z3w"(z9) and { > 1. Moreover, we find from (2.2) that .
2.0 2.1
5w (zo)} B {zow (zo)} B
Re{ el Sl B c—1, (2.25)
or
Re{e L} > {({—1) (0 R >1). (2.26)
Since y(r,s,t) € ¥, we also have
o o— o— _ ¢ C -1+ OC—I—ﬁ i
W(GR (0005, 10,05 26| = e, S A R,
_ _ i0
(a+B-1]2(C—1)+oa+Ble +L) o1 @27)

(a+B+p—1)(a+B+p—2)

which contradicts the hypothesis (ii) of Theorem 2. Therefore, we conclude that
z)|=‘Qg’pf(z)‘<1 (zeU,a>2;p>—1;peN), (2.28)
which completes the proof of Theorem 2.

COROLLARY 2. Let yy(r,s,t) =s andlet f(z) € A(p) satisfy the conditions in
Theorem 2 for o0 >2, B> —1, pe N and z € U. Then

’Qg;"f(z)’ <1, (i=0,1,2,.5a4>2B> LipeN;zeU). (2.29)
Proof. Note that yy(r,s,t) = s is in ¥, so with the aid of Theorem 2, we have

‘Q “L£(2) ‘<1:‘Qﬁp )‘<1 (a>2B>-lLipeNizel)

’QW ‘ <1 (i=0,1,2,.;a>2B>—1;peN:ze ).

REMARK 1. Putting p =1 in the above results we obtain the results obtained by
Aouf et al. [1].
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THEOREM 3. Let h(r,s,t) € H,and let f(z) belonging to A(p) satisfying
X B B
I5f@) IR T R)

yeDcC?

and

L) 2R )
@) R ()
Sor some o, p,J (o0 >3;p€N;J>1) andforall z € U. Then we have

157 1(2)
131(2)

(i) ;

’h( )| <

<J (zeU). (2.30)

Proof. We define the function w(z) by

oa—1
Il}gfi(z()z):w(z) (¢ >3;p€N) (2.31)

for f(z) belonging to the class A(p). Then, it follows that w(z) is either analytic or
meromorphic in U, w(0) =1, and w(z) # 1. With the aid of the idenitily (1.11), we
have

1972£(2) 1 ' (z)
Ig‘*lf(z) =0T (p+1)w(z) + e (2.32)
and
1973 f(2) 1 W (2)
I;;fzf(z) = (p+1)w(z) + e +
, w(z) '(z) 7w (2)\2
(p+Daw'(z) + w(z) + W(Z/) *( w(z) ) 2.33)
(p+ (o) + 2

Suppose that 7o = rge®® (0 <ry < 1;0 €R) and |w(zo)| = max ;< |, [w(z)| = J. Let-
ting w(zp) = Je'® and using Lemma 2 with @ = k = 1, we see that

1772 f() 1 0
1T ) Sl P (2.34)

and

1973 f(20) 1
1972 £ (20) - p+1

{-C+(p+ l)CJeie+L}7 2.35)

i0
{C+(p+l)]e + €+(p+l)Jei6
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zow"(z ) nd £ > -1
w(zo) - J +1
Further, an appliciation of (ii) in Lemma 2 gives

Re{L} > {({—1).

where L =

Since k(r,s,t) € H, we have

h(@?‘l (z0) I¢%f(z0) I¢? (ZO))
12f(z0) 157 f(z0) 1§ 2 (20)
’h(J 0 C+(p+1)Je’9 1

2 i0
o o

which contradicts condition (ii) of Theorem 3. Therefore, we conclude that

()
‘W(Z)‘ - Igf(Z)

forall o« >3,p €N and z € U . This compltes the proof of Theorem 3.

<J (2.37)

THEOREM 4. Let g(r,s,1) € G, and let f(z) belonging to A(p) satisfying
® (QB @) QI () 05 )> R
QB,pf(Z) 7 Qg;lf( ) QB p f( )

and

(i)

(Qg L@ 05 ) 0F ) f (Z))
0f /() 0F 1 f2) ~ 0 2 f(2)
forsome o, B, p,J (0¢>3;8>—1; peN; J>1) andforall z€ U. Then we have

05, ()
—— | <J U). 2.38
‘ o |~ Y (2.38)
Proof. We define the function w(z) by
05, @) ‘ .
W_W(Z) (>3;B>—1; peN) (2.39)

for f(z) belonging to the class A(p). Then, it follows that w(z) is either analytic or
neromorphic in U, w(0) =0, and w(z) # 1. With the aid of the identily (1.8), we
have

Qg;zf(z) B 1 ) ) WD
0% 1f(z) (a+B+p—2) L+ (a+B+p—w() +

(2.40)
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and

Qg;ff(z) B 1 ) ) D
03 () (a+B+p=3) 2+ (o +B+p—1wz)+

' (2) L2 w'(z) (zw’(z))2

(a+B+p—1)z'(z) + e e

_|_

—1+(a+B+p—w(z)+

Suppose that zo = rge®® (0 <rg < 1; 8 € R) and |w(z)| = max |, Iw(z)| = J.
Letting w(z9) = Je'® and using Lemma 2 with a =k = 1, we see that
05’ f(z0) 1

= — _ i0
Qg;lf(zO)_(a+B+p—2)[ I+ C+(atp+p—1)Je7] (2.42)

and

Qg;;f(z()) - 1 )
0 ’f(z) (a+B+p-=3) {2+C+(a+ﬁ+p1ye N

(- +(a+B+p—1){Je®+M
—1+C+(a+B+p—1)Jed

}, (2.43)

! J—1
2w (20) and { > ——.
w(z0) J+1

Further, an appliciation of (i7) in Lemma 2 gives

Re{M} > C(E—1).

where M =

Since g(r,s,7) € G, we have

(Qgplf(zO) 0f 2 f(z0) Qg;f(zo)>
05,/ (20) " 0F ' f(z0) OF 2 f(0)

_ o —1+C+(a+pB+p—1)Je®
_’g(h ’ (a+B+p-2)

b

1
(a+B+p+3)

CC2+(a+[3+pl)CJei9+M}>
—1+C+(a+B+p—1)Jed

which contradicts condition (ii) of Theorem 4. Therefore, we conclude that
05, f(2) -
05 ,/(2)

{—2+§+(a+ﬁ+p—1)1e“’+

>, (2.44)

w(z)| = (2.45)
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forall « >3, B > —1, p€ N and z € U. This completes the proof of Theorem 4.
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